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Consider The Experiment Of Rolling Two Dice. Let X Be The Value Of The First
Roll And Y The Sum Of The two dice. This simple yet intriguing experiment
serves as a fundamental example in probability theory, illustrating concepts
such as joint probability distributions, conditional probabilities, and
independence. Whether you're a student exploring the basics of chance or a
game designer designing fair dice games, understanding how to analyze such
experiments is essential. In this article, we delve into the details of
rolling two dice, define key variables, explore their distributions, and
discuss their implications in probability and statistics.

Understanding the Setup: Rolling Two Dice and
Defining Variables

The Experiment Explained

When you roll two standard six-sided dice, each die can land on any number
from 1 to 6. The experiment involves observing the outcomes of these rolls
and analyzing the probabilistic relationships between the values obtained.

In this context:

- X represents the value obtained from the first die.

- Y represents the sum of both dice, i.e., the total of the first and second
die.

This setup allows us to analyze various probability questions, such as:

- What is the probability that the first die shows a particular value?

- How does the value of the first die influence the possible sums of both
dice?

- Are the outcomes of the dice independent?

- What is the probability distribution of the sum given the value of the
first die?

Understanding these questions requires a solid grasp of joint and marginal
probabilities, as well as conditional probabilities.

Probability Distributions in the Dice



Experiment

Sample Space and Basic Probabilities

The sample space for rolling two dice consists of 36 equally likely outcomes,
represented as ordered pairs:

- (1p1)r (1I2)I rey (116)
- (211)1 (212)I vy (216)
- ié:l)l (6I2)I vy (616)

Each outcome has a probability of 1/36.

Distribution of X (First Die)

Since each die roll is independent and fair:
- P(X=x)=1/6 for x =1, 2, 3, 4, 5, 6.

This distribution is uniform because the first die is equally likely to land
on any of its six faces.

Distribution of Y (Sum of Both Dice)

The sum of the two dice, Y, can range from 2 to 12. The probability
distribution of Y is well-known:
- P(Y = y) = number of outcomes resulting in sum y divided by 36.
The counts for each sum are:

e Sum 2: 1 outcome (1,1)

e Sum 3: 2 outcomes (1,2), (2,1)

e Sum 4: 3 outcomes (1,3), (2,2), (3,1)

e Sum 5: 4 outcomes (1,4), (2,3), (3,2), (4,1)

e Sum 6: 5 outcomes (1,5), (2,4), (3,3), (4,2), (5,1)

e Sum 7: 6 outcomes (1,6), (2,5), (3,4), (4,3), (5,2), (6,1)

e Sum 8: 5 outcomes (2,6), (3,5), (4,4), (5,3), (6,2)

e Sum 9: 4 outcomes (3,6), (4,5), (5,4), (6,3)

e Sum 10: 3 outcomes (4,6), (5,5), (6,4)

e Sum 11: 2 outcomes (5,6), (6,5)



e Sum 12: 1 outcome (6,6)

Corresponding probabilities are obtained by dividing the outcome counts by
36.

Analyzing the Relationship Between X and Y

Joint Probability Distribution P(X = x, Y = y)

The joint distribution gives the probability that the first die shows x and
the sum of both dice is y.

Since each outcome is equally likely:
- For a fixed value of x, the second die (Y - x) can vary from 1 to 6, but
only outcomes where the second die's value is between 1 and 6 are valid.
Therefore:
- P(X=x, Y=y) =P(first die = x, second die =y - x) = 1/36, if y - x is
between 1 and 6; otherwise, 0.
This leads to:

e Ify-xe€ {1, 2, 3, 4, 5, 6}, then P(X =x, Y =y) = 1/36.

e Otherwise, P(X = x, Y =vy) = 0.

Conditional Probability Distributions

Conditional probabilities help understand how knowing one variable affects
the distribution of the other.

- Probability that the second die sum is y given the first die is x:
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Since P(X = x) = 1/6, and P(X =x, Y=vy) =1/36 if y - x € {1, 2, 3, 4, 5,
6}, the conditional probability simplifies to:

-P(Y=y | X=x)=(1/36) / (1/6) = 1/6, for valid vy.

This indicates that, given the first die's value, the sum of the dice is
uniformly distributed over the possible sums consistent with that first die
value.

Example:
If the first die shows 3 (X=3), then:



- Y can be from 4 to 9 (since second die can be from 1 to 6), and each sum
has probability 1/6 conditioned on X=3.

Implications of Independence and Dependence

Are X and Y Independent?

Two random variables are independent if the joint probability equals the
product of the marginals for all possible outcomes:
- P(X=x,Y=y) =P(X=x) P(Y =vy)

In the dice experiment:
- P(X=x) =1/6
- P(Y = y) as previously calculated.

