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In control system engineering, achieving accurate and stable system performance is paramount. A common
challenge faced by engineers is ensuring that the system's output accurately tracks a desired input, especially
in the presence of disturbances or model uncertainties. One effective approach to enhance the steady-state
accuracy of a unity feedback system is designing a Proportional-Integral (PI) controller. This article provides
a comprehensive guide on how to design a PI controller to drive the step response error to zero when the plant
transfer function is given by G(s)=, ensuring optimal system performance.

Understanding the Unity Feedback System and Its Significance

What Is a Unity Feedback System?
A unity feedback system is a control configuration where the output is fed back directly to the input without
any additional scaling. Its primary advantage is simplicity, making it a common choice in many control
applications. The block diagram typically involves a plant G(s), a controller C(s), and a feedback path with
unity gain.

Importance of Zero Steady-State Error
In many practical applications, having zero steady-state error to a step input is crucial for system accuracy.
For example, in positioning systems or speed control, any persistent error can lead to performance degradation.
Achieving zero error usually depends on the system type and the controller design.

Mathematical Foundations of the Control System

System Configuration
Consider the standard unity feedback control system with plant G(s) and controller C(s). The block diagram
can be summarized as:

```
Input R(s) --> [C(s)] --> [G(s)] --> Output Y(s)
| |
---------------------
Feedback (unity)
```

The error signal, E(s), is given by:

E(s) = R(s) - Y(s)

The output Y(s) relates to the input R(s) through the open-loop transfer function:

OL(s) = C(s) G(s)



The closed-loop transfer function is:

T(s) = Y(s)/R(s) = OL(s) / (1 + OL(s))

The error signal in the Laplace domain is:

E(s) = R(s) - Y(s) = R(s) - T(s) R(s) = R(s) [1 - T(s)] = R(s) / (1 + OL(s))

Steady-State Error Analysis
The final value theorem helps analyze the steady-state error:

e_ss = lim_{t��} e(t) = lim_{s�0} s E(s)

For a step input, R(s) = 1 / s. The steady-state error becomes:

e_ss = lim_{s�0} s (1 / s) [1 / (1 + C(s) G(s))] = lim_{s�0} 1 / (1 + C(s) G(s))

To achieve zero steady-state error for a step input, the denominator must tend to infinity, which implies:

lim_{s�0} C(s) G(s) � �

This condition is satisfied if the system has an integrator, i.e., C(s) includes a term 1/s, making the system type
1.

Designing a PI Controller for Zero Steady-State Error

What Is a PI Controller?
A Proportional-Integral (PI) controller combines proportional control with integral control. Its transfer
function is:

C(s) = K_p + K_i / s

where:
- K_p is the proportional gain
- K_i is the integral gain

The integral component ensures the elimination of steady-state error for step inputs by introducing a pole at
the origin, effectively increasing the system type.

Goals of the PI Controller Design
- Drive the steady-state error to zero for step inputs.
- Maintain system stability.
- Achieve acceptable transient response characteristics such as overshoot, settling time, and rise time.

Step-by-Step Design Procedure

Identify the Plant G(s): Obtain the transfer function G(s). For example, G(s) might be a second-order1.



system like:

G(s) = \(\frac{K}{(s + a)(s + b)}\)

or a more complex transfer function depending on the physical system.

Determine the System Type:2.
Since a PI controller introduces an integrator, the system becomes type 1, capable of zero steady-state
error to step inputs.

Design the Controller Parameters (K_p and K_i):3.
- Set the steady-state error to zero: Ensure the open-loop transfer function with the PI controller
satisfies:

lim_{s�0} C(s) G(s) = �

which is achieved by the integral action.

- Tune the proportional gain K_p: Adjust K_p to shape the transient response, such as overshoot and
settling time.
- Tune the integral gain K_i: Adjust K_i to eliminate steady-state error without causing excessive
oscillations or instability.

A common approach involves initial estimation based on system specifications, followed by iterative
tuning.

