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Understanding the nature of sets in topology and real analysis is fundamental for students
and professionals working in mathematics, engineering, and related fields. The concepts
of open, closed, and domain sets help describe the properties of functions and the
structure of spaces. In this article, we will explore how to draw various sets, determine
which of them are domains, analyze whether they are open or closed, and identify sets
that are neither open nor closed. This comprehensive discussion aims to deepen your
understanding of topological properties and how they apply to different sets.

Introduction to Sets, Domains, and Topological
Properties

Before delving into specific sets, it's essential to clarify some foundational concepts:

What Is a Set?

A set is a collection of distinct objects or elements considered as a whole. In the context of
real analysis, sets typically consist of points on the real number line or in Euclidean space.

What Is a Domain?

A domain is a set of input values (usually real numbers) over which a function is defined.
For example, the domain of \(f(x) = \frac{1}{x}\) is all real numbers except \(x=0\),
because the function is undefined at zero.

Open and Closed Sets

- Open Set: A set is open if, for every point within it, there exists an epsilon neighborhood
entirely contained within the set.

- Closed Set: A set is closed if it contains all its limit points; equivalently, its complement is
open.

Understanding whether a set is open, closed, or neither is crucial for analyzing functions'
continuity, limits, and other properties.



Drawing Sets and Determining Domains

Let's examine some typical sets encountered in real analysis, how to draw them, and how
to determine if they can serve as a domain for functions.

1. Intervals on the Real Line

Intervals are fundamental building blocks of the topology on \(\mathbb{R}\). They include:

- Open interval: \((a, b)\)
- Closed interval: \([a, b]\)
- Half-open intervals: \((a, b]\) or \([a, b)\)

Drawing:

- Use a number line.

- For open intervals, draw parentheses or open circles at endpoints to indicate they are not
included.

- For closed intervals, draw solid dots at endpoints to indicate inclusion.

Determining if they are domains:
- Any interval can be a domain for various functions, such as polynomial functions, as there
are no restrictions.

Example:

- Draw \((2, 5)\), which is all real numbers between 2 and 5, excluding 2 and 5.

- Is it a domain? Yes, for functions like \(f(x) = \sqrt{x - 2}\), the domain is \([2, \infty)\).
For \(f(x) = \frac{1}{x-3}\), the domain is \(\mathbb{R} \setminus \{3\}\).

2. The Entire Real Line \(\mathbb{R}\)

Drawing:
- Represent as a line extending infinitely in both directions.

Domain:
- The entire real line is a natural domain for many functions, e.g., \(f(x) = x™2\).

3. The Empty Set \(\emptyset\)

Drawing:
- No points; it's an empty space.

Domain:
- The empty set can serve as the domain for a function that is undefined everywhere, but
typically, it's not considered a valid domain for most functions.



4. Sets with Restrictions

Examples:

-\(\{x \in \mathbb{R} : x \neq 0\}\)
-\(\{x \in \mathbb{R} : x > 1\}\)
-\(\{x \in \mathbb{R} : x \leq 3\}\)

Drawing:
- Use open or closed circles to indicate inclusion/exclusion.

Determining if they are domains:
- These sets are suitable domains for functions like \(f(x) = \frac{1}{x}\) (domain:
\(\mathbb{R} \setminus \{0\}\)) or \(f(x) = \sqrt{x - 1}\) (domain: \([1, \infty)\)).

Analyzing the Openness and Closedness of Sets

Determining whether a set is open, closed, or neither is critical in topology. Here are some
guidelines:

How to Check if a Set Is Open

- For any point in the set, verify if an epsilon neighborhood around that point lies entirely
within the set.

- In \(\mathbb{R}\), open intervals \((a, b)\) are open.

- Sets like \(\mathbb{R}\), \((a, \infty)\) are open.

How to Check if a Set Is Closed

- Confirm if the set contains all its limit points.
- Closed intervals \([a, b]\) are closed.
- The complement of an open set in \(\mathbb{R}\) is closed.

Sets That Are Neither Open Nor Closed

- Certain sets do not satisfy the criteria for being open or closed.

- For example, the set \(\{x \in \mathbb{R} : 0 < x \leq 1\}\) is neither open nor closed
because:

- It does not include an epsilon neighborhood around 1 (not open).

- It does not contain 0, which is a limit point (not closed).



Examples and Visualizations of Sets: Drawing and
Analysis

Let's illustrate some sets and analyze their topological properties.

Example 1: The Set \((-\infty, 2)\)

Drawing:
- Draw a number line.
- Shade the region to the left of 2, with an open circle at 2.

Analysis:

- Is it a domain? Yes, for functions like \(f(x) = \sqrt{2 - x}\).

- Is it open? Yes, because around any point less than 2, you can find a small epsilon
neighborhood still within the set.

- Is it closed? No, because it does not contain the limit point 2.

Example 2: The Set \([3, 5]1\)

Drawing:
- Shade between 3 and 5 with solid dots at both ends.

Analysis:

- Domain? Yes, for functions like \(f(x) = \sqrt{x - 3}\) for \(x \geq 3\).
- Is it open? No, because it includes the endpoints.

