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Quantum mechanics introduces fascinating phenomena that challenge our
classical intuition, one of which is quantum tunneling. This process allows
particles to pass through potential barriers that would be insurmountable
according to classical physics. Understanding how to calculate the
transmission probability — the likelihood that a particle will tunnel through
a barrier — is fundamental in numerous fields, including semiconductor
physics, nuclear fusion, and quantum computing. In this article, we will
explore the principles behind quantum tunneling, examine various cases, and
provide detailed methods to calculate the transmission probabilities for each
scenario.

---

Understanding Quantum Mechanical Tunneling

Before delving into specific cases, it is essential to grasp the basic
concepts of quantum tunneling.

What Is Quantum Tunneling?
Quantum tunneling refers to the quantum phenomenon where a particle has a
finite probability of passing through a potential energy barrier, even if its
energy is less than the height of the barrier. Unlike classical particles,
which cannot surmount a barrier higher than their kinetic energy, quantum
particles are described by wavefunctions that extend beyond the classically
forbidden regions.

Wavefunction and Probability
The core idea involves the particle's wavefunction, \(\psi(x)\), which
encodes the probability amplitude of finding the particle at a particular
position. When encountering a potential barrier, the wavefunction partially
penetrates and decays within the barrier, but a non-zero portion can emerge
on the other side, representing the tunneling probability.

Transmission and Reflection Coefficients
The key quantities are:

- Transmission coefficient (T): Probability that the particle tunnels through
the barrier.
- Reflection coefficient (R): Probability that the particle is reflected
back.



For a lossless system, \(T + R = 1\).

---

General Approach to Calculating Transmission
Probability

The calculation depends on solving the Schrödinger equation for the potential
profile in question. The typical procedure involves:

1. Defining the potential energy function \(V(x)\).
2. Solving the Schrödinger equation in each region (before, within, and after
the barrier).
3. Applying boundary conditions to match wavefunctions and their derivatives
at interfaces.
4. Extracting the transmission coefficient from the ratio of transmitted to
incident wave amplitudes.

The resulting formulas vary based on the specific potential shape and
parameters.

---

Case 1: Rectangular Potential Barrier

The most classic case involves a rectangular potential barrier, which
simplifies analytical calculations and provides foundational understanding.

Setup of the Problem
Suppose a particle of mass \(m\) approaches a barrier of height \(V_0\) and
width \(a\):

\[
V(x) =
\begin{cases}
0, & x < 0 \\
V_0, & 0 \leq x \leq a \\
0, & x > a
\end{cases}
\]

The particle has energy \(E < V_0\).

Wavefunctions in Each Region
- Region I (before the barrier):
\[
\psi_I(x) = Ae^{ikx} + Be^{-ikx}
\]
where \(k = \sqrt{\frac{2mE}{\hbar^2}}\).



- Region II (inside the barrier):
\[
\psi_{II}(x) = Ce^{\kappa x} + De^{-\kappa x}
\]
where \(\kappa = \sqrt{\frac{2m(V_0 - E)}{\hbar^2}}\).

- Region III (after the barrier):
\[
\psi_{III}(x) = Fe^{ikx}
\]

Transmission Probability Formula
For a rectangular barrier, the transmission coefficient \(T\) is given by:

\[
T = \frac{1}{1 + \frac{V_0^2 \sinh^2(\kappa a)}{4E(V_0 - E)}}
\]

In the case of a thick or high barrier, this simplifies to:

\[
T \approx e^{-2\kappa a}
\]

which highlights the exponential decay of tunneling probability with barrier
width and height.

Key Takeaways
- The transmission probability decreases exponentially with increasing
barrier width \(a\).
- Higher barrier heights \(V_0\) reduce tunneling probability.
- For thin or low barriers, tunneling becomes more probable.

---

Case 2: Potential Step

This case involves an abrupt change in potential, often used to model
interfaces in semiconductors.

Setup of the Problem
Potential energy profile:

\[
V(x) =
\begin{cases}
0, & x < 0 \\
V_0, & x \geq 0
\end{cases}
\]



The particle has energy \(E < V_0\).

Wavefunctions and Solution
- Region I (\(x < 0\)):
\[
\psi_I(x) = Ae^{ikx} + Be^{-ikx}
\]
with \(k = \sqrt{\frac{2mE}{\hbar^2}}\).

- Region II (\(x \geq 0\)):
\[
\psi_{II}(x) = Ce^{-\kappa x}
\]
where \(\kappa = \sqrt{\frac{2m(V_0 - E)}{\hbar^2}}\).

The transmitted wave in this case is exponentially decaying, representing
tunneling through the potential step.