Use Root Locus or Frequency Response Methods:4.
Tools like root locus, Bode plots, or Nyquist plots assist in tuning the controller gains to meet
stability and transient response criteria.

Verify Performance:5.
Simulate the closed-loop response to a step input, checking if the steady-state error is zero and
transient specifications are met. Adjust gains as necessary.

Example: Design of a PI Controller for a Given Plant

Suppose G(s) = \(\frac{10}{s(s + 2)}\). The goal is to design a PI controller to eliminate steady-state error
to a step input.

Step 1: Identify System Type
- The plant G(s) has a pole at zero, so it is type 1.
- A type 1 system inherently has zero steady-state error for step inputs.

Step 2: Basic Controller Design
- Since G(s) is type 1, an integrator in the controller is already present implicitly. But to improve transient
response and eliminate steady-state error further, design a PI controller:

C(s) = K_p + K_i / s



Step 3: Determine Controller Gains
- Use a frequency response method or pole placement to select K_p and K_i.
- For simplicity, assume initial K_p = 1 and K_i = 1, then simulate the system response.

Step 4: Simulation and Tuning
- Run a simulation of the closed-loop system with the chosen gains.
- Adjust K_p and K_i iteratively to improve transient response while maintaining zero steady-state error.

Additional Considerations in PI Controller Design

Stability Analysis
- Ensure that the closed-loop system remains stable after adding the PI controller.
- Use stability criteria such as Routh-Hurwitz, Nyquist, or Bode plots to verify.

Effect of Controller Gains on System Performance
- Increasing K_p generally reduces rise time but may increase overshoot.
- Increasing K_i reduces steady-state error but can lead to oscillations or instability if too high.
- Balance these gains based on the desired transient and steady-state performance.

Robustness and Practical Implementation
- Real systems have uncertainties; hence, robustness analysis is essential.
- Anti-windup schemes may be necessary to prevent integrator windup.
- Digital implementation requires discretization of the PI controller.

Conclusion

Designing a PI controller to ensure zero steady-state error for a unity feedback system with a given plant G(s)
involves understanding the system dynamics, leveraging the integral action to eliminate steady-state error,
and carefully tuning the controller parameters. By following systematic procedures such as frequency
response analysis, root locus, and simulation, engineers can achieve a balanced design that ensures stability,
accuracy, and desirable transient response. Proper design of the PI controller enhances the overall system
performance, making it suitable for a wide range of industrial and technological applications where precision
control is required.
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This comprehensive overview provides a solid foundation for designing PI controllers to achieve zero steady-
state error in unity feedback systems, enabling control engineers to optimize system performance effectively.



Frequently Asked Questions

How do you design a PI controller to eliminate steady-state error in a
unity feedback system with transfer function G(s)?

To eliminate steady-state error, a PI controller introduces a zero to the system, which increases the system
type and ensures zero steady-state error for step inputs. The controller parameters are typically tuned by
analyzing the system's error response and adjusting the proportional gain and integral gain to achieve the
desired transient response while driving the error to zero.

What are the key steps to determine the proportional and integral gains of a
PI controller for a given G(s)?

The key steps involve: 1) Analyzing the open-loop transfer function G(s) and the unity feedback configuration;
2) Setting the desired steady-state error to zero, which suggests adding integral action; 3) Using methods like
root locus, frequency response, or pole placement to tune the PI gains so that the closed-loop system's step
response reaches zero error with acceptable transient characteristics.

How does the addition of a PI controller affect the stability and transient
response of the system?

Adding a PI controller increases the system type, which helps eliminate steady-state error but can also affect
stability margins. Proper tuning of proportional and integral gains ensures the transient response remains well-
behaved, with acceptable overshoot and settling time. Overly aggressive gains may destabilize the system, so
gains should be carefully adjusted based on stability criteria like phase margin and gain margin.

Can you provide an example of designing a PI controller for a specific G(s),
such as G(s) = 1 / (s + 1)?