Check for independence:
- P(X x, Y=vy) =1/36 ify - x € {1, 2, 3, 4, 5, 6}
- P(X =x) P(Y =y) = (1/6) P(Y =)

Since P(Y = y) varies and is not equal to 1/6 for all y, the joint
probability does not factor into the product of marginals uniformly.

Conclusion:

- X and Y are not independent because the sum Y depends on the value of X,
especially since the possible sums are constrained by the value of the first
die.

Conditional Independence

While X and Y are not independent, given the value of X, the sum Y is
uniformly distributed over a subset of possible sums—showing a form of
conditional probability structure that can be explored further for advanced
probability applications.

Real-World Applications and Examples

Game Design and Fairness

Understanding the probability distribution of sums and their dependence on
individual die outcomes is crucial in designing fair dice-based games. For
example:

- Calculating the odds of winning when betting on specific sums.

- Determining the fairness of dice used in gambling or board games.



Statistical Modeling and Simulations

Simulating dice rolls and analyzing outcomes is a common way to:

- Teach probability concepts.

- Model random processes in fields like physics, economics, and computer
science.

Educational Demonstrations

Rolling two dice and analyzing X and Y provides a tangible example to:
- Teach students about joint, marginal, and conditional probabilities.
- Demonstrate how dependence affects outcomes.

Conclusion

The experiment of rolling two dice, with variables X representing the first
die and Y representing the sum of both dice, encapsulates fundamental
principles of probability theory. By analyzing the joint and marginal
distributions, understanding the conditional relationships, and recognizing
the dependence between variables, we gain insights into how randomness
operates in simple systems.

This exploration not only enhances our grasp of theoretical concepts but also
informs practical applications in gaming, statistical modeling, and
education. Whether you're calculating probabilities for a game or building
complex models, the principles learned from this simple dice experiment serve
as a foundational tool for understanding uncertainty and variability in
diverse contexts.

Frequently Asked Questions

What is the probability that the first die (X) shows
a 3 1n the experiment?

Since each face of a fair die is equally likely, the probability that X = 3
is 1/6.

What is the probability that the sum of both dice
(Y) is 77

The probability that the sum Y equals 7 is 6/36 or 1/6, since there are 6
outcomes where the dice sum to 7.



How does knowing the value of the first die (X)
affect the probability distribution of the sum Y?

Knowing X narrows the possible values of Y to those where Y = X + the value
of the second die, so the probability distribution of Y depends on the fixed
value of X.

What is the probability that the sum of the two dice
(Y) is greater than 9?

The total probability that Y > 9 (i.e., Y =10, 11, or 12) is 6/36 or 1/6,
since there are 3 outcomes for each sum: (4,6), (5,5), (6,4), etc., totaling
10 outcomes.

If the first die (X) shows a 2, what 1is the possible
range for the sum Y?

If X =2, then Y can range from 3 (2 + 1) to 8 (2 + 6).

What is the expected value of the sum Y of the two
dice?

The expected value of the sum Y is 7, since the average roll of a die is 3.5,
and thus E[Y] = E[X] + E[second die] = 3.5 + 3.5 = 7.

How can the experiment of rolling two dice be used
to demonstrate probability concepts like
independence?

Since the outcome of the first die (X) does not affect the second die's
result, the rolls are independent, which can be demonstrated by showing that
P(X = x and second die = y) = P(X = x) P(second die = vy).

Additional Resources

Consider The Experiment Of Rolling Two Dice. Let X Be The Value Of The First
Roll And Y The Sum Of The

Introduction to the Dice-Rolling Experiment

Rolling dice is one of the most classic and fundamental experiments in
probability theory. It serves as a foundational example for understanding



randomness, probability distributions, and the principles of combinatorics.
When we consider the specific experiment where two six-sided dice are rolled,
and define the variables:

- X as the value of the first die,
- Y as the sum of the values of both dice,

we open a window to explore a rich structure of probabilistic relationships,
joint distributions, marginal probabilities, conditional probabilities, and
expectations. This detailed analysis will delve into the mechanics of this
experiment, the possible outcomes, probability calculations, and the insights
that can be gleaned from such a simple yet profound setup.

Understanding the Sample Space

Before analyzing the distributions, it’s crucial to understand the sample
space of the experiment.

Defining the Sample Space

- Each die has 6 faces, numbered from 1 to 6.

- When rolling two dice, the total number of equally likely outcomes is 6 x 6
= 36.

- Each outcome can be represented as an ordered pair: (dl, d2), where dl and
d2 are the values of the first and second die respectively.

