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(UNDERSTANDING AUTONOMOUS DIFFERENTIAL EQUATIONS IS FUNDAMENTAL IN THE STUDY OF DYNAMICAL SYSTEMS,
MATHEMATICAL MODELING, AND VARIOUS APPLICATIONS IN SCIENCE AND ENGINEERING. THESE EQUATIONS DESCRIBE SYSTEMS
\WHERE THE RATE OF CHANGE OF A VARIABLE DEPENDS SOLELY ON THE VARIABLE ITSELF, NOT EXPLICITLY ON TIME. ONE KEY
ASPECT OF ANALYZING SUCH EQUATIONS INVOLVES IDENTIFYING THEIR EQUILIBRIUM SOLUTIONS—STATES WHERE THE SYSTEM
REMAINS CONSTANT OVER TIME. THIS ARTICLE PROVIDES A COMPREHENSIVE GUIDE TO CONSTRUCTING AUTONOMOUS
DIFFERENTIAL EQUATIONS THAT SATISFY SPECIFIC PROPERTIES RELATED TO THEIR EQUILIBRIUM SOLUTIONS. \WHETHER YOU'RE A
STUDENT, EDUCATOR, OR RESEARCHER, MASTERING THIS PROCESS ENHANCES YOUR ABILITY TO MODEL AND ANALYZE COMPLEX
SYSTEMS EFFECTIVELY.

WHAT Is AN AuToNoMouUs DIFFERENTIAL EQUATION?

BEFORE DIVING INTO THE PROPERTIES OF EQUILIBRIUM SOLUTIONS, IT'S ESSENTIAL TO UNDERSTAND WHAT AN AUTONOMOUS
DIFFERENTIAL EQUATION IS.

DEFINITION

AN AUTONOMOUS DIFFERENTIAL EQUATION HAS THE GENERAL FORM:

\[\rrAc{ov}HoT} = F(¥) \]

WHERE:
= \( v \) IS THE DEPENDENT VARIABLE,

= \(7\) Is THE INDEPENDENT VARIABLE (USUALLY TIME),

-\Cr(v) \) 1s A FuncTIoN oF \( ¥ \) ONLY, WITH NO EXPLICIT DEPENDENCE ON \( T \).

SIGNIFICANCE

Since \( F(¥) \) poes NoT expLICITLY DEPEND ON \( T \), THE BEHAVIOR OF SOLUTIONS DEPENDS SOLELY ON THE CURRENT
STATE \( ¥ \). THIS MAKES AUTONOMOUS SYSTEMS PARTICULARLY SUITABLE FOR ANALYZING STEADY STATES, STABILITY,
AND LONG-TERM BEHAVIOR OF SYSTEMS.

UNDERSTANDING EQUILIBRIUM (OR CRITICAL) SOLUTIONS

EQuILIBRIUM SOLUTIONS, ALSO CALLED STEADY STATES OR CRITICAL POINTS, ARE SOLUTIONS WHERE THE SYSTEM REMAINS
CONSTANT OVER TIME.

DEFINITION OF EQUILIBRIUM SOLUTIONS

AN EQUILIBRIUM SOLUTION \( Y_E \) SATISFIES:
\[ \rrac{oY}{pT} =0 \iMPLiES F(¥_E)=0\]

THIS MEANS THAT IF THE SYSTEM STARTS AT \( Y=Y_E \), IT WILL STAY THERE INDEFINITELY.



FINDING EQUILIBRIA

T O FIND EQUILIBRIUM SOLUTIONS:
1.SeT \(r(v) =0 \).
2.SoLve For \( ¥ \).

For exAMPLE, IF \( F(¥) = Y*2 - 4 \), THE EQUILIBRIA ARE SOLUTIONS TO:

\[vy*2-4=0\iMpLiES ¥ = \PM 2 \]

PROPERTIES OF EQUILIBRIUM SOLUTIONS

IN DESIGNING OR ANALYZING AN AUTONOMOUS DIFFERENTIAL EQUATION, WE MAY WANT IT TO HAVE SPECIFIC PROPERTIES
REGARDING ITS EQUILIBRIUM SOLUTIONS.

CoMMOoN PropPerTIES TO CONSIDER

- NuMBER OF EQUILIBRIA: HOW MANY soLuTIons saTisFy \( F(y) =0 \)?

