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Consider The Random Experiment Of Rolling A Pair Of Dice. Suppose That We Are
Interested In The Sum Of the two dice. This simple yet fascinating experiment
serves as a foundational example in probability theory, helping us understand
how to calculate likelihoods of various outcomes, analyze patterns, and make
informed predictions. Whether you're a student studying statistics, a game
designer developing fair dice-based games, or just a curious mind exploring
randomness, understanding the probability distribution of the sum of two dice
is essential. In this article, we'll delve into the intricacies of rolling
two dice, explore the possible sums, calculate their probabilities, and
discuss real-world applications of this classic experiment.

Understanding the Basics of Rolling Two Dice

The Setup of the Experiment
When rolling a pair of standard six-sided dice, each die has faces numbered
from 1 to 6. Each face has an equal chance of landing face up, assuming the
dice are fair and unbiased. The total number of possible outcomes when
rolling two dice is 36, because each die has 6 faces and the outcomes are
independent:

e Number of outcomes for Die 1: 6

e Number of outcomes for Die 2: 6

e Total outcomes: 6 x 6 = 36

Sample Space and Outcomes

The sample space consists of all ordered pairs (dl, d2), where dl and d2 are
the results of the first and second die, respectively. For example:

(1, 1), (1, 2), (1, 3), ..., (1, 6)

(2, 1), (2, 2), ..., (2, 6)

. ié: 1), (6, 2), ..., (6, 6)



Each of these 36 outcomes is equally likely, with probability 1/36.

Possible Sums and Their Probabilities

Range of Possible Sums

The sum of the two dice can range from a minimum of 2 (1+1) to a maximum of
12 (6+6). The possible sums are:

2,3, 4,5,6, 7,8, 9, 10, 11, 12

Calculating the Number of Ways to Achieve Each Sum

To find the probability of each sum, we need to determine how many outcomes
produce that sum.

Sample Outcomes

Sum | Number of Outcomes

(1,1)
2 1

(1,2), (2,1)
3 2

(1,3), (2,2), (3,1)
4 3

(1,4), (2,3), (3,2), (4,1)
5 4

(1,5), (2,4), (3,3), (4,2), (5,1)
6 5

(1,6), (2,5), (3,4), (4,3), (5,2), (6,1)
7 6

(2,6), (3,5), (4,4), (5,3), (6,2)
8 5




(3.6), (4,5, (5,4), (6,3)
9 |a
(4.6), (5,5), (6,4)
10 |3
(5.6), (6,5)
11 |2
12 |1 (6,6)

The total outcomes for each sum can be used to compute the probability by
dividing by 36.

Probability of Each Sum

Using the counts above, the probability P of each sum is:

e P(sum = 2) = 1/36 = 2.78%

e P(sum = 3) = 2/36 = 5.56%

* P(sum = 4) = 3/36 = 8.33%

e P(sum = 5) = 4/36 = 11.11%
e P(sum = 6) = 5/36 = 13.89%
e P(sum = 7) = 6/36 = 16.67%
e P(sum = 8) = 5/36 = 13.89%
e P(sum = 9) = 4/36 = 11.11%
e P(sum = 10) = 3/36 = 8.33%
e P(sum = 11) = 2/36 = 5.56%
e P(sum = 12) = 1/36 = 2.78%

This distribution is symmetric around the sum of 7, which has the highest
probability.



Expected Value and Variance of the Sum

Calculating the Expected Sum

The expected value (mean) of the sum, denoted as E(S), is calculated by
summing the products of each sum and its probability:

E(S) = £ [sum x P(sum)]
Using the probabilities:

E(S) = 2x(1/36) + 3x(2/36) + 4x(3/36) + 5x(4/36) + 6x(5/36) + 7x(6/36) +
8x(5/36) + 9x(4/36) + 10x(3/36) + 11x(2/36) + 12x(1/36)

Calculating this yields:
E(S) = 7

which aligns with the intuitive understanding that the average sum tends
toward 7.

Variance of the Sum

Variance measures the spread of the distribution. It is calculated as:
Var(S) = E(S?) — [E(S)]?

where E(S?) is the expected value of the square of the sum:

E(S2) = X [sum? x P(sum)]

Calculating:

E(S2) = 22x(1/36) + 32x(2/36) + ... + 122x(1/36)

This calculation results in:

E(S?) = 54.83

and therefore,

Var(S) = 54.83 — 72 = 54.83 — 49 = 5.83

The standard deviation, o, is the square root of the variance, approximately
2.41.