- Is it closed? Yes, because it contains all its limit points.

Example 3: The Set \(\{x \in \mathbb{R} : x*2 < 4\}))

Drawing:
- Shade between -2 and 2, open circles at -2 and 2.

Analysis:

- Is it a domain? Yes, for functions like \(f(x) = \frac{1}{x}\) restricted to this set.

- Is it open? Yes, since it doesn't include the endpoints, and around each point, small
neighborhoods stay within the set.

- Is it closed? No, because it does not contain the limit points at -2 and 2.



Sets That Are Neither Open Nor Closed

Some sets exhibit properties that prevent them from being classified as either open or
closed. These are often called "neither open nor closed" sets and are common in topology.

Example 1: The Half-Open Interval \([0,1)\)

Drawing:
- Shade from 0 to 1, with a solid dot at 0 and an open circle at 1.

Analysis:

- Not open because it contains 0, which does not have an epsilon neighborhood fully inside
the set.

- Not closed because it does not contain the limit point 1.

Example 2: The Set \(\{x \in \mathbb{R} : x \in (0, 1]
\cup \{2\}\}\)

Drawing:
- Shade from O to 1, including 1, with a solid dot, and a single point at 2.

Analysis:

- Not open: because the point 1 is included, but there's no open interval around 1
contained entirely within the set.

- Not closed: because the set does not include the limit point at 1 of the interval
approaching from below, nor does it include 2's limit points.

Summary and Practical Tips

To effectively analyze sets:

- Always draw the set on a number line to visualize the boundaries.

- Identify whether the set contains all its limit points to determine if it is closed.

- Check whether each point has an epsilon neighborhood entirely within the set to
determine openness.

- Recognize special cases such as half-open intervals or sets with

Frequently Asked Questions



What is the significance of identifying the domain when
drawing sets in mathematics?

Identifying the domain helps determine the set of all possible input values for a function or
relation, which is essential for accurately representing the set and understanding its
properties.

How can I determine whether a set is open or closed in
a given topological space?

A set is open if it contains none of its boundary points, while a set is closed if it contains all
its boundary points. In Euclidean space, open sets do not include their boundary, and
closed sets do. Check the set's boundary points to classify it.

When drawing the sets, how do I identify which ones are
domains of functions?

The domain of a function is the set of all input values for which the function is defined.
When drawing sets, identify the set of all permissible input points, ensuring the function is
defined at those points.

Can a set be both open and closed? If so, under what
conditions?

Yes, in certain spaces like the entire Euclidean space, both the entire space and the empty
set are both open and closed — called clopen sets. Otherwise, in a connected space, non-
trivial sets are typically either open or closed, but not both.

Which sets are neither open nor closed, and how can I
recognize them?

Sets that contain some but not all of their boundary points are neither open nor closed. To
recognize these, examine the set's boundary: if it neither fully contains nor is disjoint from
it, the set is neither open nor closed.

When drawing sets, how do I determine if the set is a
domain of a real-valued function?

The domain is the set of all real input values for which the function is defined. When
drawing, identify the intervals or points where the function's expression makes sense and
is finite, ensuring those points form the domain.

What are common examples of sets that are neither
open nor closed in real analysis?

Common examples include half-open intervals like [a, b), or sets containing boundary



points but not their entire boundary, such as the set of rational numbers within an
interval, which is neither open nor closed.

Additional Resources
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In the realm of mathematical analysis and topology, understanding the properties of sets
within a given space is crucial. Sets serve as the foundational building blocks for
functions, continuity, and various other concepts. When working with functions, the
notions of their domains, as well as the classification of these domains as open, closed, or
neither, become pivotal. In this article, we will explore these ideas in depth—drawing
specific sets, analyzing their properties, and providing a comprehensive guide to
identifying whether they constitute valid domains and their topological classification.

Understanding Sets and Domains in Mathematical
Context

Before delving into the specifics of drawing sets and analyzing their characteristics, it’s
essential to establish a clear understanding of key concepts.

What Is a Set?

A set is a collection of well-defined objects, called elements, within a particular universe of
discourse. Sets can be finite or infinite, and their elements may be numbers, points, or
more abstract entities.

What Is a Domain of a Function?

The domain of a function is the set of all possible input values for which the function is
defined. For example, the function \(f(x) = \frac{1} {x}\) has a domain \( \mathbb{R}
\setminus \{0\} \), since it is undefined at \(x=0\).

Open and Closed Sets

In topology, the classification of sets as open, closed, or neither informs their boundary
behavior and their relation to limits.

- Open Set: A set is open if, for every point within it, there exists a small neighborhood
entirely contained within the set.
- Closed Set: A set is closed if it contains all its limit points; equivalently, its complement is



open.
- Neither Open Nor Closed: Some sets do not satisfy either property, often lying
somewhere in between or having boundary points that are not fully included or excluded.

Drawing and Analyzing Sets: A Step-by-Step
Approach

Let’s consider specific sets, learn how to draw them accurately, and analyze their
properties:

Example 1: The Interval \( (a, b) \)
Description: An open interval from \(a\) to \(b\).

Drawing It:

- Draw a number line.