Transmission Probability Calculation
The transmission coefficient for the potential step can be derived as:

\[
T = \frac{4k \kappa}{(k + i \kappa)^2}
\]

Taking the modulus squared:

\[
T = \frac{4k \kappa}{(k + \kappa)^2}
\]

which simplifies to:

\[
T = \frac{4E(V_0 - E)}{V_0^2}
\]

for the case where \(E \ll V_0\), indicating low tunneling probability.

Implications
- The probability depends on the ratio of particle energy to barrier height.
- As \(E\) approaches \(V_0\), tunneling probability increases.

---

Case 3: Parabolic (Smooth) Potential Barrier

Real-world barriers are often smooth, modeled by a parabolic or Gaussian
potential.



Setup of the Problem
Potential:

\[
V(x) = V_0 - \frac{1}{2} m \omega^2 x^2
\]

or similar smooth profiles.

Calculation Methods
Exact analytical solutions are generally complex or not feasible; instead,
approximate methods such as:

- WKB (Wentzel-Kramers-Brillouin) approximation
- Numerical integration

are employed.

WKB Approximation for Tunneling
The WKB method estimates the tunneling probability as:

\[
T \approx e^{-2 \int_{x_1}^{x_2} \kappa(x) dx}
\]

where:

- \(x_1\) and \(x_2\) are classical turning points determined by \(V(x) =
E\),
- \(\kappa(x) = \frac{\sqrt{2m(V(x) - E)}}{\hbar}\).

Application of WKB
For a barrier with maximum \(V_0\) and particle energy \(E < V_0\):

\[
T \approx e^{-\frac{2}{\hbar} \int_{x_1}^{x_2} \sqrt{2m(V(x) - E)} dx}
\]

which involves integrating over the classically forbidden region.

Advantages of WKB
- Provides good estimates for smoothly varying barriers.
- Applicable to a wide range of potential profiles.

Limitations
- Less accurate near turning points.
- Requires careful matching at boundaries.



---

Case 4: Multiple Potential Barriers (Resonant
Tunneling)

In more complex systems, particles encounter multiple barriers, leading to
phenomena such as resonant tunneling.

Setup of the Problem
- Multiple barriers separated by finite regions.
- The total transmission depends on interference effects.

Calculation Techniques
- Transfer Matrix Method:
Expresses wavefunctions and their derivatives across each barrier and
combines them to find overall transmission.

- Numerical Methods:
Simulate the wavefunction evolution using computational techniques.

Resonance Conditions
- When the energy aligns with quasi-bound states within the well region,
tunneling probability spikes sharply.
- The condition for resonance often involves matching phase conditions in the
intermediate region.

Key Insights
- Multiple barriers can enhance tunneling at specific energies.
- Adjusting barrier parameters allows control over resonant tunneling
phenomena.

---

Practical Applications and Significance

Understanding and calculating tunneling probabilities is crucial in numerous
technologies and scientific fields.

Semiconductor Devices
- Tunnel diodes operate based on



Frequently Asked Questions

How is the transmission probability calculated for a
particle tunneling through a rectangular potential
barrier in quantum mechanics?

The transmission probability is calculated using the formula T ≈ e^{-2αL},
where α = √(2m(V₀ - E))/ħ, m is the particle mass, V₀ is the barrier height,
E is the particle energy, and L is the barrier width.

What is the effect of increasing the barrier width on
the transmission probability in quantum tunneling?

Increasing the barrier width L exponentially decreases the transmission
probability T, making tunneling less likely as the barrier becomes wider.

How does the transmission probability change if the
particle's energy approaches the height of the
potential barrier?

As the particle's energy E approaches V₀, the exponential decay factor
decreases, resulting in a higher transmission probability, meaning tunneling
becomes more probable.

Can the transmission probability be exactly
calculated for a potential barrier with a non-uniform
shape?

Exact calculation for non-uniform barriers requires solving the Schrödinger
equation numerically or using approximation methods like the WKB
approximation, as closed-form solutions are generally not available.

What role does the particle's mass play in the
calculation of transmission probability?

A larger mass increases α, leading to a lower transmission probability, since
heavier particles have a lower tunneling likelihood through the same barrier.

How does the energy of the incident particle
influence the transmission probability in quantum
tunneling?

Higher particle energy E relative to the barrier height V₀ increases
transmission probability, approaching unity as E nears V₀, due to reduced
exponential decay in tunneling.

What is the significance of the WKB approximation in



calculating tunneling probabilities for complex
potentials?

The WKB approximation provides an analytical method to estimate tunneling
probabilities in smoothly varying potential barriers where exact solutions
are difficult, by integrating the classical action across the barrier.

How do boundary conditions affect the calculation of
transmission probability in quantum tunneling
problems?

