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Consider A Triangle With Vertices A (1,0), B = (1,0), And C = (0, 2). Let A Point Be Chosen
Within The. This intriguing geometric scenario offers numerous pathways for mathematical
exploration, from understanding the properties of the triangle itself to analyzing the behavior of
points chosen within its boundaries. In this comprehensive article, we delve into the detailed analysis
of this specific triangle, exploring concepts such as coordinate geometry, area calculations, centroid,
incenter, circumcenter, and various optimization problems related to points within the triangle.
Whether you are a student, educator, or math enthusiast, this detailed guide aims to shed light on the
fascinating properties and applications of this geometric figure.

---

Understanding the Triangle's Coordinates and Basic
Properties

Vertices and Coordinates
The triangle in question has vertices:
- A (1, 0)
- B (1, 0)
- C (0, 2)

It is evident that points A and B are coincident, which implies that the segment AB is effectively a
single point, or more precisely, a degenerate segment with zero length. This special case simplifies
the analysis but also introduces unique considerations.

Implications of Degenerate Segment AB
Since points A and B are the same, the triangle reduces to a degenerate triangle with a "vertex" at (1,
0) and the other at (0, 2). The line segment from A to B has zero length, which means:
- The "triangle" is effectively a line segment from (1, 0) to (0, 2), with point C forming a triangle with
these points only if A and B are considered as a single point.

Alternatively, if the problem intends for the vertices to be distinct, perhaps there is a typo or misprint,
and B should be at a different coordinate. Assuming the intended vertices are:
- A (1, 0)
- B (x, y) (distinct from A)
- C (0, 2)

but for the purpose of this analysis, we proceed with the given vertices, considering the degenerate



scenario.

---

Analyzing the Geometric Structure of the Triangle

Coordinate Geometry Approach
Using coordinate geometry, we can analyze the properties such as:
- Lengths of sides
- Area
- Centroids
- Other centers

Since A and B are the same point, the side AB has length zero:
- AB = 0

The other sides are:
- AC: distance between (1, 0) and (0, 2) = √[(1 - 0)² + (0 - 2)²] = √[1 + 4] = √5
- BC: same as AC since B = A, so BC also reduces to the same calculation.

Thus, the "triangle" is essentially a line segment from (1,0) to (0,2), with point C at (0, 2). This creates
a degenerate figure, but for exploratory purposes, we can examine points within the line segment or
consider a slight modification where B is at a different coordinate.

---

Area Calculation and Geometric Properties

Area of the Degenerate Triangle
Given the vertices:
- A (1, 0)
- B (1, 0)
- C (0, 2)

The area of a triangle with vertices (x₁, y₁), (x₂, y₂), (x₃, y₃) is:
\[ \text{Area} = \frac{1}{2} |x_1(y_2 - y_3) + x_2(y_3 - y_1) + x_3(y_1 - y_2)| \]

Plugging in:
\[ \text{Area} = \frac{1}{2} |1(0 - 2) + 1(2 - 0) + 0(0 - 0)| = \frac{1}{2} |(1 \times -2) + (1 \times 2)
+ 0| = \frac{1}{2} | -2 + 2 + 0 | = 0 \]

The area is zero, confirming the degenerate nature of the figure.



---

Key Geometric Centers and Their Significance

Centroid (Center of Mass)
The centroid, G, of a triangle with vertices \((x_1, y_1), (x_2, y_2), (x_3, y_3)\) is given by:
\[ G = \left( \frac{x_1 + x_2 + x_3}{3}, \frac{y_1 + y_2 + y_3}{3} \right) \]

Applying to our vertices:
\[ G = \left( \frac{1 + 1 + 0}{3}, \frac{0 + 0 + 2}{3} \right) = \left( \frac{2}{3}, \frac{2}{3} \right)
\]

Despite the degenerate nature, the centroid's coordinate is well-defined.

Incenter and Circumcenter
Because of the degeneracy, the incenter and circumcenter either do not exist in the classical sense or
align with existing points on the degenerate figure.

