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Understanding the properties of linear maps is fundamental in linear algebra, as these properties
influence the structure of vector spaces, the solutions to systems of equations, and many
applications across mathematics and engineering. Two key characteristics of linear transformations
are injectivity and surjectivity. Determining whether a linear map is injective or surjective helps us
understand its behavior—whether it preserves distinctness or covers the entire target space.

In this comprehensive article, we will explore how to analyze linear maps to determine if they are
injective or surjective. We will delve into definitions, criteria, methods, and practical examples to
equip you with the tools necessary to analyze linear transformations effectively.

---

Understanding Linear Maps: Definitions and Basic
Concepts

Before exploring how to determine if a linear map is injective or surjective, it is essential to
understand the foundational concepts.

What Is a Linear Map?

A linear map (or linear transformation) T between two vector spaces \(V\) and \(W\) over the same
field \(F\), is a function:

\[
T: V \to W
\]

that satisfies the following properties for all vectors \(u, v \in V\) and scalar \(c \in F\):

- Additivity: \(T(u + v) = T(u) + T(v)\)
- Homogeneity: \(T(cu) = cT(u)\)

Linear maps can be represented via matrices once bases are chosen for the domain and codomain
spaces.



Injective and Surjective Maps: Definitions

- Injective (One-to-One): A linear map \(T: V \to W\) is injective if different vectors in \(V\) map to
different vectors in \(W\). Formally:

\[
T(v_1) = T(v_2) \implies v_1 = v_2
\]

Equivalently, the kernel of \(T\) contains only the zero vector:

\[
\ker(T) = \{v \in V \mid T(v) = 0\} = \{0\}
\]

- Surjective (Onto): A linear map \(T: V \to W\) is surjective if every vector in \(W\) has a pre-image in
\(V\):

\[
\forall w \in W, \exists v \in V \text{ such that } T(v) = w
\]

In terms of range, this means:

\[
\operatorname{Im}(T) = W
\]

---

Criteria for Injectivity and Surjectivity of Linear Maps

Determining whether a linear map is injective or surjective involves examining its matrix
representation, rank, kernel, and image.

Using the Matrix Representation

Suppose \(T: V \to W\) is represented by an matrix \(A\) with respect to bases of \(V\) and \(W\).

- \(A\) is an \(m \times n\) matrix if \(\dim(V) = n\) and \(\dim(W) = m\).
- The properties of \(T\) relate directly to the properties of \(A\).

Key points:

- Injectivity: \(T\) is injective if and only if \(\operatorname{rank}(A) = n\), i.e., the columns of \(A\)
are linearly independent.



- Surjectivity: \(T\) is surjective if and only if \(\operatorname{rank}(A) = m\), i.e., the rows of \(A\)
span \(W\).

Note: When \(A\) is a square matrix (\(m = n\)), \(T\) is injective and surjective if and only if \(A\) is
invertible.

Kernel and Range Criteria

- Kernel (Null Space): The set of vectors mapped to zero.

\[
\ker(T) = \{v \in V \mid T(v) = 0\}
\]

- Range (Image): The set of all vectors that can be obtained as \(T(v)\).

\[
\operatorname{Im}(T) = \{w \in W \mid \exists v \in V, T(v) = w\}
\]

The dimensions of these subspaces relate via the Rank-Nullity Theorem:

\[
\dim(V) = \operatorname{rank}(A) + \operatorname{nullity}(A)
\]

---

Methods to Determine Injectivity and Surjectivity

To analyze a specific linear map, you can follow these systematic methods:

Method 1: Examine the Matrix Rank

1. Write down the matrix representation \(A\) of the linear map.
2. Calculate the rank of \(A\).
3. Compare with the dimensions of the domain and codomain:

- If \(\operatorname{rank}(A) = \dim(V)\), then \(T\) is injective.
- If \(\operatorname{rank}(A) = \dim(W)\), then \(T\) is surjective.

