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INTRODUCTION TO CRITICAL NUMBERS

(UNDERSTANDING CRITICAL NUMBERS IS A FUNDAMENTAL ASPECT OF CALCULUS, ESPECIALLY WHEN ANALYZING THE BEHAVIOR OF
FUNCTIONS. CRITICAL NUMBERS, ALSO KNOWN AS CRITICAL POINTS OR CRITICAL VALUES, ARE THE INPUT VALUES (X‘VALUES)
AT WHICH A FUNCTION'S DERIVATIVE IS EITHER ZERO OR UNDEFINED. THESE POINTS ARE CRUCIAL BECAUSE THEY OFTEN INDICATE
LOCATIONS WHERE THE FUNCTION MAY HAVE LOCAL MAXIMA, LOCAL MINIMA, OR POINTS OF INFLECTION. IDENTIFYING CRITICAL
NUMBERS HELPS IN SKETCHING THE GRAPH OF THE FUNCTION AND UNDERSTANDING ITS INCREASING OR DECREASING BEHAVIOR.

WHAT ARe CrITICAL NUMBERS?

DEFINITION

A criTIcaL NUMBER OF A FUNCTION \(F(x)\) 1s A vaLue \(c\) IN THE boMaIN oF \(F\) SUCH THAT EITHER:
o THe DERIVATIVE \(F'(c) = 0\), or

o THe DErRIVATIVE \(F'(c)\) DOES NOT EXIST.

IMPORTANCE OF CRITICAL NUMBERS

CRITICAL NUMBERS ARE ESSENTIAL IN CALCULUS BECAUSE:
® THEY HELP IDENTIFY POTENTIAL LOCAL MAXIMA AND MINIMA (EXTREMA) OF THE FUNCTION.

® THEY ARE USED IN THE FIRST AND SECOND DERIVATIVE TESTS TO CLASSIFY POINTS AS MAXIMA, MINIMA, OR POINTS OF
INFLECTION.

e THEY PROVIDE INSIGHT INTO THE OVERALL SHAPE AND BEHAVIOR OF THE FUNCTION'S GRAPH.

How To FIND CriTiICAL NUMBERS

Step 1: Fino THE DerivaTiVE \(F'(X)\)

THE FIRST STEP IS TO DIFFERENTIATE THE FUNCTION \(F(x)\) wITH rREsPeCT To \(x\). THIS DERIVATIVE DESCRIBES THE RATE
OF CHANGE OF THE FUNCTION AT ANY POINT \(x\).



Step 2: DeTErRMINE WHERE \(F'(x) = 0\) or \(F'(x)\) 1s UNDEFINED

NexT, soLVE THE EQUATION \(F'(x) = 0\) TO FIND POINTS WHERE THE DERIVATIVE IS ZERO. ALSO, IDENTIFY POINTS WHERE
\(F'(x)\) DOES NOT EXIST, AS THESE CAN ALSO BE CRITICAL NUMBERS.

STEP 3: VERIFY THE DOMAIN

ENSURE THAT THE SOLUTIONS ARE WITHIN THE DOMAIN OF THE ORIGINAL FUNCTION \(F(x)\). CRITICAL NUMBERS MUST LIE
WITHIN THE DOMAIN; SOLUTIONS OUTSIDE THE DOMAIN ARE NOT CONSIDERED.

STeP 4: LisT CrRITICAL NUMBERS

COMBINE ALL SOLUTIONS FROM THE PREVIOUS STEPS INTO A LIST, TYPICALLY AS A COMMA-SEPARATED LIST OF X-VALUES.

ExAMPLES oF FINDING CrITICAL NUMBERS

ExAMPLE 1: BAsIC PoLYNOMIAL FUNCTION
Suppost \(F(x) = x*3 - 3x"2 + 2\).

STeP 1: FIND THE DERIVATIVE:

\[
F'(x) = 3x"2 - 6%
\]

STEP 2: SET THE DERIVATIVE EQUAL TO ZERO:
\[

3x"2-6x=0

\]

\[

3x(x-2)=0

\]

\[

x = 0 \quab \TexT{or} \Quabp x = 2

Step 3: CHECK THE DOMAIN (ALL REAL NUMBERS), SO BOTH ARE VALID CRITICAL NUMBERS.