- LocATIoN oF EQUILIBRIA: THE SPECIFIC VALUES OR INTERVALS WHERE EQUILIBRIA OCCUR.

- STABILITY OF EQUILIBRIA: W/HETHER SOLUTIONS NEAR AN EQUILIBRIUM TEND TO MOVE TOWARD (STABLE) OR AWAY
(UNSTABLE) FROM IT.

- TpPe oF EQUILIBRIUM: \WHETHER EQUILIBRIA ARE NODES, SADDLES, OR CENTERS (MORE RELEVANT IN SYSTEMS WITH MULTIPLE
V ARIABLES).

Focus ofF THIS ARTICLE

OUR GOAL IS TO FIND AN AUTONOMOUS DIFFERENTIAL EQUATION WITH ALL OF THE FOLLOWING PROPERTIES: EQUILIBRIUM
SOLUTIONS AT GIVEN POINTS. FOR EXAMPLE, SUPPOSE WE WANT:

- EQuiLieriuM soLuTions AT \(y =v_11),
- EQuiLigriuM soLuTIons AT \( Y =v_2 1)),

- EQuiLiBrIUM soLuTIoNs AT \( ¥y =v_3\).

WE WILL EXPLORE HOW TO CONSTRUCT SUCH AN EQUATION SYSTEMATICALLY.

CONSTRUCTING AN AUTONOMOUS DIFFERENTIAL EQUATION WITH
PRESCRIBED EQUILIBRIUM SOLUTIONS

SUPPOSE YOU ARE ASKED TO FIND AN AUTONOMOUS DIFFERENTIAL EQUATION \( \Frac{pY}oT} = F(¥) \) SucH THAT:

- IT HAS EQUILIBRIUM SOLUTIONS AT \( Y = A \),

- EQuiLiriuM soLuTIons AT \( ¥ =& )),

- EQuiLieriuM soLuTions AT \(y = ¢ \).

Step 1: DeTerMINE THE RooTs of \(F(v) \)

SINCE EQUILIBRIUM SOLUTIONS SATISFY \( F(¥) = 0 \), THE RooTs oF \( F() \) ARE PRECISELY THE EQUILIBRIUM POINTS.

STeP 2: Use PoLYNOMIAL FACTORING

A COMMON APPROACH IS TO CHOOSE \( F(Y) \) AS A POLYNOMIAL WITH ROOTS AT THE DESIRED EQUILIBRIUM POINTS:



\[F(y) =k \cooT (v - A)(y -B)(¥y - ) \]

\WHERE!:
- \( K \) IS A NON-ZERO CONSTANT THAT CAN INFLUENCE THE STABILITY BUT NOT THE EQUILIBRIUM LOCATIONS.

Step 3: SeLecT THE ConsTANT \(k \)

-IF\(k > 0\), THE STABILITY OF EACH EQUILIBRIUM DEPENDS ON THE SIGN OF \( F'(Y) \) AT THAT POINT:
-IF\(F(A) <0\), THE eQuILIBRIUM AT \( Y = A \) IS STABLE.

-IF\(F'(A)>0\), THE eQuILIBRIUM AT \( ¥ = A \) IS UNSTABLE.

- THe MAGNITUDE oF \( k \) SCALES THE RATE OF CHANGE BUT DOES NOT ALTER THE EQUILIBRIUM LOCATIONS.

ExAaMPLE CONSTRUCTION

SUPPOSE YOU WANT AN AUTONOMOUS DIFFERENTIAL EQUATION WITH EQUILIBRIUM SOLUTIONS AT \( ¥ =-1,0, 2 \).
CHoosE:

\[FW) =k (v + Dy (v-2)\]
wHEre \( k \NeQ O \). For simpLICITY, TAKE \(k = T \):
\[ \rrAc{oY}oT}=(v+ DD v (v -2)\]

THIS EQUATION HAS EQUILIBRIUM SOLUTIONS AT \( v =-1,0, 2 \).

ANALYZING THE STABILITY OF EQUILIBRIUM SOLUTIONS

ONCE YOU'VE CONSTRUCTED AN EQUATION WITH THE DESIRED EQUILIBRIA, ANALYZING THEIR STABILITY PROVIDES FURTHER
INSIGHT.

