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Understanding how to find the absolute maximum and minimum values of a
function subject to given constraints is a fundamental skill in calculus and
optimization. Whether you're working with simple functions or complex
systems, mastering this process enables you to analyze real-world problems
such as maximizing profits, minimizing costs, or optimizing resources within
specific constraints. This article provides a comprehensive guide to
identifying these extrema for functions of two variables, specifically
focusing on the function G(x, y), and explores techniques, examples, and best
practices to ensure clarity and mastery.

Introduction to Optimization Problems with
Constraints

Optimization involves finding the best value (maximum or minimum) of a
function within a specified domain. When constraints are present, the domain
is restricted to a subset of the plane, often described by equations or
inequalities. These problems are common in various fields like engineering,
economics, physics, and operations research.

Key concepts include:

- Objective function: The function to be maximized or minimized, here G(Xx,
y).
- Constraints: Conditions that restrict the variables, often expressed as
equations or inequalities.

- Feasible region: The set of all points (x, y) satisfying the constraints.
- Absolute extrema: The highest or lowest points over the entire feasible
region.

Mathematical Framework for Finding Extrema

To find the absolute maximum and minimum values of G(x, y) subject to
constraints, the typical approach involves:

1. Identifying the feasible region based on the constraints.



2. Finding critical points inside the feasible region where the gradient of G
vanishes or the derivatives do not exist.

3. Evaluating G(x, y) at critical points and at boundary points.

4. Comparing the values to determine the absolute extrema.

These steps rely heavily on calculus tools such as partial derivatives,
Lagrange multipliers, and boundary analysis.

Step-by-Step Approach

1. Define the Constraints and Feasible Region

Begin by explicitly stating the constraints, which can be equalities or
inequalities. For example:

- Equations: h(x, y) =0
- Inequalities: c(x, y) =0

The feasible region is the intersection of all regions satisfying these
constraints.

2. Find Critical Points Inside the Region

- Compute the partial derivatives: aG/ax and aG/ay.
- Set these derivatives to zero to find critical points within the interior
of the region:

\ [
\frac{\partial G}{\partial x} = 0, \quad \frac{\partial G}{\partial y} = 0
\1

- Solve these equations simultaneously to determine potential interior
extrema.

3. Analyze Boundary Conditions

Since the maximum or minimum might occur on the boundary, analyze each
boundary separately:

- For boundary curves (e.g., h(x, y) = 0), solve for one variable and
substitute into G(x, y) to reduce to a single variable problem.

- Use techniques such as substitution or parametrization to handle these
boundary curves.



4. Use Lagrange Multipliers for Constrained
Optimization

When constraints are given as equalities, Lagrange multipliers provide a
systematic method:

- Set up the Lagrangian:

\ [
\mathcal{L}(x, y, \lambda) = G(x, y) - \lambda h(x, y)
\1]

- Find the stationary points by solving:

\ [

\nabla G = \lambda \nabla h
\1]

\ [

h(x, y) =0

\1

- Solve for x, y, and A.

5. Evaluate and Compare Values

Calculate G(x, y) at:
- Critical points inside the feasible region.
- Points on the boundary.

- Corners or vertices of the feasible region (if the boundaries are
polygonal).

Compare these values to find the absolute maximum and minimum.

Illustrative Example

Suppose we want to maximize and minimize the function:

\ [
G(x, y) = 3x + 4y
\1]

subject to the constraints:

\ [
x*2 + y*2 \leq 25



\1]
\ [
x \geq 0, \quad y \geq O
\1

Step 1: Feasible region is the quarter circle of radius 5 in the first
quadrant.

Step 2: Critical points inside the region occur where the gradient of G is
zero, but since G is linear, it has no critical points in the interior.

Step 3: Check boundaries:
- On the circle \(x"2 + y*2 = 25\):

- Parametrize: \(x = 5 \cos \theta\), \(y = 5 \sin \theta\), with \(\theta
\in [0, \pi/2]\).

