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Understanding the dynamic behavior of power converters is fundamental in designing stable and
efficient power systems. A key aspect of this understanding involves deriving the closed-loop
transfer function for each converter, which describes how the output responds to input variations
under feedback control. Using a small-signal model allows engineers to analyze the system's
stability, bandwidth, and transient response effectively by linearizing the nonlinear converter
equations around an operating point. In this comprehensive guide, we will explore the step-by-step
process of deriving the closed-loop transfer function for various types of power converters using
their small-signal models.

Introduction to Small-signal Modeling of Power
Converters

Small-signal modeling simplifies the nonlinear behavior of power converters by linearizing their
equations around a steady-state operating point. This approach assumes that variations in signals
are small enough that nonlinear effects can be approximated as linear, enabling the use of linear
system analysis techniques such as transfer functions and Bode plots.

Key Benefits of Small-signal Modeling:

- Facilitates stability analysis

- Helps design controllers such as PID or state-space controllers

- Assists in understanding the frequency response of the system

- Simplifies complex nonlinear dynamics into manageable linear models

Types of Power Converters Analyzed:

- Buck converters

- Boost converters

- Buck-boost converters

- Other switching regulators

While the process is similar across different converter types, each has unique characteristics that
influence the derivation of their transfer functions.



General Approach to Deriving Closed-loop Transfer
Functions

The process involves the following key steps:

1. Identify the Operating Point: Determine the steady-state (DC) values of inductor currents,
capacitor voltages, and duty cycles.

2. Linearize the Nonlinear Equations: Derive small-signal (perturbed) equations by expressing
variables as the sum of their steady-state values and small ac variations.

3. Model the Power Stage: Develop the small-signal equivalent circuit of the converter, including
inductor, capacitor, switches, and their associated components.

4. Incorporate Control Elements: Include the feedback control loop, such as a voltage or current
controller, and model its transfer characteristics.

5. Derive the Transfer Function: Obtain the relationship between the input perturbation (e.g.,
reference voltage or duty cycle) and the output variable (voltage or current), resulting in the closed-

loop transfer function.

6. Simplify and Analyze: Express the transfer function in standard form to analyze stability margins,
bandwidth, and transient response.

Let's explore this process in detail for some common converter types.

Derivation of Closed-loop Transfer Function for a Buck
Converter

The buck converter is a step-down converter widely used in power electronics. Its small-signal model
forms the basis for deriving the transfer function.

1. Steady-State Operating Point

- Input voltage: \(V_{in} )
- Output voltage: \(V o)

- Duty cycle: \( D)

- Inductor current: \(i L)

- Capacitor voltage: \(V o)

At steady state, the inductor voltage is approximately zero over one switching period, leading to:

\[V.0o=DV {in}\]



2. Small-signal Perturbation

Express variables as:

\[

\begin{aligned}

V o(t) &=V {o,ss} + \hat{v} o(t) \\

D(t) &= D {ss} + \hat{d}(t) \\

i L(t) &=1i {L,ss} + \hat{i} L(t)\\

V {in}(t) &=V {in,ss} + \hat{v} {in}(t)
\end{aligned}

\]

Assuming \( \hat{v} {in}(t)\) is small, and linearizing the equations.

3. Small-signal Model of the Buck Converter

The inductor voltage equation becomes:

\[
L \frac{d \hat{i} L}{dt} =\hat{d}(t) V {in} + D {ss} \hat{v} {in}(t) - \hat{v} o(t)
\]

The capacitor current relates to the voltage:

\[
C \frac{d \hat{v} o}{dt} =\hat{i} L - \frac{\hat{v} o}{R}
\]

where \( R) is the load resistance.
In the frequency domain (Laplace), using \( s \) as the complex frequency:

\[

L s\hat{i} L(s) =V {in} \hat{d}(s) + D {ss} \hat{v} {in}(s) - \hat{v} o(s)
\]

\[

C s\hat{v} o(s) = \hat{i} L(s) - \frac{\hat{v} o(s)}{R}

\]

4. Transfer Function Derivation

Rearranged equations:

\[
\hat{i} L(s) = \frac{V {in} \hat{d}(s) + D {ss} \hat{v} {in}(s) - \hat{v} o(s)}{L s}



\]
\[
\hat{v} o(s) = R\left( C s \hat{v} o(s) + \hat{i} L(s) \right)
\]

Substituting \( \hat{i} L(s)\) into the second:

\[

\hat{v} o(s) = R\left( C s \hat{v} o(s) + \frac{V {in} \hat{d}(s) + D {ss} \hat{v} {in}(s) -
\hat{v} o(s)}{L s} \right)

\]

Rearranged to solve for \( \hat{v} o(s)\):

\[

\hat{v} o(s) \left( 1 + \frac{R}{L s} \right) = R \left( C s \hat{v} o(s) + \frac{V {in} \hat{d}(s) +
D {ss} \hat{v} {in}(s)}{L s} \right)

\]

Simplify and isolate \( \hat{v} o(s) \):

\[

\hat{v} o(s) \left( 1 + \frac{R}{L s} - R C s \right) = R \frac{V_{in} \hat{d}(s) + D {ss}
\hat{v} {in}(s)}{L s}

\]

Expressing the transfer function from duty cycle variation \( \hat{d}(s) \) to output voltage variation
\(\hat{v}_o(s) \):

\[
\boxed{
H {vd}(s) = \frac{\hat{v} o(s)}{\hat{d}(s)} = \frac{V {in}}{Ls”2 + Rs + \frac{L}{R} Cs"~2}

}
\]

which simplifies further to a standard second-order transfer function.