MeTHOD

- CompuTe \(F'(¥) \), THe DERIVATIVE OF \( F(Y) \).
- EvaLuaTe \(F'(¥) \) AT EACH EQUILIBRIUM POINT.

INTERPRET ATIONS:

-IF\(F'(v_e) <0\), THE eQuUILIBRIUM AT \( Y_E \) IS STABLE.

-IF \(F'(v_e) > 0\), THE EQUILIBRIUM IS UNSTABLE.

-IF\(F'(v_e) = 0\), STABILITY IS INDETERMINATE; FURTHER ANALYSIS IS NEEDED.

EXAMPLE:

For\(F(Y)=(v+ Dy (v-2) V),

\[F'(v) = \rrac{oHov3 [(v + 1) v (v - 2)]\]

USING PRODUCT RULE:

VEM =G+DY -2+ +1D)'y(r-2)+C+ Dy (vr-2)"\]
BUT MORE STRAIGHTFORWARDLY, ExPAND \( F(¥) \):

\[F(Y) =¥"3-v"2-2v\]

THEN,



\[F(v)=3v"2-2v-2\]

EVALUATE AT EACH EQUILIBRIUM:

-AT\(y=-1\):

\[F(-1)=3(1)-2(-1)-2=3+2-2=3>0 \RicuTarRrow \TexT{UnsTABLE} \]
-AT\(y=0\):

\[F(0)=0-0-2=-2<0 \RicHTARROW \TEXT{STABLE} \]

-AT\(y=2\):

\[F(2)=3(4)-2(2)-2=12-4-2=6>0 \RicHTArRROW \TEXT{UNnsTABLE} \]

ADDITIONAL CONSIDERATIONS IN DESIGNING DIFFERENTIAL EQUATIONS

W/HEN CONSTRUCTING DIFFERENTIAL EQUATIONS WITH SPECIFIC EQUILIBRIUM PROPERTIES, KEEP IN MIND:

MuLTIPLICITY OF RoOTS

- RooTS WITH MULTIPLICITY GREATER THAN ONE CAN IMPACT STABILITY AND THE NATURE OF EQUILIBRIA.
- For EXAMPLE, A DOUBLE ROOT AT \( ¥ =Y_0 \) CAN LEAD TO SEMI~STABLE EQUILIBRIA.

SieN of \( F(¥) \) BETWEEN EQUILIBRIA

- ANALYZING THE SIGN oF \( F(¥) \) IN INTERVALS BETWEEN EQUILIBRIA HELPS DETERMINE THE FLOW OF SOLUTIONS AND
STABILITY.

GLoBAL BEHAVIOR

- THE CONSTRUCTED POLYNOMIAL'S DEGREE INFLUENCES THE BEHAVIOR AT INFINITY.
- For INSTANCE, A cusic PoLYNOMIAL TENDS TO \( \pM \INFTY \) As \( ¥ \To \pM \INFTY \), AFFECTING THE GLOBAL
DYNAMICS.

PRACTICAL EXAMPLES AND APPLICATIONS

LET’S EXPLORE SOME REAL-WORLD SCENARIOS WHERE DESIGNING SUCH EQUATIONS IS RELEVANT.

PopuULATION DYNAMICS

- LOGISTIC GROWTH MODELS OFTEN HAVE EQUILIBRIUM POINTS AT ZERO (EXTINCTION) AND CARRYING CAPACITY.
- ADJUSTING THE POLYNOMIAL FORM TO INCLUDE SPECIFIC EQUILIBRIA CAN MODEL DIFFERENT ENVIRONMENTAL CONSTRAINTS.



CHEMICAL REACTIONS

- REACTION RATE EQUATIONS WITH MULTIPLE STEADY STATES CAN BE DESIGNED TO ANALYZE STABILITY AND BISTABILITY.

MECHANICAL SYSTEMS

- EQUILIBRIUM POINTS CORRESPOND TO STABLE OR UNSTABLE EQUILIBRIUM POSITIONS OF MECHANICAL SYSTEMS, SUCH AS
PENDULUMS OR SPRINGS.