Applications of the Dice Sum Experiment

In Gaming and Probability Games

Many traditional games rely on the probability distribution of dice sums.
Understanding the likelihood of each sum helps game designers create balanced
games and players develop strategies. For example:

e In Monopoly, the probability of rolling a 7 influences the frequency of
landing on certain properties.

e In craps, betting strategies depend on the probabilities of different
sums.

Educational Tools for Teaching Probability

Using the simple experiment of rolling two dice provides a visual and
tangible way to teach fundamental probability concepts, including:

e Sample space analysis
e Calculating probabilities for compound events

e Understanding distributions and expected values

Modeling Real-World Random Events

While rolling dice is a simplified model, it illustrates how to analyze
uncertainties and predict outcomes in more complex systems, such as:

e Risk assessment in finance
e Simulating random events in computer science

e Predicting outcomes in stochastic processes

Extensions and Variations of the Experiment



Using Different Types of Dice

Instead

Frequently Asked Questions

What is the probability of rolling a sum of 7 with a
pair of dice?

The probability of rolling a sum of 7 is 6/36 or 1/6, since there are 6
favorable outcomes (e.g., (1,6), (2,5), (3,4), etc.) out of 36 possible
outcomes.

How many possible outcomes result in an even sum
when rolling two dice?

There are 18 outcomes where the sum is even (2, 4, 6, 8, 10, 12), totaling 18
favorable outcomes out of 36, giving a probability of 1/2.

What is the probability of getting a sum of 2 or 12
on the roll?

The probability of rolling a sum of 2 or 12 is 2/36 or 1/18, since only (1,1)
and (6,6) lead to these sums.

If two dice are rolled, what is the probability that
the sum is greater than 9?7

The sums greater than 9 are 10, 11, and 12. There are 3 outcomes for sum 10,
2 for 11, and 1 for 12, totaling 6 favorable outcomes. Probability is 6/36 or
1/6.

What is the probability of rolling doubles (both
dice show the same number)?

Doubles occur in 6 outcomes: (1,1), (2,2), (3,3), (4,4), (5,5), (6,6). So,
the probability is 6/36 or 1/6.

How does the probability distribution of the sum of
two dice look like?

The distribution is symmetric, with sums like 7 being most likely (6
outcomes), and sums of 2 or 12 being least likely (1 outcome each).
Probabilities vary from 1/36 to 6/36 depending on the sum.



Additional Resources

Consider the random experiment of rolling a pair of dice. Suppose that we are
interested in the sum of the two dice before rolling, which introduces a
fascinating intersection of probability theory, statistics, and real-world
applications. This experiment, simple in its physical execution yet rich in
mathematical complexity, serves as a cornerstone in understanding fundamental
concepts such as probability distributions, expected value, variance, and
their implications across various fields. In this article, we explore the
detailed mechanics of rolling dice, analyze the distribution of sums, and
delve into the broader significance of this classic problem in both academic
and practical contexts.

Introduction to the Dice-Rolling Experiment

The Basic Setup

The experiment involves rolling two standard six-sided dice, each die
numbered from 1 to 6. When thrown simultaneously, the outcome is determined
by the face values showing on each die. Since each die is independent, the
total number of possible outcomes for the experiment is 36, calculated as 6
(faces on the first die) multiplied by 6 (faces on the second die).

Sample Space of Qutcomes:

- The outcome can be represented as an ordered pair (di, d2), where di1 and d:
are the face values on the first and second dice, respectively.

- The set of all possible outcomes is:

\ [

\Omega = \{ (1,1), (1,2), ..., (6,5), (6,6) \}

\1]

- Each outcome is equally likely with a probability of 1/36.

Why Focus on the Sum?

While each individual outcome (pair of die faces) is interesting, the sum of
the two dice often holds more significance, especially in games and
probability analysis. The sum ranges from 2 (minimum, when both dice show 1)
to 12 (maximum, when both show 6). Studying the distribution of these sums
reveals patterns and probabilities that are crucial for understanding
randomness, fairness, and strategic decision-making.