- G becomes:

\ [

G(\theta) = 3(5 \cos \theta) + 4(5 \sin \theta) = 15 \cos \theta + 20 \sin
\theta

\1]

- Maximize and minimize G(©) over [0, m/2]:
- Derivative:

\ [
G' (\theta) = -15 \sin \theta + 20 \cos \theta
\]

- Set to zero:

\ [

-15 \sin \theta + 20 \cos \theta = 0 \Rightarrow \tan \theta = \frac{20}{15}
= \frac{4}{3}

\1]

- \(\theta = \arctan(4/3) \approx 0.93\) radians.

- Compute G at this \(\theta\):

\ [

G(\theta) = 15 \cos \theta + 20 \sin \theta
\1]

- Plug in \(\theta = \arctan(4/3)\):

\ [



\cos \theta = \frac{3}{5}, \quad \sin \theta = \frac{4}{5}
\1

\ [

G {\max} = 15 \times \frac{3}{5} + 20 \times \frac{4}{5} = 9 + 16 = 25
\1

- On the axes:

- When \(x=0\), \(y\) varies between 0 and 5:

\ [

G(0, y) =4 vy, \quad y \in [0, 5]

\1]

- Max at \(y=5\): \(G=20\)

- Min at \(y=0\): \(G=0\)

- When \(y=0\), \(x\) varies between 0 and 5:

\ [

G(x, @) = 3 x, \quad x \in [0, 5]

\1]

- Max at \(x=5\): \(G=15\)

- Min at \(x=0\): \(G=0\)

Step 4: Summary of extrema:

- Absolute maximum: \(G=25\) at \(\left(\frac{3}{5} \times 5, \frac{4}{5}
\times 5\right) = (3, 4)\)

- Absolute minimum: \(G=0\) at \((0, 0)\)

This example illustrates the step-by-step process of constrained
optimization.

Advanced Techniques and Considerations

Lagrange Multipliers for Multiple Constraints

When more than one constraint exists, the method extends to multiple Lagrange
multipliers:

\ [
\mathcal{L}(x, y, \lambda 1, \lambda 2, \dots) = G(x, y) - \lambda 1 h 1(x,



y) - \lambda 2 h 2(x, y) - \dots
\]

Solve the system of equations for all variables and multipliers.

Handling Inequality Constraints

- Use the Karush-Kuhn-Tucker (KKT) conditions, which generalize Lagrange
multipliers for inequality constraints.

- KKT conditions include stationarity, primal feasibility, dual feasibility,
and complementary slackness.

Dealing with Non-Convex Regions

- For non-convex feasible regions, global optimization may be challenging.
- Use numerical methods, graphing, or branch-and-bound algorithms to
approximate extrema.

Practical Tips for Solving Constrained
Optimization Problems

- Always clearly define the feasible region.

- Check boundary points and vertices, especially in polygonal regions.

- Use symmetry and problem-specific insights to simplify calculations.

- Verify solutions by substitution and ensuring they satisfy all constraints.
- When in doubt, visualize the feasible region and the function's surface to
gain intuition.

Conclusion

Finding the absolute maximum and minimum values of a function like G(Xx, y)
under given constraints is a critical aspect of optimization in calculus. The
process combines techniques such as critical point analysis, boundary
examination, and the method of Lagrange multipliers. By systematically
applying these methods, you can confidently identify

Frequently Asked Questions



What is the process to find the absolute maximum and
minimum values of a function G(x, y) subject to
given constraints?

To find the absolute extrema, first identify the critical points within the
feasible region by setting the gradient of G equal to zero. Then, examine the
boundary of the region, often using methods like substitution or
parameterization. Compare all these values to determine the global maximum
and minimum within the constrained domain.

How do Lagrange multipliers help in finding the
extrema of G(x, y) under constraints?

Lagrange multipliers involve setting up equations where the gradient of G
equals a scalar multiple of the gradient of the constraint function(s).
Solving these equations helps locate points where G may have local extrema
subject to the constraints, including potential global extrema.

What role do boundary conditions play when finding
the absolute extrema of G(x, y) with constraints?

Boundary conditions are crucial because potential absolute maxima or minima
often occur on the boundary of the feasible region. Therefore, analyzing the
boundary—either by parametrization or substitution—-is essential to identify
all possible extrema.

Can the absolute maximum and minimum of G(x, y) be
located outside the feasible region defined by the
constraints?

No, the absolute extrema must occur within the feasible region or on its
boundary. Values outside the region are not considered because the problem
restricts the domain to the given constraints.