SUMMARY AND BEST PRACTICES

- TO FIND AN AUTONOMOUS DIFFERENTIAL EQUATION WITH SPECIFIED EQUILIBRIUM SOLUTIONS:
1. IDENTIFY THE DESIRED EQUILIBRIUM POINTS \( ¥ = v_1\).
2. ConsTrUCT \(F(¥) \) AS A POLYNOMIAL WITH ROOTS AT THOSE POINTS: \( F(¥

FREQUENTLY AskeD QUESTIONS

\WHAT IS AN AUTONOMOUS DIFFERENTIAL EQUATION AND HOW DO EQUILIBRIUM
SOLUTIONS RELATE TO IT?

AN AUTONOMOUS DIFFERENTIAL EQUATION IS A DIFFERENTIAL EQUATION \WHERE THE INDEPENDENT VARIABLE DOES NOT
EXPLICITLY APPEAR IN THE EQUATION. EQUILIBRIUM SOLUTIONS ARE CONSTANT SOLUTIONS WHERE THE DERIVATIVE EQUALS
ZERO, REPRESENTING STEADY STATES OF THE SYSTEM.

How CAN | IDENTIFY EQUILIBRIUM SOLUTIONS IN AN AUTONOMOUS DIFFERENTIAL
EQUATION?

Y OU FIND EQUILIBRIUM SOLUTIONS BY SETTING THE DIFFERENTIAL EQUATION EQUAL TO ZERO AND SOLVING FOR THE DEPENDENT
VARIABLE, LE., SOLVING F(¥) = O FOR Y, WHERE DY/DT = F(Y).

\WHAT PROPERTIES SHOULD AN AUTONOMOUS DIFFERENTIAL EQUATION HAVE TO HAVE
SPECIFIC EQUILIBRIUM SOLUTIONS?

[T SHOULD BE CONSTRUCTED SO THAT THE SOLUTIONS SATISFY F(Y) = 0 AT THE DESIRED EQUILIBRIUM POINTS, AND THE
FUNCTION F(Y) SHOULD BE CONTINUOUS AND DIFFERENTIABLE FOR STABILITY ANALYSIS.

CAN YOU GIVE AN EXAMPLE OF AN AUTONOMOUS DIFFERENTIAL EQUATION WITH
MULTIPLE EQUILIBRIUM SOLUTIONS?

Yes, FOR EXAMPLE, DY/DT = Y(v - 1)(¥ + 2) HAS EQUILIBRIUM SOLUTIONS AT Y = -2, ¥ =0, AND ¥ = 1.

\WHAT DOES THE STABILITY OF AN EQUILIBRIUM SOLUTION DEPEND ON IN AN
AUTONOMOUS DIFFERENTIAL EQUATION?

THE STABILITY DEPENDS ON THE SIGN OF F'(Y) EVALUATED AT THE EQUILIBRIUM POINT; IF F'() < O, THE EQUILIBRIUM IS
STABLE, IF F'(¥) > O, IT IS UNSTABLE.



How DO | FIND AN AUTONOMOUS DIFFERENTIAL EQUATION WITH A SPECIFIED SET OF
EQUILIBRIUM SOLUTIONS?

CONSTRUCT A FUNCTION F(Y) THAT EQUALS ZERO AT THE DESIRED EQUILIBRIUM POINTS; FOR EXAMPLE, IF THE EQUILIBRIA ARE Y
=v1,v2, .., Y_N, THEN F(Y) CAN BE EXPRESSED AS A PRODUCT LIKE (¥ = Y 1)(¥ - ¥2)..(¥ - Y_N) TIMES A CONSTANT,
ENSURING THOSE POINTS ARE SOLUTIONS.

