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Creating a Turing machine (TM) that accepts a specific language is a fundamental concept in
theoretical computer science and automata theory. In this article, we will explore how to design a
Turing machine that accepts the language L = {w | |w| is a multiple of 4}, meaning it accepts all
strings over a given alphabet where the length of the string is divisible by 4. This task involves
understanding the basics of Turing machines, their components, and the step-by-step process of
constructing a machine for this specific language.

Understanding the Language {w : |w| Is A Multiple Of
4}

Before delving into the construction of the Turing machine, it is crucial to understand the nature of
the language itself.

Definition of the Language
The language L = {w | |w| mod 4 = 0} includes all strings w over an alphabet (commonly {0,1} or
any finite set) such that the length of w is divisible by 4. For example:

"", an empty string, has length 0, which is divisible by 4, so it is accepted.

"1234" has length 4, divisible by 4, so it is accepted.

"abcde" has length 5, not divisible by 4, so it is rejected.

Significance in Automata Theory
The language is a classic example of a regular language, but here we are focusing on designing a
Turing machine, which is more powerful than finite automata or pushdown automata. Although
recognizing strings of length divisible by 4 can be done with simpler automata, constructing a
Turing machine provides foundational insight into more complex language recognition.



Components of a Turing Machine

A Turing machine is formally defined as a 7-tuple:

M = (Q, Σ, Γ, δ, q₀, q_accept, q_reject)

where:

Q: a finite set of states

Σ: the input alphabet (excluding the blank symbol)

Γ: the tape alphabet (includes Σ and the blank symbol)

δ: the transition function, mapping Q × Γ to Q × Γ × {L, R}

q₀: the start state

q_accept: the accept state

q_reject: the reject state

In our design, the Turing machine will scan the input tape, marking processed symbols, and
counting how many symbols it has processed modulo 4.

Design Strategy for the Turing Machine

The key idea in constructing this Turing machine is to process the input string in chunks of four
symbols, verifying that the total length is a multiple of four. The general approach involves:

1. Moving through the string, marking every fourth symbol.
2. Checking if, after processing, the tape is exhausted exactly after a multiple of four symbols.
3. Accepting if the total length is divisible by four; rejecting otherwise.

The design can be broken down into phases:

- Initialization: Position the tape head at the start of the string.
- Processing in Blocks: Move across the string, counting in groups of four symbols.
- Marking Symbols: Mark symbols to indicate they've been counted, ensuring that the machine can
detect whether the total length is divisible by four.
- Verifying End of String: Confirm whether the tape ends exactly after processing a complete group
of four symbols.
- Acceptance or Rejection: Decide based on the above checks.



Step-by-Step Construction of the Turing Machine

Let's now detail the construction process.

State Definitions
We will define several states:

- q_start: Initial state, prepare to process input.
- q_mark1, q_mark2, q_mark3, q_mark4: States for marking each symbol in a group.
- q_return: Return to the start position to process the next group.
- q_check_end: Verify whether the tape has ended after processing a group.
- q_accept: Accept state.
- q_reject: Reject state.

Alphabet and Symbols
Assuming the input alphabet is {0, 1} (can be extended), and the tape alphabet Γ includes:

- Input symbols: 0, 1
- Marked symbols: X, Y, Z, W (to mark processed symbols in each position)
- Blank symbol: _ (underscore)

Transition Function Outline

The transition function will follow these rules:

1. Start Processing:
- From q_start, move right until the first unmarked symbol.
2. Marking Symbols in Groups of Four:
- In q_mark1, replace the current symbol with X, move right, transition to q_mark2.
- In q_mark2, replace symbol with Y, move right, transition to q_mark3.
- In q_mark3, replace symbol with Z, move right, transition to q_mark4.
- In q_mark4, replace symbol with W, move left to return to the start, then check for the end.
3. Return to Start:
- From q_mark4, move left until reaching the leftmost unmarked symbol, then transition back to
q_start.
4. Checking for End of Tape:
- If at any point, before marking four symbols, the machine encounters a blank symbol, it determines
whether the total number of symbols processed is divisible by 4.
- If at the end of a group, no unmarked symbols remain, and the total processed length is divisible by
4, the machine transitions to q_accept.
- If there are unprocessed symbols that do not form a complete group, reject.