- Mark points \(a\) and \(b\).

- Use open circles at these points to indicate that they are not included.
- Shade the segment between \(a\) and \(b\).

Properties:
- Is it a domain? If a function is defined on this interval, then yes, it is a domain.
- Open or closed? Open set because it does not include its endpoints.

Example 2: The Closed Interval \([a, b]\)

Drawing It:
- Similar to the previous, but use solid dots at \(a\) and \(b\) to indicate inclusion.
- Shade the entire segment including the endpoints.

Properties:
- Domain? Yes, if the function is defined on this interval.
- Open or closed? Closed set, as it contains all its boundary points.

Example 3: The Half-Open Interval \([a, b)\)

Drawing It:
- Solid dot at \(a\), open circle at \(b\).
- Shade from \(a\) (inclusive) up to but not including \(b\).

Properties:
- Domain? Yes, if applicable.



- Open or closed? Neither open nor closed, since it is half-open.

Example 4: The Set \( \mathbb{R} \setminus \{c\} \)

Drawing It:

- Draw the entire real line.

- Mark a point \(c\).

- Remove that point, perhaps with an open circle or a gap.

Properties:

- Domain? The entire real line except \(c\).

- Open or closed? Open set, because it is the complement of a singleton set (which is
closed). The set excludes only a single point; it is open in the usual topology.

Example 5: The Set \( \{x \in \mathbb{R} \mid x~2 < 4\} )

Drawing It:
- Find the interval: \(x~2 < 4 \Rightarrow -2 < x < 2\).
- Shade the open interval \((-2, 2)\).

Properties:
- Domain? If a function is defined on this set, then yes.
- Open or closed? Open set, as it does not include the boundary points \(-2\) and \(2\).

Determining Which Sets Are Domains

In mathematical analysis, the domain of a function is often a subset of the real numbers or
higher-dimensional spaces. When determining whether a given set can serve as a domain,
consider the following criteria:

Criteria for a Valid Domain:

- Well-Definedness: The function must be defined for all elements of the set.

- Mathematical Consistency: The set should be compatible with the function’s definition;
for example, the square root function's domain is restricted to \(\{x \mid x \geq 0 \}\).

Common Types of Domains:

- Intervals: Open, closed, half-open, or unbounded.

- Union of Intervals: For functions with piecewise definitions.

- Entire Space: For functions like \(f(x) = x~2\) defined on all \(\mathbb{R}\).

Examples:
- The set \(\mathbb{R}\) is a domain for many functions, such as polynomials.
- The set \(\mathbb{R} \setminus \{0\}\) is the domain for \(f(x) = \frac{1}{x}\).



- The set \([0, \infty)\) is the domain for the square root function \(f(x) = \sqrt{x}\).

Which Sets Are Neither Open Nor Closed?

Some sets in topology do not fall neatly into the open or closed categories. These "neither"
sets can be subtle but are important in understanding the topology of spaces.

Characteristics of Such Sets:

- They often include boundary points that are not fully contained or excluded.

- They may be clopen (both closed and open) only in special cases, but generally, most sets
are either open, closed, or neither.

- They can be constructed as unions or intersections of open and closed sets.

Examples:

1. The Set \( [0,1) \):

- Contains 0, which is a boundary point.

- Not open, because there is no neighborhood around 0 entirely contained within the set.
- Not closed, because it does not contain the limit point 1.

2. The Set \( (0,1]\):
- Similar reasoning applies, with the boundary point at 0.

3. The Set \( [0,1] \cup (1,2) \):
- Has a boundary at 1, which is included in the first part but not the second.
- Not open or closed overall, because it mixes inclusion and exclusion at the boundary.

Summary Table: Classification of Sets

| Set Example | Drawing Summary | Domain Status | Topological Classification |

| | | | |

| \( (&, b) \) | Open interval with open ends | Valid domain, if applicable | Open |

| \( [a, b]\) | Closed interval with solid dots | Valid domain | Closed |

| \( [a, b) \) | Half-open interval | Valid domain | Neither |

| \(\mathbb{R} \setminus \{c\} \) | Real line with a gap at \(c\) | Valid domain | Open |
| \( \{x \mid x~2 < 4\} \) | Open interval \((-2, 2)\) | Valid domain | Open |

| \([0,1) \cup (1,2]\) | Union with boundary points | Valid domain | Neither |




Conclusion: Navigating the Topology of Sets and
Domains

Understanding how to draw sets and analyze their properties is fundamental in advanced
mathematics, especially in topology, calculus, and analysis. Recognizing whether a set can
serve as a domain depends on the context of the function, but the topological
classification—open, closed, or neither—provides insight into the behavior of functions,
limits, and continuity.

Key Takeaways:

- Drawing sets accurately involves understanding their boundary points and whether they
include or exclude these points.

- The domain of a function must be a set on which the function is well-defined.

- Sets can be classified based on their topological properties, influencing how functions
behave over these sets.

- Not all sets are open or closed; some are neither, especially those with boundary points
that are partly included.

By mastering these concepts, mathematicians and students alike can better visualize,
analyze, and work with functions and their domains, leading to deeper insights into the
structure of mathematical spaces.
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