ADDITIONAL RESOURCES

Fino AN AuToNoMous DIFFERENTIAL EQUATION WITH ALL OF THE FoLLOWING PROPERTIES: EQUILIBRIUM SOLUTIONS AT

IN THE REALM OF DIFFERENTIAL EQUATIONS, AUTONOMOUS SYSTEMS HOLD A SPECIAL PLACE DUE TO THEIR SIMPLICITY AND
WIDE~RANGING APPLICATIONS IN FIELDS AS DIVERSE AS PHYSICS, BIOLOGY, ENGINEERING, AND ECONOMICS. THESE EQUATIONS,
CHARACTERIZED BY THEIR INDEPENDENCE FROM EXPLICIT TIME DEPENDENCE, OFTEN SERVE AS MODELS TO UNDERSTAND STEADY
STATES, STABILITY, AND LONG-TERM BEHAVIOR OF DYNAMIC SYSTEMS. A FUNDAMENTAL CONCEPT WITHIN THIS FRAMEWORK IS
THE EQUILIBRIUM SOLUTION—ALSO KNOWN AS A STEADY STATE OR FIXED POINT——WHICH REPRESENTS A CONDITION \WHERE THE
SYSTEM REMAINS CONSTANT OVER TIME.

THIS ARTICLE EXPLORES THE PROCESS OF CONSTRUCTING AN AUTONOMOUS DIFFERENTIAL EQUATION THAT EXHIBITS SPECIFIC
PROPERTIES CONCERNING ITS EQUILIBRIUM SOLUTIONS. \W/HETHER YOU'RE A STUDENT, EDUCATOR, OR RESEARCHER,
UNDERSTANDING HOW TO IDENTIFY AND ENGINEER SUCH EQUATIONS IS CRUCIAL TO ANALYZING THE STABILITY AND BEHAVIOR OF

COMPLEX SYSTEMS. WE WILL DELVE INTO THE THEORETICAL UNDERPINNINGS, PRACTICAL METHODS, AND ILLUSTRATIVE
EXAMPLES TO GUIDE YOU THROUGH THIS FASCINATING ASPECT OF DIFFERENTIAL EQUATIONS.

UNDERST ANDING EQUILIBRIUM SoLUTIONS IN AUTONOMOUS DIFFERENTIAL EQUATIONS

BEFORE DESIGNING AN EQUATION WITH PARTICULAR EQUILIBRIUM PROPERTIES, IT’S ESSENTIAL TO GRASP WHAT EQUILIBRIUM
SOLUTIONS ARE AND WHY THEY MATTER.

WHAT Is AN EQUILIBRIUM SOLUTION?
AN AUTONOMOUS DIFFERENTIAL EQUATION GENERALLY TAKES THE FORM:
\[\rrac{ov}HoT} = F(¥) \]

wHEre \( v \) 1s A FuncTion ofF \( T \), anD \(F(v) \) 1s A FuncTION soLeLy oF \( ¥ \). AN EQuILIBRIUM soLUTION \( ¥ =
Y_E \) IS A CONSTANT SOLUTION SATISFYING:

\[ \rrac{oY}{DT} = 0 \imPLIES F(¥_E) = 0\]
IN OTHER WORDS, AT EQUILIBRIUM, THE SYSTEM DOESN'T CHANGE; IT REMAINS AT THE FIXED POINT \( Y_E \).
SIGNIFICANCE OF EQUILIBRIUM SOLUTIONS

- STEADY STATES: EQUILIBRIUM SOLUTIONS CORRESPOND TO THE SYSTEM'S STEADY STATES—CONDITIONS WHERE THE
SYSTEM REMAINS UNCHANGED OVER TIME.

- STABILITY ANALYSIS: BY ANALYZING THE NATURE OF THESE EQUILIBRIA—WHETHER THEY ARE STABLE, UNSTABLE, OR SADDLE
POINTS—RESEARCHERS CAN PREDICT LONG-TERM BEHAVIOR.

- MODELING REAL-\W/ ORLD PHENOMENA: MANY NATURAL AND ENGINEERED SYSTEMS TEND TOWARD EQUILIBRIUM STATES, MAKING
THE UNDERSTANDING OF THESE SOLUTIONS VITAL FOR MODELING.



SPECIFYING EQUILIBRIUM PROPERTIES: WHAT DOES THE PROBLEM Ask?