Special case: For square matrices, invertibility implies both injectivity and surjectivity.



Method 2: Analyze the Kernel and Image

1. Compute the kernel of the transformation:

- Solve \(A v = 0\).
- If the only solution is \(v=0\), then \(T\) is injective.

2. Determine the image:

- Find the span of the columns of \(A\).
- If the span equals the entire codomain \(W\), then \(T\) is surjective.

Method 3: Use The Rank-Nullity Theorem

- Calculate the rank of \(A\).
- Use the dimension of the domain \(V\) and the rank to find the nullity.
- Confirm if the kernel is trivial (for injectivity) or if the image spans the entire target space (for
surjectivity).

Method 4: Basis and Coordinate Approach

- Express basis vectors of the domain and apply the linear map.
- Observe whether the images span the codomain (surjectivity).
- Check if the images are linearly independent (injectivity).

---

Practical Examples and Step-by-Step Analysis

Let’s walk through some concrete examples to demonstrate how to determine if linear maps are
injective or surjective.

Example 1: Injectivity of a Linear Map from \(\mathbb{R}^3\)
to \(\mathbb{R}^3\)

Suppose \(T: \mathbb{R}^3 \to \mathbb{R}^3\) is represented by the matrix:

\[
A = \begin{bmatrix}
1 & 2 & 3 \\
0 & 1 & 4 \\
0 & 0 & 1



\end{bmatrix}
\]

Step 1: Calculate \(\operatorname{rank}(A)\).

Since \(A\) is upper triangular, the rank is the number of non-zero diagonal entries: 3.

Step 2: Determine if \(A\) is invertible.

All diagonal entries are non-zero, so \(A\) is invertible.

Step 3: Conclusion:

- Because \(A\) is invertible, \(T\) is both injective and surjective.

---

Example 2: Surjectivity of a Linear Map from
\(\mathbb{R}^4\) to \(\mathbb{R}^3\)

Suppose \(T: \mathbb{R}^4 \to \mathbb{R}^3\) has matrix:

\[
A = \begin{bmatrix}
1 & 0 & 2 & 1 \\
0 & 1 & -1 & 3 \\
0 & 0 & 0 & 0
\end{bmatrix}
\]

Step 1: Calculate the rank of \(A\).

The rank is the number of non-zero rows in row echelon form. Here, the first two rows are linearly
independent, but the third row is zero.

\[
\operatorname{rank}(A) = 2
\]

Step 2: Compare with the dimension of the codomain.

\(\dim(W) = 3\), but the rank is 2.

Step 3: Conclusion:

- Since \(\operatorname{rank}(A) < 3\), \(T\) is not surjective.

- Is \(T\) injective? The nullity is \(4 - 2 = 2\), so the kernel is at least 2-dimensional, not trivial.



- Therefore, \(T\) is neither injective nor surjective.

---

Summary of Key Points

- To determine if a linear map is injective, verify whether its kernel contains only the zero vector.
- To determine if a linear map is surjective, check whether its image

Frequently Asked Questions

How can I determine if a linear map is injective?
A linear map is injective if and only if its kernel contains only the zero vector, which is equivalent to
having a trivial kernel or, in finite-dimensional spaces, a full rank (rank equals the dimension of the
domain).

What is a quick way to check if a linear map is surjective?
For a linear map between finite-dimensional vector spaces, the map is surjective if its image (range)
equals the codomain, which can be verified by checking if the rank of its matrix representation
equals the dimension of the codomain.

Can a linear map be both injective and surjective? How do I
verify this?
Yes, a linear map that is both injective and surjective is called bijective. To verify this, check if the
matrix has full rank (equal to the dimension of the domain and codomain), which implies invertibility
in the case of square matrices.

How do properties of the matrix representing a linear map
relate to its injectivity and surjectivity?
If the matrix is square and invertible, the linear map is both injective and surjective. If the matrix
has full column rank but not full row rank, it is injective but not surjective, and vice versa.