Probability Distribution of the Sum



Possible Sums and Their Frequencies

The sum of two dice can take on any integer value from 2 to 12. Each sum
corresponds to multiple outcome pairs:

| Sum | Number of Outcomes (Frequency) | Outcomes (Examples) |

|
| 2| 1] (1,1) |
| 312 (1,2), (2,1) |
| 4] 3] (1,3), (2,2), (3,1) |
| 51 4| (1,4), (2,3), (3,2), (4,1) |
| 6 | 5 (1,5), (2,4), (3,3), (4,2), (5,1) |
| 716 (1,6), (2,5), (3,4), (4,3), (5,2), (6,1) |
| 8 5] (2,6), (3,5), (4,4), (5,3), (6,2) |
| 914 (3,6), (4,5), (5,4), (6,3) |
| 10 | 3 | (4,6), (5,5), (6,4) |
| 11 | 2 | (5,6), (6,5) |
| 12 | 1 | (6,6) |

From these, the probability of each sum is:

\ [
P(\text{sum} = s) = \frac{\text{Number of outcomes that produce } s}{36}

\1

Explicit Probabilities:

| Sum | Probability |

10 | 3/36 = 1/12 |
11 | 2/36 = 1/18 |
12 | 1/36 |

| 2 | 1/36 |

| 3| 2/36 = 1/18 |
| 4 | 3/36 = 1/12 |
| 5| 4/36 = 1/9 |
| 6 | 5/36 |

| 7| 6/36 = 1/6 |
| 8 | 5/36 |

| 9| 4/36 = 1/9 |
I

I

I

Shape of the Distribution

Plotting these probabilities reveals a symmetric, bell-shaped distribution
centered around 7, which is the most probable sum. This symmetry arises
because the number of outcome pairs leading to sums less than 7 mirrors those
leading to sums greater than 7.

Key observations:
- Sum = 7 has the highest probability (1/6).
- Sums at the extremes (2 and 12) are least likely (1/36).



- The distribution is unimodal, with a peak at 7.

Mathematical Analysis of the Distribution

Expected Value (Mean) of the Sum

The expected value (or mean) provides a measure of the central tendency of
the sum distribution. It is calculated as:

\ [
E[S] = \sum {s=2}"{12} s \times P(\text{sum}=s)
\1]

Calculating explicitly:

\ [

E[S] = 2 \times \frac{1}{36} + 3 \times \frac{2}{36} + 4 \times \frac{3}{36}
+ 5 \times \frac{4}{36} + 6 \times \frac{5}{36} + 7 \times \frac{6}{36} + 8
\times \frac{5}{36} + 9 \times \frac{4}{36} + 10 \times \frac{3}{36} + 11
\times \frac{2}{36} + 12 \times \frac{1}{36}

\1]

Simplifying:

\ [

E[S] = \frac{2(1) + 3(2) + 4(3) + 5(4) + 6(5) + 7(6) + 8(5) + 9(4) + 10(3) +
11(2) + 12(1)}{36}

\]

Calculating numerator:

\ [
2 +6+ 12 +20 + 30 + 42 + 40 + 36 + 30 + 22 + 12 = 252

\1]

Thus:

\ [
E[S] = \frac{252}{36} =7
\1

This confirms that the average sum over many trials converges to 7, aligning
with the intuitive notion that 7 is the most "central" outcome.

Variance and Standard Deviation

Variance measures the spread of the distribution, indicating how much the



sums deviate from the mean:

\ [
Var(S) = E[(S - E[S])"2] = \sum {s=2}"{12} (s - 7)72 \times P(\text{sum}=s)
\1

Calculating:

\ [

Var(S) = \frac{1}{36} \left[ (2-7)72 \times 1 + (3-7)"2 \times 2 + (4-7)"2
\times 3 + (5-7)72 \times 4 + (6-7)72 \times 5 + (7-7)72 \times 6 + (8-7)"2
\times 5 + (9-7)72 \times 4 + (10-7)72 \times 3 + (11-7)72 \times 2 +
(12-7)72 \times 1 \right]

\1

Numerator:

\ [

(25 \times 1) + (16 \times 2)
(0 \times 6) + (1 \times 5) +
(25 \times 1)

\1

\ [

=25+ 32+ 27 +16 + 5+ 0 +5 + 16 + 27 + 32 + 25 = 210
\1

+ (9 \times 3) + (4 \times 4
(

) + (1 \times 5) +
4 \times 4) + (9 \times 3) + (

16 \times 2) +

Variance:

\ [
Var(S) = \frac{210}{36} = \frac{35}{6} \approx 5.83
\1]

Standard deviation:

\ [
\sigma = \sqrt{Var(S)} \approx \sqrt{5.83} \approx 2.41
\1]

This indicates that most sums will lie within approximately 2.4 units of the
mean (7), reflecting a moderate spread.

Implications and Applications of the Dice Sum
Distribution

In Gaming and Gambling

Understanding the probability distribution of dice sums is central to many



traditional and modern games,
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