\W/HEN ASKED TO “FIND AN AUTONOMOUS DIFFERENTIAL EQUATION WITH ALL OF THE FOLLOWING PROPERTIES: EQUILIBRIUM
SOLUTIONS AT...”, IT IMPLIES THAT SPECIFIC EQUILIBRIUM POINTS ARE PRESCRIBED. | HESE MAY INCLUDE:

- THE LOCATION OF EQUILIBRIUM POINTS (£.G., AT CERTAIN \( ¥ \)-VALUES)

- THE NUMBER OF EQUILIBRIUM POINTS

- THE STABILITY CHARACTERISTICS OF EACH EQUILIBRIUM (STABLE, UNSTABLE, OR SEMI-STABLE)

- THE NATURE OF THE SOLUTIONS NEAR THESE POINTS (E.G., WHETHER SOLUTIONS TEND TOWARD OR AWAY FROM THE
EQUILIBRIUM)

DESIGNING SUCH AN EQUATION REQUIRES CAREFUL CONSIDERATION OF THE FUNCTION \( F(¥) \) SO THAT ITS ZEROS MATCH THE
SPECIFIED EQUILIBRIUM POINTS, AND ITS DERIVATIVE AT THOSE POINTS DETERMINE STABILITY.

STeEP-BY-STEP APPROACH TO CONSTRUCT THE DIFFERENTIAL EQUATION
CONSTRUCTING AN AUTONOMOUS DIFFERENTIAL EQUATION THAT MEETS GIVEN CRITERIA INVOLVES SYSTEMATIC STEPS:
1. IDENTIFY THE EQUILIBRIUM POINTS

SUPPOSE THE PROBLEM SPECIFIES EQUILIBRIUM SOLUTIONS AT \( Y =v_1,v_2, ..., v_N\). THE FIRST STEP IS TO ENSURE
THAT THESE ARE THE RooTS ofF \( F(v) \):

\[ F(¥) = 0 \quap \texT{aT} \QuaD Yy =v_1,v_2,.., v _~n\]

2. CHoosE A SuiTasLe FuncTion \( F(v) \)

THe GeNeraL FORM FOR \( F(¥) \) CAN BE CONSTRUCTED USING FACTORS CORRESPONDING TO EACH EQUILIBRIUM:

\[F(v) =k \miMes (v - v_1)™MM_13 \1imMes (v - v_2)"m_2}3 \imes \cooTs \TiMes (v - v_N)"{m _nN}\]

wHERE \(k \) 1S A CONSTANT, AND \('M_I \) ARE MULTIPLICITIES THAT INFLUENCE STABILITY.

- SiMPLE ROOTS (MULTIPLICITY 1): USUALLY CORRESPOND TO HYPERBOLIC EQUILIBRIA; THE STABILITY DEPENDS ON THE SIGN
of \(F'(¥) \) AT THE ROOTS.

- MULTIPLE ROOTS (HIGHER MULTIPLICITY): OFTEN INDICATE SEMI-STABLE OR NON-HYPERBOLIC POINTS, REQUIRING FURTHER
ANALYSIS.

3. DETERMINE THE STABILITY oF EACH EQUILIBRIUM

THE STABILITY OF AN EQUILIBRIUM POINT \( Y_E \) CAN BE INFERRED BY EXAMINING THE DERIVATIVE:

\[F'(v) = \rrac{or}{ov} \]

-IF\(F'(v_e) <0 \), THE EQUILIBRIUM IS STABLE.

-IF\(F(v_e) >0 \), IT IS UNSTABLE.

-IF \(F'(v_e) = 0\), THE STABILITY IS INDETERMINATE; FURTHER ANALYSIS IS NEEDED.

THIS DERIVATIVE HELPS IN CHOOSING THE SIGNS AND MULTIPLICITIES IN \( F(¥) \) TO ACHIEVE THE DESIRED STABILITY
CHARACTERISTICS.

PRACTICAL EXAMPLES AND ILLUSTRATIONS

LET’S EXPLORE A CONCRETE EXAMPLE TO ELUCIDATE HOW TO DESIGN AN EQUATION WITH SPECIFIED EQUILIBRIUM SOLUTIONS.



ExAMPLE: DESIGNING AN EQUATION WITH EQuILIBRIA AT \( ¥ =-1,0, 2 \)
SUPPOSE THE REQUIREMENT IS:

- EQuiLisriuM PoINTS AT \( ¥ =-1,0, 2 \)

-\(v=-1\)Is sTaBLE

-\(y=0\) I1s UNSTABLE

-\(y=2\)IssTaBLE

Step 1: ConsTrucT \(F(¥) \)

START WITH FACTORS:

\[e(y) =k \TiMes (v + 1DMM_ 13 \1iMes v {m_23 \Times (v - 2)"{m_3}\]
STep 2: DETERMINE MULTIPLICITIES TO MATCH STABILITY

- For sTABILITY AT \( Yy =-1\), \(F(-1) <0 \), WHICH SUGGESTS A SIMPLE ROOT WITH NEGATIVE SLOPE.
- For INsTABILITY AT \( Y=0\), \(F'(0) >0 \).