Sample Transition Diagram Overview

While a full transition diagram is complex, key transitions include:

- From q_start:
- On unmarked symbol: mark it, go to q_mark1
- From q_mark1:
- Mark symbol with X, move right, go to q_mark2
- From q_mark2:
- Mark symbol with Y, move right, go to q_mark3
- From q_mark3:
- Mark symbol with Z, move right, go to q_mark4
- From q_mark4:
- Mark symbol with W, move left to the start, check for remaining unmarked symbols
- If no unmarked symbols remain and the last group was complete, accept
- If unmarked symbols remain but less than four, reject

Implementation Details and Formal Transition Table

Constructing the full transition table involves defining each state and symbol interaction explicitly.
Here is an example of key transitions:

| Current State | Read Symbol | Write Symbol | Move | Next State |
|-----------------|--------------|--------------|-------|------------|
| q_start | 0 or 1 | same | R | q_mark1 |
| q_mark1 | 0 or 1 | X or Y or Z | R | q_mark2 |
| q_mark2 | 0 or 1 | X or Y or Z | R | q_mark3 |
| q_mark3 | 0 or 1 | X or Y or Z | R | q_mark4 |
| q_mark4 | 0 or 1 | X or Y or Z | L | q_return |
| q_return | blank or unmarked | same | L | move to start or accept/reject |

This process repeats until the entire string is processed.

Example Walkthrough

Suppose the input string is "1011" (length 4):

1. Machine starts in q_start, reads '1', marks it as X, moves right.
2. Reads '0', marks as Y, moves right.
3. Reads '1', marks as Z, moves right.
4. Reads '1', marks as W, moves left to the start.
5. Checks if any unmarked symbols remain:
- No, all symbols are marked.
6. Since the total symbols processed is 4, which is divisible by 4, machine transitions to q_accept.



For a longer string like "11001100" (length 8):

The process repeats twice, each time marking four symbols and returning to the start. After
processing the second group, if no unmarked symbols remain, the machine accepts.

Handling Edge Cases and Final Checks

The machine must also handle special cases:

- Empty String: The machine should accept immediately, as length 0 is divisible by 4.
- Strings with Length Not Multiple of 4: The machine, upon reaching the end of the string with
incomplete groups (less than 4 symbols), should reject.
- Strings with Non-binary Symbols: The machine can be extended to recognize other symbols by
adjusting the alphabet and transition rules accordingly.

Conclusion and Summary

Designing a Turing machine to accept the language {w : |w

Frequently Asked Questions

How can a Turing Machine be constructed to accept strings
where the length is a multiple of 4?
The Turing Machine can process the input string by scanning it and marking every fourth symbol
(e.g., replacing it with a special symbol). When it reaches the end, if it has successfully marked every
fourth symbol without leftover symbols, it accepts the string, indicating the length is a multiple of 4.

What are the main components needed to design a Turing
Machine for the language {w : |w| mod 4 = 0}?
Key components include states to track the counting of symbols modulo 4, a tape alphabet that
includes a marking symbol, transition functions to move and mark symbols, and accept/reject states
based on whether the entire string has been processed in groups of four.

How does the Turing Machine ensure it only accepts strings
with lengths that are multiples of 4?
The machine sequentially scans the input, marking every fourth symbol. If it successfully marks all
symbols in groups of four and reaches the end of the string exactly after completing the last group,
it transitions to the accept state. Otherwise, it rejects the string.



Can you provide a high-level description of the steps the
Turing Machine takes for this language?
Yes. The machine repeatedly moves right, counting symbols until it reaches the fourth symbol, then
marks it, returns to the start, and repeats. If at any point it cannot find a complete group of four
symbols, it rejects. If it marks the entire string successfully, it accepts.