Closed-loop transfer function then incorporates the controller \( G c(s) \), often a PI or PID, to form:
\[

T(s) = \frac{H {vd}(s) G c(s)}{1 + H {vd}(s) G c(s)}

\]

This transfer function indicates how the output voltage responds to changes in the reference or
input, considering the control loop.

Derivation for Boost and Buck-boost Converters

The process for boost and buck-boost converters follows similar steps but with their specific circuit



topologies and state equations.
Boost Converter

- In steady state: \(V o = \frac{D}{1-D} V {in}\)
- Small-signal model involves inductor current and capacitor voltage perturbations
- Transfer function from duty cycle to output voltage:

\[
H {vd}(s) = \frac{V {in}}{L s"2 + Rs + \frac{V o}{V {in}} \frac{1-D}{D} \frac{1}{C}}
\]

Buck-boost Converter

- Combines features of buck and boost
- Steady-state relation: \(V o = \frac{D}{1-D} V {in}\) (sign depending on configuration)
- Small-signal model derivation considers the inverting nature and the combined dynamics

Note: The derivation involves linearizing the inductor and capacitor equations, considering the
switching states, and deriving the transfer functions accordingly.

Incorporating Control Strategies into the Transfer
Function

Once the plant transfer function \( H {vd}(s)\) or \( H {id}(s)\) (from duty cycle to output voltage
or current) is obtained, the control strategy is integrated to analyze the closed-loop behavior.

- Controller \( G_c(s) \): Designed based on desired bandwidth, stability margins, and transient
response.

- Feedback Loop: The output voltage (or current) is fed back and compared to the reference signal,
generating an error signal that drives the controller.

- Closed-Loop Transfer Function:

T(s

Frequently Asked Questions

What is the significance of deriving the closed-loop transfer
function for each converter using the small-signal model?

Deriving the closed-loop transfer function using the small-signal model helps analyze the system's
stability, frequency response, and dynamic behavior, enabling better control design and
performance optimization of each converter.



How do you obtain the small-signal model of a power
converter for deriving the transfer function?

The small-signal model is obtained by linearizing the converter's nonlinear equations around an
operating point, replacing nonlinear elements with their incremental (small-signal) counterparts,
and then deriving the transfer functions based on these linearized equations.

What are the typical components involved in deriving the
closed-loop transfer function for a buck converter?

The derivation involves modeling the inductor, capacitor, switching elements, and control circuit;
applying small-signal perturbations; and establishing relationships between input voltage, duty
cycle, and output voltage to obtain the transfer function.

Why is it important to analyze each converter individually
when deriving their closed-loop transfer functions?

Analyzing each converter individually allows for accurate modeling of their unique dynamics and
control schemes, ensuring stability and optimal performance are maintained for each stage within a
larger system.

What role does the control loop play in the derivation of the
closed-loop transfer function for each converter?

The control loop determines the feedback mechanism and controller dynamics, which directly
influence the overall transfer function by shaping the system's response and stability characteristics.

Can the small-signal model be used for all types of converters,
and what are its limitations?

While the small-signal model is widely applicable for linearized analysis of various converters, it is
limited to small perturbations around the operating point and may not accurately predict behavior
under large transients or nonlinear conditions.

Additional Resources

Derive The Closed-loop Transfer Function For Each Converter Individually, Using The Small-signal
Model is a fundamental task in power electronics and control system analysis that facilitates
understanding and designing stable, efficient converters. This process involves modeling each
converter's dynamic behavior around its steady-state operating point and deriving the transfer
function that relates input variations to output responses. By employing small-signal models,
engineers can analyze how minor perturbations influence system stability and performance,
enabling optimal controller design and system robustness assessment.



Introduction to Small-signal Modeling in Power
Converters

Small-signal modeling is an essential analytical technique used to linearize nonlinear systems around
a steady-state operating point. In power converters, such as buck, boost, or buck-boost converters,
this approach simplifies the inherently nonlinear switching behavior into a manageable linear model
suitable for control analysis.

Why Use Small-signal Models?

- They enable the analysis of system stability and transient response.
- Facilitate controller design by providing transfer functions.

- Help in understanding the influence of parameter variations.

- Simplify complex switching behavior into linear equations.

Key Features of Small-signal Models

- Linearized around a specific operating point.

- Represented using state-space or frequency domain transfer functions.

- Capture dynamics of inductor currents, capacitor voltages, and control signals.
- Ignore large nonlinearities, assuming small perturbations.