What role does the rank-nullity theorem play in determining
whether a linear map is injective or surjective?
The rank-nullity theorem states that the dimension of the domain equals the sum of the rank and
nullity of the linear transformation. If nullity is zero, the map is injective; if the rank equals the
dimension of the codomain, the map is surjective.



Additional Resources
Determine If The Following Linear Maps Are Surjective Or Injective is a fundamental problem in
linear algebra that tests one’s understanding of the properties of linear transformations. These
properties—injectivity and surjectivity—are crucial in understanding how linear maps behave,
especially in the context of vector spaces and their dimensions. Whether you're working in pure
mathematics, applied sciences, or engineering, being able to determine these qualities is essential
for analyzing the structure and functionality of linear systems. This article provides a comprehensive
overview of how to identify whether a given linear map is injective or surjective, including
theoretical background, practical methods, and illustrative examples.

Understanding the Concepts: Injectivity and Surjectivity

Before diving into the methods of determination, it’s important to understand what injective and
surjective mean for a linear map.

What Is an Injective (One-to-One) Map?

A linear map \( T: V \to W \) between vector spaces \( V \) and \( W \) is injective if different vectors in
\( V \) map to different vectors in \( W \). Formally:

> Definition: \( T \) is injective if \( T(\mathbf{v}_1) = T(\mathbf{v}_2) \) implies \( \mathbf{v}_1 =
\mathbf{v}_2 \) for all \( \mathbf{v}_1, \mathbf{v}_2 \in V \).

In terms of the kernel:

> Equivalent statement: \( T \) is injective if and only if \( \ker(T) = \{\mathbf{0}\} \).

Significance:

- No information is "lost" in the transformation.
- The linear map is invertible onto its image.

What Is a Surjective (Onto) Map?

A linear map \( T: V \to W \) is surjective if every element in \( W \) has a pre-image in \( V \).
Formally:

> Definition: \( T \) is surjective if for each \( \mathbf{w} \in W \), there exists \( \mathbf{v} \in V \)
such that \( T(\mathbf{v}) = \mathbf{w} \).

In terms of the image:

> Equivalent statement: \( T \) is surjective if \( \operatorname{Im}(T) = W \).

Significance:

- The transformation covers the entire target space.
- The map can be viewed as a "full coverage" from the domain to the codomain.

---



Theoretical Tools for Determining Injectivity and Surjectivity

Understanding whether a linear map is injective or surjective often hinges on matrix
representations, especially when dealing with finite-dimensional vector spaces.

Matrix Representation of Linear Maps

Any linear map \( T: V \to W \) between finite-dimensional vector spaces over a field \( \mathbb{F} \)
can be represented by a matrix \( A \). The properties of \( T \) relate directly to properties of \( A \):

- Injectivity: \( T \) is injective if and only if \( \operatorname{rank}(A) = \dim(V) \).
- Surjectivity: \( T \) is surjective if and only if \( \operatorname{rank}(A) = \dim(W) \).

Rank, Nullity, and the Rank-Nullity Theorem

The rank-nullity theorem provides a vital link:

\[
\dim(V) = \operatorname{rank}(A) + \operatorname{nullity}(A)
\]

- Injectivity criterion: \( \operatorname{nullity}(A) = 0 \) \( \Rightarrow \) \( \operatorname{rank}(A)
= \dim(V) \).
- Surjectivity criterion: \( \operatorname{rank}(A) = \dim(W) \).

Using the Matrix to Determine Injectivity and Surjectivity

For a linear map \( T \) represented by matrix \( A \):

- Injective: Check if \( A \) has full column rank (\( \operatorname{rank}(A) = \text{number of
columns} \)). If yes, \( T \) is one-to-one.
- Surjective: Check if \( A \) has full row rank (\( \operatorname{rank}(A) = \text{number of rows}
\)). If yes, \( T \) is onto.