Boundary conditions determine the continuity of the wavefunction and its
derivative at the interfaces, which are essential for solving the Schrödinger
equation and accurately calculating the transmission probability.

Is the transmission probability in quantum tunneling
always less than one, and why?

Yes, the transmission probability is always less than or equal to one because
quantum tunneling is a probabilistic phenomenon where the wavefunction
partially penetrates the barrier; it cannot exceed certainty.

Additional Resources
Calculate The Transmission Probability For Quantum Mechanical Tunneling In
Each Of The Following Cases is a fundamental problem in quantum physics that
illustrates the fascinating phenomenon of quantum tunneling. This process
allows particles to pass through potential barriers that classical physics
would deem impenetrable, showcasing the wave-like nature of quantum
particles. Understanding how to calculate the transmission probability in
different scenarios is essential for fields ranging from semiconductor
physics to nuclear fusion and quantum computing.

In this comprehensive guide, we will explore the principles behind quantum
tunneling, derive the general formulas for transmission probability, and then
apply these calculations to various cases. Whether you are a student,
researcher, or enthusiast, this article aims to clarify the methods for
calculating tunneling probabilities in different potential barrier
configurations.

---

Understanding Quantum Mechanical Tunneling

Quantum tunneling arises because particles are described by wavefunctions,
which can extend beyond classically forbidden regions. When a particle
encounters a potential barrier higher than its total energy, classical
physics predicts reflection, but quantum mechanics allows for a finite
probability that the particle will tunnel through.

Key Concepts:

- Wavefunction (ψ): Describes the quantum state of a particle.
- Potential Barrier (V(x)): An energy barrier that the particle encounters.
- Transmission Coefficient (T): The probability that the particle passes



through the barrier.
- Reflection Coefficient (R): The probability that the particle is reflected
back.
- Conservation of Probability: R + T = 1.

The calculation of transmission probability involves solving the Schrödinger
equation in different regions and applying boundary conditions to determine
the amplitude ratios.

---

General Approach to Calculating Transmission Probability

The process typically involves:

1. Defining the potential barrier profile.
2. Solving the Schrödinger equation in each region (inside and outside the
barrier).
3. Applying boundary conditions to match wavefunctions and their derivatives
at interfaces.
4. Deriving the transmission coefficient T from the ratio of transmitted to
incident wave amplitudes.

Depending on the shape and parameters of the potential barrier, the
calculations can vary significantly. We will examine common cases such as
rectangular barriers, double barriers, and smooth potential barriers.

---

Case 1: Rectangular Potential Barrier

Setup

A classic and fundamental case involves a particle of energy \(E\)
approaching a rectangular potential barrier of height \(V_0\) and width
\(a\):

- Region I (x < 0): \(V(x) = 0\)
- Region II (0 ≤ x ≤ a): \(V(x) = V_0\)
- Region III (x > a): \(V(x) = 0\)

Assuming \(E < V_0\), the particle faces a classically forbidden region
within the barrier.

Schrödinger Equation Solutions

- Region I: \(\psi_I(x) = Ae^{ikx} + Be^{-ikx}\), where \(k =
\frac{\sqrt{2mE}}{\hbar}\)
- Region II: \(\psi_{II}(x) = Ce^{\kappa x} + De^{-\kappa x}\), where
\(\kappa = \frac{\sqrt{2m(V_0 - E)}}{\hbar}\)
- Region III: \(\psi_{III}(x) = Fe^{ikx}\)

Deriving Transmission Probability

Applying boundary conditions at \(x=0\) and \(x=a\):

1. Continuity of wavefunction:
- \(\psi_I(0) = \psi_{II}(0)\)
- \(\psi_{II}(a) = \psi_{III}(a)\)



2. Continuity of derivative:
- \(\frac{d\psi_I}{dx}\big|_{x=0} = \frac{d\psi_{II}}{dx}\big|_{x=0}\)
- \(\frac{d\psi_{II}}{dx}\big|_{x=a} = \frac{d\psi_{III}}{dx}\big|_{x=a}\)

Solving these equations yields the transmission amplitude \(t\), and the
transmission probability:

\[
T = |t|^2 = \frac{1}{1 + \frac{V_0^2 \sinh^2(\kappa a)}{4E(V_0 - E)}}
\]

In the limit of a thick barrier (\(\kappa a \gg 1\)), this simplifies to:

\[
T \approx e^{-2 \kappa a}
\]

which shows exponential decay in tunneling probability with barrier width and
height.

---

Case 2: Double Potential Barrier

Setup

Double barriers are relevant in resonant tunneling devices and quantum wells.
The potential profile has two barriers separated by a well:

- Region I: Free space
- Region II: First barrier
- Region III: Well
- Region IV: Second barrier
- Region V: Free space

Approach

The method involves:

- Writing the wavefunction in each region.
- Applying boundary conditions at each interface.
- Calculating the overall transmission coefficient, which can exhibit
resonant peaks at specific energies.