---

Choosing a Point Within the Triangle: Optimization and
Applications

Point Selection Within a Geometric Figure
One common problem involves selecting a point within a triangle that optimizes a certain property,
such as:
- Minimize or maximize the distance to vertices
- Maximize the minimum distance to sides (incenter)
- Minimize total distance to vertices ( Fermat point )

Given the degenerate nature, we can interpret the problem more generally as selecting points along
the line segment from A (1, 0) to C (0, 2).

Optimizing Distance to Vertices or Sides
Suppose the goal is to find a point P on line segment AC that maximizes the distance to point B (which
coincides with A). Since B is at (1, 0), and AC is from (1, 0) to (0, 2), the problem simplifies to:

- Find P on segment AC such that the distance to B is maximized or minimized.



The segment AC is parameterized as:
\[ P(t) = (1 - t) \times (1, 0) + t \times (0, 2) = (1 - t, 2t) \]
where \( t \in [0,1] \).

Distance from P(t) to B (which is at (1, 0)):
\[ D(t) = \sqrt{( (1 - t) - 1)^2 + (2t - 0)^2} = \sqrt{(-t)^2 + (2t)^2} = \sqrt{t^2 + 4t^2} =
\sqrt{5t^2} = \sqrt{5} \times t \]

- To maximize \( D(t) \), choose \( t = 1 \), which corresponds to point C at (0, 2).
- To minimize \( D(t) \), choose \( t = 0 \), which corresponds to point A at (1, 0).

This demonstrates that, along the line segment, the point furthest from B is at C, and the closest is at
A.

---

Applications and Broader Implications

Geometry in Real-World Scenarios
Understanding the properties of such geometric figures has numerous applications:
- Navigation and Path Optimization: Determining optimal points within constrained regions.
- Sensor Placement: Maximizing coverage by placing sensors within a region.
- Robotics: Path planning within geometric boundaries.

Educational Value
This case study exemplifies the importance of:
- Recognizing degenerate figures
- Applying coordinate geometry effectively
- Understanding how geometric centers behave in special cases
- Solving optimization problems within geometric constraints

---

Conclusion
Analyzing a triangle with vertices at A (1, 0), B (1, 0), and C (0, 2) offers a compelling glimpse into the
nuances of geometry, especially in degenerate cases. While traditional properties such as area and
centers may behave differently or become undefined, the fundamental principles of coordinate
geometry, distance calculations, and optimization remain powerful tools. Whether exploring the
centroid, the farthest point along a segment, or the implications of degenerate figures, this analysis
underscores the versatility and depth of geometric reasoning. Such insights are invaluable across
mathematics, engineering, computer science, and many fields where spatial reasoning is essential.

---



Key Takeaways:
- Degenerate triangles challenge standard geometric intuitions but still offer valuable learning
opportunities.
- Coordinate geometry simplifies complex problems and enables precise calculations.
- Optimization within geometric figures is critical for practical applications like design, navigation, and
analysis.
- Recognizing special cases ensures accurate interpretations and solutions.

Explore further: For those interested in more advanced topics, consider extending this analysis to
non-degenerate triangles, exploring properties of classic centers, or applying these principles to
three-dimensional geometric figures.

---

Frequently Asked Questions

What are the coordinates of the vertices of the triangle in the
problem?
The vertices are A(1, 0), B(1, 0), and C(0, 2).

Is the triangle degenerate given that points A and B are both
at (1, 0)?
Yes, since A and B are at the same point (1, 0), the triangle is degenerate with zero area.

What is the significance of choosing a point within the
triangle in this context?
Choosing a point within the triangle can be used to explore properties like area, centroid, or
probability distributions within the shape.

Given that points A and B are the same, how does this affect
the shape of the triangle?
It effectively reduces the triangle to a line segment from A(1, 0) to C(0, 2), making it degenerate or a
line segment rather than a proper triangle.

How can the problem be reformulated to consider a valid
triangle?
By choosing distinct points for the vertices, such as A(1, 0), B(2, 1), and C(0, 2), to ensure the shape is
a proper triangle.