What are some common challenges in constructing a Turing
Machine for this language?
Challenges include ensuring accurate counting of symbols modulo 4, avoiding infinite loops,
handling edge cases like empty strings, and designing transitions that reliably mark and revisit
symbols for proper counting.

How is the language {w : |w| mod 4 = 0} related to regular and
context-free languages?
This language is non-regular but context-free, and a Turing Machine can recognize it because it
requires counting modulo 4, which cannot be done with finite automata but can be managed with
the more powerful Turing Machine model.

Additional Resources
Construct A Turing Machine That Accepts The Language {w : |w| Is A Multiple Of 4} (where w is a
string)

---

Introduction

The design of Turing machines (TMs) for specific languages is a fundamental aspect of automata
theory and formal language processing. In this comprehensive exploration, we focus on constructing
a Turing machine that accepts the language:

\[
L = \{ w \in \Sigma^ \mid |w| \text{ is a multiple of 4} \}
\]

where \(w\) is a string over some alphabet \(\Sigma\), often assumed to be binary \(\{0,1\}\) for
simplicity, but the construction can be generalized to any finite alphabet.

This language is regular in the context of finite automata but becomes an instructive example when
designing a Turing machine, which has more computational power. Our goal is to design a Turing
machine that halts and accepts any string \(w\) with length divisible by 4 and rejects all others.

---

Conceptual Overview



Before diving into the detailed construction, it's essential to understand the core idea:

- Objective: To verify whether the input's length is divisible by 4.
- Approach: Use the Turing machine to scan the input and count the length modulo 4, accepting if
this count is zero.

Since a Turing machine has an infinite tape and can move both left and right, a natural approach is
to mark or process the input in segments of four symbols.

---

High-Level Strategy for the Turing Machine

1. Input Representation:
- The input string \(w\) is written on the tape, possibly over \(\{0,1\}\) or any alphabet.
- The rest of the tape is blank (denoted as \(\square\)).

2. Marking and Traversal:
- The machine will process the string in blocks of four symbols.
- It will mark the four symbols in each block by replacing them with special symbols (e.g., `X`, `Y`,
`Z`, `W`) to prevent reprocessing.

3. Cycle of Processing:
- Starting from the leftmost unmarked symbol, the machine will:
- Mark the first symbol.
- Move right to find and mark the second symbol.
- Repeat for the third and fourth symbols.
- After marking four symbols, the machine will return to the beginning of the tape (or the position
after the last marked symbol) and repeat.

4. Acceptance or Rejection:
- When the machine encounters fewer than four unmarked symbols (i.e., the input length is not a
multiple of 4), it will detect this upon trying to mark a new symbol.
- If it completes marking in groups of four until reaching the end of the input without any leftover
symbols, it accepts.
- If fewer than four symbols remain unmarked at the end (and not zero), it rejects.

---

Formal Construction of the Turing Machine

Constructing a precise Turing machine involves defining:

- The states and their roles.
- The input alphabet \(\Sigma\).
- The tape alphabet \(\Gamma\), which includes the input alphabet plus special symbols for marking.
- The transition function \(\delta\), dictating how the machine moves and writes.
- The start state, accept, and reject states.

---



Components of the Turing Machine

1. Input and Tape Alphabets

- Input alphabet \(\Sigma\): Typically \(\{0,1\}\), but generalizable.
- Tape alphabet \(\Gamma\): \(\Sigma \cup \{X, Y, Z, W, \square\}\).
- Here, `X`, `Y`, `Z`, `W` are special symbols used for marking.
- \(\square\) denotes blank symbol.

2. States

States are designed to control the marking process, movement, and detection:

- Start state (\(q_{start}\)): Begin processing.
- Marking states (\(q_{mark1}\), \(q_{mark2}\), \(q_{mark3}\), \(q_{mark4}\)): Mark each of the four
symbols in a group.
- Return to start state (\(q_{return}\)): After marking four symbols, move back to the beginning.
- Acceptance state (\(q_{accept}\)): Accept if process completes successfully.
- Rejection state (\(q_{reject}\)): Reject if leftover symbols are fewer than four.