For G(s) = 1 / (s + 1), a typical approach is: 1) Start with a proportional gain to achieve desired speed; 2)
Add an integral term to eliminate steady-state error for step inputs; 3) Use methods like pole placement or
frequency response to tune the PI gains. For instance, selecting Kp and Ki to shift the poles into desired
locations ensures the step response error converges to zero while maintaining system stability and acceptable
transient behavior.

What are common methods to validate that the PI controller design
successfully drives the step response error to zero?

Validation methods include simulation of the closed-loop step response using tools like MATLAB/Simulink,
analyzing the error over time to confirm it converges to zero, and performing stability and robustness analysis
such as Bode plots or root locus. Additionally, experimental implementation and measurement can verify that
the controller achieves zero steady-state error in practice.

Additional Resources
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When working with control systems, achieving zero steady-state error for a step input is a fundamental goal.
In particular, for systems with a unity feedback configuration, the design of a Proportional-Integral (PI)
controller plays a crucial role in ensuring that the system's step response error is driven to zero. The phrase
"Design A PI Controller To Drive The Step Response Error To Zero For The Unity Feedback System If G(s)="
encapsulates a core challenge in control engineering: how to select and tune the controller parameters to meet



steady-state accuracy requirements while maintaining desirable transient response characteristics.

In this comprehensive guide, we will explore the principles behind PI controller design for unity feedback systems,
analyze the characteristics of the plant transfer function G(s), and walk through practical steps to derive
the controller parameters. Whether you're a student, a practicing engineer, or a researcher, understanding this
process is essential for designing robust and precise control systems.

---

Understanding the Problem: Unity Feedback and Steady-State Error

Before diving into the design process, it's important to clarify the context and goals:

- Unity Feedback System: The system configuration where the output is fed back directly to the input via a
unity feedback element. The overall transfer function is influenced by the plant G(s) and the controller C(s).

- Step Response Error: When a step input is applied (e.g., a sudden change from 0 to 1), the system's output
responds accordingly. The error signal e(t) = r(t) - y(t), where r(t) is the reference input, and y(t) is the
output. The goal is to make e(t) approach zero as t approaches infinity, indicating perfect tracking.

- Steady-State Error: The residual error after the transient effects have died out. For a step input, the
steady-state error e_ss should be zero to ensure perfect tracking.

---

The Significance of the PI Controller in Control Systems

A Proportional-Integral (PI) controller is a common control element used to eliminate steady-state error for
certain types of inputs, especially step inputs. Its transfer function is:

\[ C(s) = K_p + \frac{K_i}{s} \]

where:

- \( K_p \) is the proportional gain.
- \( K_i \) is the integral gain.

Key attributes of PI controllers:

- Zero steady-state error for step inputs in systems with type 1 plants (i.e., systems with a single integrator in
open-loop transfer function).

- Improved transient response compared to pure proportional control, especially in steady-state accuracy.

- Simplicity and ease of tuning make PI controllers widely used in industrial applications.

---

Step 1: Analyzing the Plant G(s)

The first step in designing a PI controller is to understand the plant transfer function \( G(s) \). The specific
form of \( G(s) \) influences the system type, stability margins, and the controller parameters.

Suppose \( G(s) \) is given as a rational function, such as:

\[ G(s) = \frac{b}{s + a} \]

or more generally:



\[ G(s) = \frac{N(s)}{D(s)} \]

where \( N(s) \) and \( D(s) \) are polynomials in \( s \).

Key points to analyze:

- System type: The number of integrators in \( G(s) \). For zero steady-state error to a step input, the system
must be Type 1 (i.e., have one pole at the origin or a controller with an integrator).

- Steady-state gain: The value of \( G(0) \), as it influences the steady-state error.

- Stability margins: How the plant's poles and zeros affect the overall system stability when combined with
the controller.

---

Step 2: Establishing the Control System Configuration

The control system with a PI controller and unity feedback can be represented as:

\[ T(s) = \frac{C(s) G(s)}{1 + C(s) G(s)} \]

where:

- \( C(s) = K_p + \frac{K_i}{s} \).

- The feedback is unity (i.e., feedback gain = 1).