Key Result

The transmission probability exhibits sharp resonances when the particle's
energy aligns with quantized states in the well, leading to high transmission
despite the barriers.

---

Case 3: Smooth or Gradually Varying Potential Barriers

Setup

In realistic scenarios, potential barriers are not perfectly rectangular but
vary smoothly, such as in semiconductor heterostructures.



WKB Approximation

For slowly varying potentials, the Wentzel-Kramers-Brillouin (WKB)
approximation provides an effective method to estimate tunneling probability:

\[
T \approx e^{-2 \int_{x_1}^{x_2} \kappa(x) dx}
\]

where:

- \(x_1, x_2\) are classical turning points satisfying \(E = V(x)\).
- \(\kappa(x) = \frac{\sqrt{2m(V(x) - E)}}{\hbar}\).

Procedure:

1. Identify the turning points by solving \(V(x) = E\).
2. Compute the integral of \(\kappa(x)\) between turning points.
3. Plug into the exponential formula to estimate \(T\).

This approximation is particularly useful for complex potential profiles
where exact solutions are not feasible.

---

Practical Applications and Implications

Understanding how to calculate the transmission probability is crucial for
designing devices like tunnel diodes, quantum cascade lasers, and nanoscale
transistors. It also underpins phenomena like nuclear fusion, where particles
tunnel through Coulomb barriers, and in scanning tunneling microscopy, which
relies on electron tunneling between a tip and a surface.

Summary of Key Steps in Calculations:

- Identify the potential profile.
- Solve Schrödinger's equation in each region.
- Apply boundary conditions to determine amplitude ratios.
- Derive the transmission probability from these ratios.
- Simplify expressions in limits of interest (e.g., thick barriers, low
energies).

---

Final Remarks

Calculating the transmission probability for quantum mechanical tunneling
involves a blend of solving differential equations, applying boundary
conditions, and sometimes employing approximation methods like WKB. The
specific case—rectangular barriers, double barriers, or smooth
potentials—dictates the exact approach and resulting formulas.

Mastering these calculations provides deep insights into the quantum nature
of particles and lays the foundation for numerous technological advances.
Whether dealing with fundamental particles or electrons in semiconductors,
the principles outlined here serve as a comprehensive guide to understanding
and computing tunneling probabilities across diverse scenarios.

---



Remember: The exponential dependence of tunneling probability on barrier
parameters underscores why quantum tunneling is both a subtle and powerful
phenomenon, enabling processes that defy classical intuition but are
fundamental to quantum technology.

Calculate The Transmission Probability For
Quantummechanical Tunneling In Each Of The Following
Cases

Calculate The Transmission Probability For Quantummechanical Tunneling In Each Of The Following
Cases

Related Articles
Evaluate The Success Of A Menu With Two Different Forms Of Customer Feedback. If You Are
Not Currently
Charles Lyell, A Geologist And Friend Of Charles Darwin, Influenced Darwin's Thinking With
Which Idea?
Completa El Cuadro,escribiendo En La Casilla De Que Corresponde Los Nombres De Los
Elementos Presentes

Back to Home

https://sip.evo9x.com/ma24/calculate-the-transmission-probability-for-quantummechanical-tunneling-in-each-of-the-following-cases.pdf
https://sip.evo9x.com/ma24/calculate-the-transmission-probability-for-quantummechanical-tunneling-in-each-of-the-following-cases.pdf
https://sip.evo9x.com/ma24/calculate-the-transmission-probability-for-quantummechanical-tunneling-in-each-of-the-following-cases.pdf
https://sip.evo9x.com/ma24/evaluate-the-success-of-a-menu-with-two-different-forms-of-customer-feedback-if-you-are-not-currently.pdf
https://sip.evo9x.com/ma24/evaluate-the-success-of-a-menu-with-two-different-forms-of-customer-feedback-if-you-are-not-currently.pdf
https://sip.evo9x.com/ma24/charles-lyell-a-geologist-and-friend-of-charles-darwin-influenced-darwin-s-thinking-with-which-idea.pdf
https://sip.evo9x.com/ma24/charles-lyell-a-geologist-and-friend-of-charles-darwin-influenced-darwin-s-thinking-with-which-idea.pdf
https://sip.evo9x.com/ma24/completa-el-cuadro-escribiendo-en-la-casilla-de-que-corresponde-los-nombres-de-los-elementos-presentes.pdf
https://sip.evo9x.com/ma24/completa-el-cuadro-escribiendo-en-la-casilla-de-que-corresponde-los-nombres-de-los-elementos-presentes.pdf
https://sip.evo9x.com