---

Step-by-Step Construction

Step 1: Initialization

- The machine starts in \(q_{start}\), with the tape containing the input string, and the head at the
first symbol.

Step 2: Marking the First Symbol

- In \(q_{start}\), the machine reads the first unmarked symbol.
- It replaces it with `X` (or an appropriate mark).
- Transitions to \(q_{mark2}\) to process the second symbol.

Step 3: Marking the Second Symbol

- In \(q_{mark2}\), move right until the next unmarked symbol.
- Mark it (e.g., `Y`) and transition to \(q_{mark3}\).

Step 4: Marking the Third Symbol

- In \(q_{mark3}\), similarly, move right to the next unmarked symbol.
- Mark it (`Z`) and transition to \(q_{mark4}\).

Step 5: Marking the Fourth Symbol

- In \(q_{mark4}\), move right to find the next unmarked symbol.
- Mark it (`W`) and then transition to \(q_{return}\).

Step 6: Returning to the Beginning



- In \(q_{return}\), move left until reaching the leftmost symbol (the starting point or after the last
mark).
- The process then repeats:
- From the start, find the next unmarked symbol to mark as the first in the next group of four.

---

Handling Edge Cases and Halting Conditions

1. End of String with Fewer Than Four Symbols

- When the machine attempts to find a new unmarked symbol:
- If it encounters only blanks (or no unmarked symbols), it assesses whether the total number of
marked groups is complete.
- If fewer than four unmarked symbols are found, the machine transitions to \(q_{reject}\).

2. Input Length is a Multiple of 4

- The machine successfully marks all symbols in groups of four.
- After marking the last group, it finds no unmarked symbols.
- Transitions to \(q_{accept}\).

---

Formal Transition Function (Conceptual)

While an explicit transition table can be lengthy, here's an outline of the key transitions:

- Start state:
- Read symbol \(s \in \(\Sigma\)\): mark with `X` and go to \(q_{mark2}\).
- If blank or no symbol, accept if the input was empty or already processed correctly.

- Marking states (\(q_{mark2}\), \(q_{mark3}\), \(q_{mark4}\)):
- Move right until an unmarked symbol.
- Mark it with the respective symbol.
- Transition to the next marking state.

- Return state (\(q_{return}\)):
- Move left until the leftmost unmarked symbol or until the start of the input.
- Transition back to \(q_{start}\).

- Detection of incomplete groups:
- When attempting to mark the next symbol:
- If fewer than four unmarked symbols are encountered, reject.

- Acceptance:
- When all symbols are marked and no unmarked symbols remain, accept.

---

Optimization and Implementation Details



Constructing an optimally efficient TM involves considerations such as:

- Using multiple tapes for counting (not necessary here).
- Implementing a modulo counter approach, which is more complex but feasible.
- Simplifying by marking in fixed steps ensures clarity.

In practice, the marking approach is straightforward and educational for demonstrating how TMs
process strings in blocks.

---

Generalization and Variations

- The construction can be adapted for other divisibility conditions, such as length divisible by 3, 5,
etc., by adjusting the grouping and counting logic.
- For larger alphabets, the marking symbols can be extended.
- For efficiency, one could implement a modulo counter in the states, but the marking approach
remains intuitive.

---

Visualizing the Operation

Suppose the input is:

```
0110
```

- The machine marks the first symbol with `X`.
- Moves to the second symbol, marks it with `Y`.
- Moves to the third symbol, marks it with `Z`.
- Moves to the fourth symbol, marks it with `W`.
- Returns to the start.
- No unmarked symbols remain.
- The machine transitions to \(q_{accept}\).

If the input were:

```
011
```

- It would mark the first symbol.
- Mark the second symbol.
- Attempt to mark the third symbol, but only one symbol remains unmarked.
- Recognize that the total length isn't divisible by 4.
- Transition to \(q_{reject}\).

---



Formal Proof of Correctness

-
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