What methods can be used to find the area of the triangle
with the given points?
Using the shoelace formula or the coordinate geometry formula for the area of a triangle given
vertices.

How would you calculate the probability that a randomly
chosen point within the triangle satisfies a certain condition?
By integrating over the region of the triangle and dividing the measure of the subset satisfying the
condition by the total area.

What is the impact of a degenerate triangle on geometric
probability problems?
In a degenerate triangle, the area is zero, which makes probability calculations for random points
within the shape trivial or undefined.

How can the problem be extended to consider points chosen
within the triangle formed by non-degenerate vertices?
By selecting vertices with distinct coordinates that form a proper triangle and analyzing properties
like area, centroid, or probability distributions within it.

Additional Resources
Consider A Triangle With Vertices A (1,0), B = (1,0), And C = (0, 2). Let A Point Be Chosen Within The

In the realm of geometry, the study of triangles offers an endless array of intriguing problems, from
calculating areas to exploring properties of various points within. Today, we delve into a specific and
captivating scenario: examining the properties and behaviors of a point chosen within a triangle
defined by three vertices, specifically A(1,0), B(1,0), and C(0,2). This setup, although seemingly
straightforward, opens doors to deeper insights into coordinate geometry, barycentric coordinates,
and the geometric relationships that govern points inside triangles.

This article aims to provide a comprehensive, technical yet accessible exploration of this problem. We
will analyze the triangle's structure, investigate the implications of choosing a point inside it, and
discuss how various geometric tools and concepts can be applied to understand and solve related
problems.

---

Understanding the Triangle's Structure

Before exploring points within the triangle, it's essential to understand its shape, size, and orientation
based on its vertices.



The Coordinates and Their Significance

- Vertex A (1,0): Located one unit along the x-axis, on the x-axis itself.
- Vertex B (1,0): Same as A, indicating that A and B coincide at the point (1,0).
- Vertex C (0,2): Situated two units above the origin, on the y-axis.

The fact that vertices A and B are at the same coordinates implies that the triangle is degenerate if
we consider these points strictly as distinct vertices. In typical triangle definitions, the three vertices
must be non-collinear, meaning they don't all lie on the same straight line. Since A and B coincide, the
shape degenerates into a line segment from (0,2) to (1,0), with no enclosed area.

However, for the purpose of this discussion, it is common in geometric problems to interpret the given
vertices as intended to define a triangle with points A and B at the same location, perhaps implying a
typo or a need to clarify the intended shape. Assuming a typographical mistake, and that perhaps B is
meant to be at (2,0), the shape becomes more meaningful.

Suppose the corrected vertices are:

- A (1,0)
- B (2,0)
- C (0,2)

Now, the triangle is well-defined, with vertices at:

- A at (1,0)
- B at (2,0)
- C at (0,2)

This configuration forms a non-degenerate triangle, a classic right-angled triangle skewed in the
coordinate plane.

Visualizing the Triangle

Plotting these points:

- A at (1,0): on the x-axis, just one unit from the origin.
- B at (2,0): on the x-axis, two units from the origin.
- C at (0,2): on the y-axis, two units above the origin.

Connecting these points:

- Segment AB runs horizontally from (1,0) to (2,0).
- Segment AC runs from (1,0) to (0,2).
- Segment BC runs from (2,0) to (0,2).

The triangle's area, sides, angles, and other properties can now be computed.

---

Computing Basic Properties of the Triangle



Lengths of Sides

Using the distance formula:

- AB: between (1,0) and (2,0):

AB = √[(2 - 1)² + (0 - 0)²] = √(1² + 0) = 1

- AC: between (1,0) and (0,2):

AC = √[(0 - 1)² + (2 - 0)²] = √(1 + 4) = √5 ≈ 2.236

- BC: between (2,0) and (0,2):

BC = √[(0 - 2)² + (2 - 0)²] = √(4 + 4) = √8 ≈ 2.828

Triangle Area

Using the shoelace formula or coordinate geometry:

Area = (1/2)|x₁(y₂ - y₃) + x₂(y₃ - y₁) + x₃(y₁ - y₂)|

Plugging in the points:

A(1,0), B(2,0), C(0,2):

Area = (1/2)|1(0 - 2) + 2(2 - 0) + 0(0 - 0)|

= (1/2)|-2 + 4 + 0| = (1/2)|2| = 1

Thus, the triangle's area is 1 square unit.

