
Find A General Solution In Powers Of X Of The
Differential Equation. State The Recurrence Relation
And

Find A General Solution In Powers Of X Of The Differential Equation. State The Recurrence Relation And

Understanding how to find a general solution to differential equations is fundamental in mathematical
analysis, physics, engineering, and many applied sciences. When the differential equation involves power
series or polynomial solutions, expressing the solution as a power series in terms of \(x\) becomes a
powerful technique. This approach not only facilitates the solving of complex differential equations but also
helps in deriving recurrence relations that generate the coefficients of the power series.

In this comprehensive guide, we will explore the process of finding a general solution in powers of \(x\)
for a given differential equation, clearly state the recurrence relation, and discuss the significance of these
relations in constructing solutions.

---

Understanding Power Series Solutions of Differential Equations

What Is a Power Series Solution?

A power series solution to a differential equation involves expressing the unknown function \( y(x) \) as an
infinite sum:

\[
y(x) = \sum_{n=0}^{\infty} a_n x^n
\]

where:
- \(a_n\) are coefficients to be determined,
- \(x\) is the independent variable,
- The series is centered at a point, often at \(x=0\) (Maclaurin series).

The idea is to substitute this series into the differential equation, then equate coefficients to find a
recurrence relation for \(a_n\), enabling the determination of the general solution.



Why Use Power Series Methods?

- To solve differential equations that do not have solutions expressible in terms of elementary functions.
- To analyze local behavior of solutions near singular points.
- To generate series expansions for solutions that can be approximated numerically.

---

Formulating the Power Series Solution

Step 1: Assume a Power Series Form

Suppose the differential equation is of the form:

\[
L[y] = 0
\]

where \(L\) is a differential operator involving derivatives of \(y\).

Assume:

\[
y(x) = \sum_{n=0}^{\infty} a_n x^n
\]

Compute the derivatives:

\[
y'(x) = \sum_{n=1}^{\infty} n a_n x^{n-1}
\]

\[
y''(x) = \sum_{n=2}^{\infty} n(n-1) a_n x^{n-2}
\]

and so forth, depending on the order of the differential equation.



Step 2: Substitute into the Differential Equation

Replace \( y \), \( y' \), \( y'' \), etc., with their power series representations. This transforms the
differential equation into an infinite series in powers of \(x\).

Step 3: Collect Like Terms

Rearrange the resulting series to group coefficients of \(x^n\). This often involves reindexing sums to align
powers of \(x\).

Step 4: Equate Coefficients to Zero

Since the original differential equation must hold for all \(x\) in the interval of convergence, the
coefficients of each power \(x^n\) must individually be zero:

\[
\text{Coefficient of } x^n = 0
\]

This process yields a recurrence relation among the coefficients \(a_n\).

---

Deriving the Recurrence Relation

General Process

The recurrence relation is an algebraic expression relating \(a_{n+1}\), \(a_{n}\), \(a_{n-1}\), etc.,
depending on the order of the differential equation. The general steps involve:

- Expressing the differential equation in terms of power series.
- Collecting coefficients for each power of \(x\).
- Solving the resulting algebraic equation for the coefficients.



Example: Second-Order Linear Differential Equation

Consider the differential equation:

\[
x^2 y'' + p(x) y' + q(x) y = 0
\]

Assuming a power series solution:

\[
y(x) = \sum_{n=0}^\infty a_n x^n
\]

and substituting into the equation, we obtain expressions for \( y' \) and \( y'' \):

\[
y' = \sum_{n=1}^\infty n a_n x^{n-1}
\]
\[
y'' = \sum_{n=2}^\infty n(n-1) a_n x^{n-2}
\]

Multiplying by powers of \(x\), aligning powers, and simplifying leads to a recurrence relation of the form:

\[
a_{n+2} = -\frac{f(n)}{g(n)} a_n
\]

where \(f(n)\) and \(g(n)\) are functions derived from the coefficients \(p(x)\) and \(q(x)\).

---

Constructing the General Solution

Combining Series Solutions

- The general solution is typically a linear combination of two independent solutions:



\[
y(x) = C_1 y_1(x) + C_2 y_2(x)
\]

- Each solution \( y_i(x) \) is constructed from power series with coefficients determined via the
recurrence relation, starting from initial coefficients \(a_0\), \(a_1\), etc.

Initial Conditions and Coefficient Determination

- Assign initial values to coefficients based on boundary or initial conditions.
- Use the recurrence relation to compute subsequent coefficients systematically.
- The radius of convergence depends on the nature of the differential equation and the singularity
structure.

---

Detailed Example: Solving the Differential Equation \( y'' + y = 0
\)

Step 1: Assume Power Series Solution

\[
y(x) = \sum_{n=0}^\infty a_n x^n
\]

Compute derivatives:

\[
y' = \sum_{n=1}^\infty n a_n x^{n-1}
\]
\[
y'' = \sum_{n=2}^\infty n(n-1) a_n x^{n-2}
\]



Step 2: Substitute into the Differential Equation

\[
\sum_{n=2}^\infty n(n-1) a_n x^{n-2} + \sum_{n=0}^\infty a_n x^n = 0
\]

Reindex the first sum:

\[
\sum_{n=0}^\infty (n+2)(n+1) a_{n+2} x^{n} + \sum_{n=0}^\infty a_n x^{n} = 0
\]

Combine:

\[
\sum_{n=0}^\infty \left[(n+2)(n+1) a_{n+2} + a_n \right] x^{n} = 0
\]

Since this must hold for all \(x\):

\[
(n+2)(n+1) a_{n+2} + a_n = 0
\]

Step 3: Recurrence Relation

\[
a_{n+2} = -\frac{a_n}{(n+2)(n+1)}
\]

This is the key recurrence relation for coefficients.

Step 4: Find Coefficients and General Solution

- Choose initial coefficients \(a_0\) and \(a_1\). These are arbitrary, reflecting the two independent solutions.
- For even \(n\):

\[
a_{2k} = \frac{(-1)^k a_0}{(2k)!}



\]

- For odd \(n\):

\[
a_{2k+1} = \frac{(-1)^k a_1}{(2k+1)!}
\]

- The general solution becomes:

\[
y(x) = a_0 \sum_{k=0}^\infty \frac{(-1)^k}{(2k)!} x^{2k} + a_1 \sum_{k=0}^\infty \frac{(-1)^k}{(2k+1)!}
x^{2k+1}
\]

which corresponds to the standard solutions:

\[
y(x) = C_1 \cos x + C_2 \sin x
\]

---

Applications and Significance of Recurrence Relations

Understanding the Solution Structure

Recurrence relations reveal the pattern of coefficients in the power series, which provides insights into the
behavior of solutions around specific points.

Determining Radius of Convergence

The recurrence relation can help evaluate the radius of convergence of the power series by analyzing the
growth of coefficients.



Handling Singular Points

In cases where the differential equation has singular points, power series solutions involve Frobenius
methods, where recurrence relations are central in finding solutions that include logarithmic terms or
fractional powers.

Numerical Approximation

Recurrence relations allow for efficient numerical computation of solutions near specific points by
generating series coefficients iteratively.

---

Summary and Key Takeaways