Step-by-Step Derivation of the Closed-loop Transfer
Function

The derivation process generally involves several steps: establishing the steady-state operating
point, linearizing the system equations, deriving the open-loop transfer function, and finally
incorporating feedback to obtain the closed-loop transfer function.

1. Establishing the Operating Point

Before linearization, determine the steady-state values of key variables:
- Input voltage (Vin)

- Output voltage (Vout)

- Inductor current (iL)

- Capacitor voltage (Vc)

This steady state is the baseline around which small variations are considered.



2. Small-signal Linearization

Express all variables as the sum of their steady-state value plus a small perturbation:
-\(V_{in}(t) = V_{in,0} + v_{in}(t)\)
-\(V {out}(t) =V {out,0} + v {out}(t)\)
-\(LL) =1 {L,0} +i {1}(t)\)

\(V_e®) =V {c,0} +v {c}t))
Linearize the nonlinear equations governing the converter by neglecting higher-order terms of small
perturbations.

3. Developing State-space Equations

Write the small-signal differential equations describing the converter's behavior:
\[

\frac{d}{dt}

\begin{bmatrix}

i1(t)\

v_c(t)

\end{bmatrix}

=A

\begin{bmatrix}

11(t) \

v_c(t)

\end{bmatrix}

+B

\begin{bmatrix}

v_{in}(t) \\

v_{ref}(t)

\end {bmatrix}

\]

where matrices \(A\) and \(B\) depend on circuit parameters and duty cycle.

Deriving the Transfer Function for a Single Converter

Once the state-space equations are obtained, transfer functions can be derived by applying Laplace
transforms, assuming zero initial conditions.

1. Laplace Transformation

Transform the differential equations:

\[

s \mathbf{X}(s) = A \mathbf{X}(s) + B \mathbf{U}(s)

\]

where \(\mathbf{X}(s)\) contains the small-signal variables and \(\mathbf{U}(s)\) contains input



perturbations.

Solve for the output variable \(\mathbf{Y}(s)\) in terms of the input \(\mathbf{U}(s)\):

\[
\mathbf{Y}(s) = C (sI - A)"{-1} B \mathbf{U}(s) + D \mathbf{U}(s)

\]

The transfer function is then:

\[

G(s) = \frac{\mathbf{Y}(s)}{\mathbf{U}(s)}
\]

2. Closed-loop Transfer Function

In feedback systems, the closed-loop transfer function becomes:

\[

T(s) = \frac{G {open}(s)}{1 + G_{open}(s) H(s)}

\]

where \(G_{open}(s)\) is the open-loop transfer function of the converter and control system, and
\(H(s)\) is the feedback network.

Application to Different Types of Converters

Each converter topology (buck, boost, buck-boost) exhibits unique dynamics, but the general
principle of deriving the closed-loop transfer function remains similar.

Buck Converter

- The small-signal model captures the inductor current and output voltage dynamics.
- Transfer function from duty cycle variations to output voltage:

\[

T {V {out}/D}(s) = \frac{V {out,0}}{D 0} \times \frac{1}{1 + s/\omega {0}}

\]

where \(\omega {0}\) is the resonant frequency related to the LC filter.

Boost Converter

- Features a different energy transfer mechanism, influencing the transfer function.

- Small-signal transfer function from duty cycle to output voltage:

\[

T {V {out}/D}(s) \approx \frac{V {in,0}}{(1 -D 0)~2} \times \frac{1}{1 + s/\omega {b}}
\]

where \(\omega {b}\) relates to the filter components.



Buck-Boost Converter

- Combines features of buck and boost, leading to more complex transfer functions.
- The small-signal model reflects the bidirectional control, with transfer functions derived similarly
but accounting for the inversion of voltage.

Advantages and Limitations of Small-signal Modeling

Pros:

- Provides insight into system stability margins.

- Simplifies complex nonlinear dynamics.

- Facilitates controller design (e.g., PID, lead-lag compensators).
- Enables frequency response analysis and Bode plot generation.

Cons:

- Assumes small perturbations; may not predict large transients accurately.
- Steady-state linearization ignores nonlinear effects like saturation.

- Model accuracy depends on precise parameter knowledge.

- Not suitable for capturing switching ripple effects directly.

Conclusion and Practical Considerations

Deriving the closed-loop transfer function for each converter using small-signal models is a critical
step in the design and analysis of power electronic systems. It allows engineers to predict how the
system responds to control inputs and disturbances, ensuring stability and desired transient
behavior. While the process involves linearizing nonlinear equations and applying Laplace
transforms, it yields valuable insights that guide the tuning of controllers and the optimization of
system performance.

In practice, engineers should remember that small-signal models are approximations valid near the
operating point. For large transients or switching ripple analysis, more detailed nonlinear or time-
domain simulations may be necessary. Nevertheless, mastering the derivation of these transfer
functions remains a cornerstone skill in power electronics engineering, enabling the creation of
robust, high-performance power converters suitable for a wide range of applications, from consumer
electronics to industrial power systems.
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