The error transfer function from the input \( R(s) \) to the error \( E(s) \) is:

\[ E(s) = \frac{1}{1 + C(s) G(s)} R(s) \]

For a step input \( R(s) = \frac{1}{s} \), the steady-state error is:

\[ e_{ss} = \lim_{t \to \infty} e(t) = \lim_{s \to 0} s E(s) \]

---

Step 3: Deriving the Steady-State Error Expression

Applying the Final Value Theorem:

\[ e_{ss} = \lim_{s \to 0} s E(s) = \lim_{s \to 0} s \times \frac{1}{1 + C(s) G(s)} \times \frac{1}{s} = \lim_{s
\to 0} \frac{1}{1 + C(s) G(s)} \]

Since \( C(s) = K_p + \frac{K_i}{s} \), at \( s \to 0 \):

\[ C(0) = K_p + \frac{K_i}{0} \to \infty \]

because the integral term dominates as \( s \to 0 \), ensuring:

\[ \lim_{s \to 0} C(s) = \infty \]

Thus,

\[ e_{ss} = \frac{1}{1 + \infty \times G(0)} = 0 \]

provided \( G(0) \neq 0 \). This indicates that a PI controller can eliminate steady-state error for a step
input in systems where \( G(0) \neq 0 \), i.e., systems with a non-zero DC gain.



---

Step 4: Controller Parameter Tuning for Zero Steady-State Error

Given the above analysis, the main goal is to select \( K_p \) and \( K_i \) such that:

- The system remains stable.
- The step response error approaches zero.

Step 4.1: Ensuring System Type 1 or Higher

For zero steady-state error to a step input, the open-loop transfer function must include an integrator (i.e., a
pole at the origin). This implies:

- The plant \( G(s) \) is at least Type 0.
- The PI controller adds an integrator \( \left( \frac{K_i}{s} \right) \), making the overall open-loop transfer
function Type 1.

Step 4.2: Selecting \( K_i \)

Since the integral action ensures zero steady-state error, the primary concern is tuning \( K_i \) to balance
steady-state accuracy and transient response.

- Higher \( K_i \) reduces the steady-state error and improves accuracy.
- Too high \( K_i \) may cause instability or excessive overshoot.

Step 4.3: Selecting \( K_p \)

The proportional gain \( K_p \) influences transient response, stability margins, and robustness:

- Increasing \( K_p \) speeds up response but can induce oscillations.
- Proper tuning involves balancing response speed and stability.

---

Step 5: Practical Design Procedure

Here's a step-by-step process for designing a PI controller to drive the step response error to zero:

1. Analyze \( G(s) \)

- Determine \( G(0) \), the DC gain.
- Verify the system type.
- Identify the dominant poles and zeros.

2. Ensure System is Type 1 or Higher

- Confirm that \( G(s) \) is at least Type 0.
- The PI controller adds an integrator, making the overall system Type 1.

3. Set \( K_i \) for Steady-State Error

- Since the steady-state error for a step input in a Type 1 system is zero with an integrator, choose \( K_i \)
based on transient response considerations.
- Start with a moderate \( K_i \), e.g., based on desired settling time or damping ratio.

4. Tune \( K_p \)

- Use classical tuning rules (e.g., Ziegler-Nichols, Cohen-Coon) or root locus methods.



- Adjust \( K_p \) to improve transient response while maintaining stability.

5. Validate via Simulation

- Simulate the step response of the closed-loop system.
- Check if the error approaches zero and the response meets performance specifications.

6. Iterate and Refine

- Fine-tune \( K_p \) and \( K_i \) based on simulation results.
- Aim for minimal overshoot, acceptable settling time, and zero steady-state error.

---

Additional Considerations

- Robustness: Ensure the controller performs well under model uncertainties.
- Limitations: Integral action can cause windup; anti-windup schemes may be necessary.
- Non-idealities: Real systems may have actuator saturation, noise, or nonlinearities that affect controller
performance.

---

Summary: Key Takeaways

- A PI controller is effective for eliminating steady-state error to a
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