---

Methods for Determining Injectivity and Surjectivity

1. Computing the Rank of the Matrix

The most straightforward method involves computing the matrix's rank:

- Row reduction: Use Gaussian elimination to reduce \( A \) to row echelon form and count the
number of non-zero rows.
- Compare ranks:

- If the rank equals the number of columns, the map is injective.
- If the rank equals the number of rows, the map is surjective.

Pros:



- Direct and computational.
- Works well for small to medium-sized matrices.

Cons:

- Can be computationally expensive for large matrices.
- Requires careful arithmetic.

2. Kernel and Image Computation

- Kernel approach: Find all solutions of \( A\mathbf{x} = \mathbf{0} \).
- If only the trivial solution exists, the map is injective.
- Image approach: Determine if the image spans the entire target space.
- For finite-dimensional spaces, compare the image's dimension to \( W \).

3. Determinant and Invertibility

- If \( T \) is between spaces of equal dimension:

- Compute the determinant of the matrix \( A \).

- Invertible matrix: \( \det(A) \neq 0 \), map is both injective and surjective (bijective).

- Singular matrix: \( \det(A) = 0 \), map is neither invertible; may not be injective or surjective.

Note: For non-square matrices, determinants cannot be used directly.

4. Use of Theoretical Results

- Square matrices:

- An invertible square matrix always corresponds to a bijective (both injective and surjective) linear
map.

- Rectangular matrices:

- Use rank conditions as above.

---

Practical Examples and Applications

Example 1: A Map from \( \mathbb{R}^3 \) to \( \mathbb{R}^3 \)

Let \( A = \begin{bmatrix}
1 & 2 & 3 \\
0 & 1 & 4 \\
5 & 6 & 0
\end{bmatrix} \).

- Compute \( \det(A) \):



\[
\det(A) = 1 \times (1 \times 0 - 4 \times 6) - 2 \times (0 \times 0 - 4 \times 5) + 3 \times (0 \times 6 - 1
\times 5) = 1 \times (0 - 24) - 2 \times (0 - 20) + 3 \times (0 - 5)
\]
\[
= -24 + 40 - 15 = 1
\]

Since \( \det(A) \neq 0 \), the map is invertible, hence both injective and surjective.

Example 2: A Map from \( \mathbb{R}^2 \) to \( \mathbb{R}^3 \)

Let \( A = \begin{bmatrix}
1 & 2 \\
3 & 4 \\
\end{bmatrix} \)

- The matrix is \( 2 \times 2 \), mapping from \( \mathbb{R}^2 \) to \( \mathbb{R}^2 \) (assuming
the target is 2D).

- The rank:

\[
\operatorname{rank}(A) = 2
\]

- Since the rank equals the number of columns (2), the map is injective.

- The target space is \( \mathbb{R}^2 \). The image's dimension is 2, so the map is surjective as
well.

Example 3: A Map from \( \mathbb{R}^3 \) to \( \mathbb{R}^2 \)

Let \( A = \begin{bmatrix}
1 & 0 & 2 \\
0 & 1 & 3 \\
\end{bmatrix} \).

- The rank:

\[
\operatorname{rank}(A) = 2
\]

- Number of columns (variables): 3.

- Since \( \operatorname{nullity} = 3 - 2 = 1 \), the map is not injective.

- The target space is \( \mathbb{R}^2 \), and the rank is 2, equal to the dimension of the target
space, so the map is surjective.



---

Limitations and Considerations

- Infinite-dimensional spaces: The methods discussed are primarily finite-dimensional. Infinite-
dimensional spaces require more advanced functional analysis tools.
- Numerical stability: Computing determinants for large matrices can be numerically unstable; rank
computations via row reduction are more stable.
- Field dependence: The properties depend on the underlying field \( \mathbb{F} \). For example,
invertibility
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