What is the significance of checking critical points
and boundary points when solving constrained
optimization problems?

Critical points inside the region are potential local extrema, while boundary
points can host absolute extrema. Checking both ensures that all candidates
are considered, allowing identification of the true global maximum and
minimum within the constraints.

How does one verify if a critical point on the



boundary is an absolute maximum or minimum?

After finding critical points on the boundary through substitution or
parametrization, evaluate G at these points and compare their values with
those at interior critical points. The highest value corresponds to the
absolute maximum, and the lowest to the absolute minimum.

Are there specific types of constraints where
finding extrema of G(x, y) is more challenging?

Yes, nonlinear constraints or multiple constraint equations can complicate
the problem, requiring advanced methods such as the method of Lagrange
multipliers, substitution, or numerical approaches to find and verify extrema
accurately.

Additional Resources

Find The Absolute Maximum And Minimum Values Of The Function G(x, y) Subject
To The Given Constraints

In the realm of multivariable calculus, one of the most fundamental yet
profoundly impactful topics is the determination of the absolute maximum and
minimum values of a function within a specified domain, especially when
subjected to certain constraints. This process, often referred to as solving
constrained optimization problems, has applications that span engineering
design, economics, physics, and beyond. When the function in question is
denoted as G(x, y), a bivariate function, and the constraints are expressed
as equations or inequalities, the problem becomes a classic case of
constrained optimization. This article aims to delve deeply into the
methodology, theoretical foundations, and practical applications involved in
finding these extremal values, providing a comprehensive overview suitable
for students, educators, and practitioners alike.

Understanding the Foundations of Constrained
Optimization

What Is Constrained Optimization?

Constrained optimization involves maximizing or minimizing a function \( G(Xx,
y) \) subject to certain conditions or restrictions. These constraints could
be equalities (e.g., \( h(x, y) = 0 \)) or inequalities (e.g., \( g(x, y)
\leq 0 \)). The goal is to identify the points within the feasible



region—defined by these constraints—where the function attains its highest
(absolute maximum) and lowest (absolute minimum) values.

Key Elements:

- Objective Function: \( G(x, y) \)-the function to optimize.

- Constraints: Conditions such as \( h(x, y) =0 \) or \( g(x, y) \leq 0 \).
- Feasible Region: The set of all points \( (x, y) \) satisfying the
constraints.

Mathematical Foundations and Theoretical
Principles

The Role of the Extreme Value Theorem

The Extreme Value Theorem states that if a function \( G(x, y) \) is
continuous on a closed and bounded domain \( D \), then it must attain both
an absolute maximum and an absolute minimum within \( D \). When constraints
define a closed and bounded feasible region, the theorem guarantees the
existence of these extremal points.

However, if the feasible region is unbounded or not closed, the function may
not have finite maxima or minima, requiring further analysis.

The Method of Lagrange Multipliers

One of the most powerful tools for tackling constrained optimization problems
involving equality constraints is the Lagrange multipliers method. It
transforms the constrained problem into an unconstrained one by introducing
auxiliary variables (multipliers), which simplifies the process of finding
candidates for extrema.

Basic Idea:

- Suppose we want to optimize \( G(x, y) \) subject to \( h(x, y) =0 \).
- We define the Lagrangian:

\ [
\mathcal{L}(x, y, \lambda) = G(x, y) - \lambda h(x, vy),

\]

where \( \lambda \) is a Lagrange multiplier.



- The candidate points are found by solving the system:

\ [

\nabla G(x, y) = \lambda \nabla h(x, y),

\1]

along with the original constraint \( h(x, y) = 0 \).

Interpretation:

At the extremal points, the gradient of the function \( G \) is parallel to
the gradient of the constraint \( h \). These points are potential candidates
for maxima or minima.

Extensions:

- For multiple constraints, the method extends by introducing additional
multipliers.

- For inequality constraints, the Karush-Kuhn-Tucker (KKT) conditions
generalize Lagrange multipliers.

Step-by-Step Approach to Finding Absolute
Extrema

1. Identify the Domain and Constraints

Begin by clearly defining the problem:
- Is \( G(x, y) \) continuous?
- Are the constraints equalities or inequalities?