---

Exploring Points Within the Triangle

Having established the structure, the core question is: What can we say about a point chosen within
this triangle? This involves understanding the location, properties, and implications of such a point.

Barycentric Coordinates

One of the most powerful tools in coordinate geometry for points inside triangles is barycentric
coordinates. Any point \( P \) inside triangle \( ABC \) can be expressed as:

\[
P = \lambda_A A + \lambda_B B + \lambda_C C
\]

where:

- \(\lambda_A + \lambda_B + \lambda_C = 1\)



- \(\lambda_A, \lambda_B, \lambda_C \geq 0\)

These coefficients represent the weights of the vertices, and their values determine the position of \(
P \). For example:

- \( P \) is at vertex \( A \) when \(\lambda_A=1\), others 0.
- \( P \) is at the centroid when \(\lambda_A = \lambda_B = \lambda_C = 1/3\).
- \( P \) is at the incenter, centroid, orthocenter, or other notable points for specific barycentric
coordinate ratios.

Calculating Barycentric Coordinates

Suppose we select a point \( P(x,y) \) within the triangle. To find its barycentric coordinates:

1. Solve the system:

\[
P = \lambda_A A + \lambda_B B + \lambda_C C
\]
\[
\lambda_A + \lambda_B + \lambda_C = 1
\]

2. Expressed component-wise:

\[
x = \lambda_A x_A + \lambda_B x_B + \lambda_C x_C
\]
\[
y = \lambda_A y_A + \lambda_B y_B + \lambda_C y_C
\]

Given the vertices:

- \( A(1,0) \)
- \( B(2,0) \)
- \( C(0,2) \)

the equations become:

\[
x = \lambda_A \times 1 + \lambda_B \times 2 + \lambda_C \times 0
\]
\[
y = \lambda_A \times 0 + \lambda_B \times 0 + \lambda_C \times 2
\]

with the constraints:

\[
\lambda_A + \lambda_B + \lambda_C = 1



\]
\[
\lambda_A, \lambda_B, \lambda_C \geq 0
\]

From the second equation:

\[
\lambda_C = \frac{y}{2}
\]

From the first:

\[
x = \lambda_A + 2 \lambda_B
\]

And the sum:

\[
\lambda_A + \lambda_B + \frac{y}{2} = 1
\]

Thus:

\[
\lambda_A + \lambda_B = 1 - \frac{y}{2}
\]

Expressed as:

\[
\lambda_A = x - 2 \lambda_B
\]

Substituting into the sum:

\[
x - 2 \lambda_B + \lambda_B = 1 - \frac{y}{2}
\]
\[
x - \lambda_B = 1 - \frac{y}{2}
\]
\[
\lambda_B = x - 1 + \frac{y}{2}
\]

And:

\[
\lambda_A = x - 2 \left(x - 1 + \frac{y}{2}\right) = x - 2x + 2 - y = -x + 2 - y



\]

Now, the barycentric coordinates are:

\[
\lambda_A = -x + 2 - y
\]
\[
\lambda_B = x - 1 + \frac{y}{2}
\]
\[
\lambda_C = \frac{y}{2}
\]

For \( P \) to be inside the triangle:

\[
\lambda_A, \lambda_B, \lambda_C \geq 0
\]

which yields inequalities:

- \(\lambda_A \geq 0 \Rightarrow -x + 2 - y \geq 0 \Rightarrow x + y \leq 2\)
- \(\lambda_B \geq 0 \Rightarrow x - 1 + \frac{y}{2} \geq 0 \Rightarrow 2x - 2 + y \geq 0 \Rightarrow
y \geq 2 - 2x\)
- \(\lambda_C \geq 0 \Rightarrow y \geq 0
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