Sample Space (Q):
Q=4{ (dl, d2) | d1 € {1,2,3,4,5,6}, d2 € {1,2,3,4,5,6} }

- Total outcomes: 36
- Each outcome has probability 1/36 under fair, independent rolls.

Defining Random Variables X and Y

- X: the value of the first die.
- X takes values in {1, 2, 3, 4, 5, 6}.

- Y: the sum of both dice.
- Y takes values in {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}.

Note:



- The value of Y depends on the outcome of both dice, while X depends only on
the first die.

Joint Probability Distribution of (X, Y)

The joint distribution P(X = x, Y = y) describes the probability that the
first die shows x and the sum of both dice is vy.

Calculating P(X = x, Y = y)

Given the definitions:

\ [
P(X =x, Y=y) =P(\text{first die} = x, \text{second die} =y - Xx)
\1

since:

\ [

Y = dl + d2 \implies d2 =y - dl
\1

For this to be a valid outcome:

- d2 must be between 1 and 6.
- dl is fixed at x.

Therefore,

\ [

P(X = x, Y =y) = \begin{cases}

\frac{1}{36} & \text{if } 1 \leq y - x \leq 6 \\
0 & \text{otherwise}

\end{cases}

\1]

Explicitly:

- For each x in {1, 2, 3, 4, 5, 6}, y must satisfy:
\ [

y\in \{x + 1, x+ 2, x+3, x+4, x+5, x+ 6\}
\1

but only if y is between 2 and 12, which is the overall possible sum range.



Joint Distribution Table

Constructing a table helps visualize the joint distribution:

| X\Y |2 |3]4|5]6]|7|8|9]10]11] 12|

| 110 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 06 | 6 | 06 | 0 | O |
|21 0| 0| 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 0 | 0 | 0 | O |
|31 0|0 |0 ] 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 06 | 0 | O |
|40 |0 |00 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 0 | 0 |
|51 0|0 |0]06]| 0] 1/3 | 1/36 | 1/36 | 1/36 | 1/36 | 0 |
| 6| 0|06 |0]0|06]06]1/36 | 1/36 | 1/36 | 1/36 | 1/36 |

Note: The zeros indicate impossible combinations, such as when the sum is
less than 2 or greater than 12.

Marginal Distributions

Understanding the marginal distributions helps analyze the individual
behavior of each variable.

Marginal Distribution of X

Since the first die is fair and independent:

\[

P(X = x) = \frac{1}{6} \quad \text{for } x =1, 2, 3, 4, 5, 6
\1]

This is straightforward because each outcome for the first die is equally
likely.

Marginal Distribution of Y

The sum Y is the sum of two independent uniform variables, each uniformly
distributed over {1, ..., 6}.

- The probability distribution of Y is well-known:



| Y | Probability \( P(Y =vy) \) |
e B R EEECREREEREE |

| 2| 1/36 |
| 3| 2/36 |
| 4| 3/36 |
| 5 | 4/36 |
| 6 | 5/36 |
| 7 | 6/36 |
| 8 | 5/36 |
| 9| 4/36 |
| 10 | 3/36 |
| 11 | 2/36 |
| 12 | 1/36 |

This distribution is symmetric and peaks at the middle value, 7, reflecting
the combinatorial nature of sums.

Conditional Distributions

Conditional probabilities reveal how knowledge of one variable influences the
distribution of the other.

Conditional Distribution of Y given X = Xx

Given X = x, the variable Y can take values:

\ [
Y \in \{x+1l, x+2, x+3, x+4, x+5, x+6\}
\1]

but only those within the valid sum range (2 to 12).

The conditional probability:

\ [
P(Y =y | X =x) =\frac{P(X = x, Y = y)}H{P(X = x)}
\frac{\frac{1}{36}}{\frac{1}{6}} = \frac{1/36}{1/6}
\]

\frac{1}{6}

for each valid y, since all outcomes with fixed x and corresponding y are
equally likely.

Interpretation:

- Given that the first die shows x, the second die (and hence the sum y) is



uniformly distributed over the values consistent with that x.
- For each fixed x, Y is uniformly distributed over the set \{x+1, ..., x+6\}
constrained to the overall sum range.

Conditional Distribution of X given Y =y

Using Bayes' theorem:

\ [
P(X=x | Y=y) =\frac{P(X = x, Y = y)HP(Y = y)}
\1

From earlier:

\[
P(X
\1]

X, Y =vy) = \frac{1}{36} \quad \text{if } 1 \leq y - x \leq 6

and

\[
P(Y
\1]

y) \text{ as given before}

Thus
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