- Is the feasible region bounded or unbounded?

Understanding these properties guides the choice of methods and expectations
about the extrema.

2. Find Critical Points Inside the Feasible Region

Calculate the gradient of \( G(x, y) \):

\ [
\nabla G(x, y) = \left( \frac{\partial G}{\partial x}, \frac{\partial
G}{\partial y} \right).



\]

Set the gradient equal to zero or solve the system derived from the Lagrange
multipliers:

\ [
\nabla G(x, y) = \lambda \nabla h(x, y),
\1]

for each constraint \( h(x, y) = 0 \). The solutions are interior critical
points.

3. Examine the Boundary of the Feasible Region

Since maximum and minimum could occur on the boundary, analyze the
constraints explicitly:

- For equality constraints, substitute the constraint \( h(x, y) = 0 \) into
\( G \) and reduce the problem to a single-variable optimization.

- For inequalities, consider the boundary where \( g(x, y) =0 \).

Example: If the feasible region is bounded by a circle \( x"2 + y~2 \leq R"2
\), examine the boundary circle \( x*2 + y*2 = R"2 \).

4. Evaluate the Function at Critical Points and
Boundaries

Compute \( G(x, y) \) at all critical points obtained from previous steps,
including boundary points. The candidate points for absolute extrema are:

- Interior critical points from the Lagrange multiplier equations.
- Points on the boundary where the constraints are active.

5. Compare and Conclude

The absolute maximum is the largest value among all candidates, and the
absolute minimum is the smallest value. Confirm the results by:

- Checking the nature of each critical point (e.g., using second derivative



tests).
- Ensuring boundary points are thoroughly analyzed.

Practical Applications and Examples

Example 1: Optimizing a Cost Function with an
Equality Constraint

Suppose a company produces two products, \( x \) and \( y \), with profit
function:

\ [
G(x, y) = 50x + 40y,
\1

subject to a resource constraint:
\ [

2x + y = 100,

\1]

where \( x, y \geq 0 \).

Solution:

- Use Lagrange multipliers:

\ [

\mathcal{L} = 50x + 40y - \lambda (2x + y - 100).

\1]

- Compute partial derivatives:

\ [

\frac{\partial \mathcal{L}}{\partial x} = 50 - 2\lambda = 0 \Rightarrow
\lambda = 25.

\1]

\ [

\frac{\partial \mathcal{L}}{\partial y} = 40 - \lambda = 0 \Rightarrow
\lambda = 40.

\1]

- Conflict in \( \lambda \) indicates no interior maximum; the maximum occurs



at boundary points:
- Maximize profit by setting \( y = 0 \):

\ [
2x = 100 \Rightarrow x = 50,

\1

\ [
G(50, 0) = 50 \times 50 + 40 \times 0 = 2500.
\1]

- 0r set \( x =0 \):

\ [
y = 100,
\1]

\ [
G(0, 100) = 0 + 40 \times 100 = 4000.
\]

- The absolute maximum profit is 4000 at \( (0, 100) \), and the minimum 1is
2500 at \( (50, 0) \).

This example illustrates how boundary analysis is crucial, especially when
interior solutions are infeasible or do not yield an extremum.

Advanced Topics and Considerations

Handling Inequality Constraints: The KKT Conditions

When inequalities are involved (e.g., \( g(x, y) \leq 0 \)), the Karush-Kuhn-
Tucker (KKT) conditions are employed:

- Stationarity: Derivatives of the Lagrangian vanish.

- Primal feasibility: Constraints are satisfied.

- Dual feasibility: Lagrange multipliers for inequalities are non-negative.
- Complementary slackness: The product of multipliers and constraints equals
zero.

These conditions help identify candidate points where the extrema may occur.



Unbounded Domains and Non-Existence of Extrema

If the feasible region is unbounded, the function may tend toward infinity or
negative infinity, implying no finite absolute extrema exist. In such cases,
the problem shifts toward finding suprema or infima rather than maxima or
minima.

Numerical Methods and Computational Tools

For complex functions or constraints, analytical solutions may be
intractable. Numerical methods like gradient descent, simplex algorithms, and
software tools such as MATLAB, Wolfram Mathematica, or Python libraries
(SciPy, SymPy) become essential.
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