- For sTABILITY AT \( Y=2 \), AGAIN A SIMPLE ROOT WITH NEGATIVE SLOPE.
CHoose MuLTIPLICITIES \(M_1= 1) FOR SIMPLICITY:

\[F(v) =k \TiMes (v + 1) \1imes v \Times (v - 2) \]

Step 3: CHoosE THE siGN oF \(k \)

TO ENSURE THE CORRECT STABILITY, ANALYZE \( F'(Y) \) AT THE EQUILIBRIUM POINTS.
CALCULATE:

\[F() = (v + Dy (v-2)\]

\[F'(v) =k \1imes \rrac{p}ov} [(v + 1) v (v - 2)]\]

SIMPLIFY THE DERIVATIVE:

MGr+ Dy v-2)=v v+ 1(v-2)\]

USING THE PRODUCT RULE OR POLYNOMIAL EXPANSION:

My G+ I y-2)=vy(r"2-v-2)=¥"3-Y"2-2v\]

THeN:

\[F(v) =k (¥"3-v"2-2v)\]

AND

\[F(M)=x(@Y"2-2v-2)\]

EvALUATE \( F'(Y) \) AT EACH EQUILIBRIUM:

-AT\(y=-1\):

\FGD) =k (@ \tMes 1-2\TiMes (-1)-2) =k (3 +2-2) =« (3)\]

ToHAVE\( ¥ =-1\)8e sTABLE, \(F'(-1) < 0 \RicHTARROW Kk \TIMES 3 < O \RIGHTARROW K < O \).



-AT\(y=0\):

\[F(0)=k(0-0-2)=-2«\]

To e unsTABLE, \( F'(0) > O \RiHTARROW -2k > O \RIGHTARROW K < O \).
-AT\(y=2\):

\[F(2)=k(3\TiMes 4 -2 \TiMes 2-2) =k (12-4-2) = 6k \]

For sTABILITY, \( F'(2) < 0 \RIGHTARROW 6k < O \RIGHTARROW Kk < O \).
SINCE ALL CONDITIONS AGREE THAT \(k < 0 \), cHoose \(k =-1):

\[F(v) =-(+"3-v"2-2v)\]

THIS DIFFERENTIAL EQUATION:

\[ \rrRac{oy}HoT} =-(v*3-v"2-2v)\]

HAS EQUILIBRIUM SOLUTIONS AT \('Y = -1, 0, 2 \), WITH THE STABILITY PROPERTIES SPECIFIED.
EXTENDING To More COMPLEX SYSTEMS

W/HILE POLYNOMIAL FUNCTIONS OFFER SIMPLICITY, REAL-WORLD SYSTEMS OFTEN INVOLVE MORE COMPLEX NONLINEARITIES. To
ENGINEER SUCH EQUATIONS WITH PARTICULAR EQUILIBRIUM BEHAVIOR, METHODS INCLUDE:

- USING NONLINEAR FUNCTIONS: SUCH AS LOGISTIC FUNCTIONS, SIGMOIDS, OR TRIGONOMETRIC FUNCTIONS, TO ACHIEVE DESIRED
EQUILIBRIUM POINTS.

- PIECEWISE FUNCTIONS: TO MODEL SYSTEMS WITH MULTIPLE REGIMES.

- PARAMETER TUNING: ADJUSTING COEFFICIENTS AND EXPONENTS TO FINE-TUNE STABILITY AND THE NUMBER OF EQUILIBRIA.
INCORPORATING ADDITIONAL CONDITIONS

SOMETIMES, PROBLEMS SPECIFY ADDITIONAL PROPERTIES, SUCH AS:

- THE NUMBER OF SOLUTIONS IN A CERTAIN INTERV AL

- THE NATURE OF BIFURCATIONS AS PARAMETERS VARY
- THE PRESENCE OF
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