CriTicAL NuMmeers: O, 2

ExAMPLE 2: RATIONAL FUNCTION
LeT \(F(x) = \rrac{ 1}{x-13\).

STeP 1: DERIVATIVE:

\[

F'(x) = -\rrac{ TH(x-1)"23
\]

Step 2: SeT \(F'(x) = 0\):
\[

\rRAc{ TH(x-1)"23 =0
\]



NO SOLUTION, BECAUSE THE NUMERATOR IS CONSTANT AND NON-ZERO, SO \(F'(x)\) NEVER EQUALS ZERO.

Step 3: CHeck wHEre \(F'(x)\) Is UNDEFINED:
\[

(x - 1)"2 =0 \RIGHTARROW X = 1

\]

BuTt AT \(x=1\), THe orIGINAL FUNCTION \(F(x)\) IS UNDEFINED, SO IT IS NOT IN THE DOMAIN.

CriTicAL NUMBERS: NONE

SpPeciAL CASES AND CONSIDERATIONS

\Y/HEN THE DerIVATIVE Does NoT EXIST

CRITICAL NUMBERS INCLUDE POINTS WHERE THE DERIVATIVE IS UNDEFINED, PROVIDED THESE POINTS ARE WITHIN THE DOMAIN OF
THE ORIGINAL FUNCTION. FOR EXAMPLE, FUNCTIONS WITH CORNERS, CUSPS, OR VERTICAL TANGENTS OFTEN HAVE CRITICAL
POINTS WHERE THE DERIVATIVE DOES NOT EXIST.

ENDPOINTS OF THE DOMAIN

IF THE DOMAIN OF THE FUNCTION IS RESTRICTED (E.G., A CLOSED INTERVAL \([A, &]\)), THeN THE enopoinTs \(a\) anp \(8\)
ARE ALSO CONSIDERED CRITICAL POINTS WHEN ANALYZING EXTREMA.

APPLICATIONS OF CRITICAL NUMBERS

OPTIMIZING FUNCTIONS

FINDING CRITICAL NUMBERS IS A STEP IN SOLVING OPTIMIZATION PROBLEMS, WHERE THE GOAL IS TO FIND MAXIMUM OR MINIMUM
VALUES OF A FUNCTION WITHIN A DOMAIN.

SKETCHING GRAPHS

CRITICAL POINTS HELP SKETCH THE GRAPH OF A FUNCTION BY INDICATING WHERE THE FUNCTION REACHES LOCAL MAXIMA OR
MINIMA AND WHERE IT CHANGES CONCAVITY.

ReAL-\W/ ORLD PROBLEMS

IN ECONOMICS, PHYSICS, AND ENGINEERING, CRITICAL NUMBERS HELP IDENTIFY OPTIMAL POINTS SUCH AS MAXIMUM PROFIT,
MINIMUM COST, OR EQUILIBRIUM STATES.

SUMMARY oF STeps To FIND CrITICAL NUMBERS

1. DIFFERENTIATE THE FUNCTION To FIND \(F'(x)\).

2. SoLve \(F'(x) = 0\) For \(x\).



3. IDENTIFY POINTS WHERE \(FI(X)\) IS UNDEFINED AND CHECK IF THEY ARE WITHIN THE DOMAIN.

4. COMBINE ALL SOLUTIONS TO LIST THE CRITICAL NUMBERS.

CoNCLUSION

FINDING THE CRITICAL NUMBERS OF A FUNCTION IS A VITAL SKILL IN CALCULUS THAT ENABLES DEEPER ANALYSIS OF THE
FUNCTION'S BEHAVIOR. BY SYSTEMATICALLY DIFFERENTIATING THE FUNCTION, SOLVING THE DERIVATIVE EQUAL TO ZERO, AND
EXAMINING POINTS WHERE THE DERIVATIVE DOES NOT EXIST, YOU CAN IDENTIFY ALL CRITICAL POINTS. THESE POINTS SERVE AS
THE FOUNDATION FOR APPLYING THE FIRST AND SECOND DERIVATIVE TESTS/ ANALYZING LOCAL EXTREMA, AND SKETCHING
ACCURATE GRAPHS. \WHETHER WORKING WITH POLYNOMIAL, RATIONAL, OR COMPLEX FUNCTIONS, MASTERING THE PROCESS OF
FINDING CRITICAL NUMBERS IS ESSENTIAL FOR BOTH ACADEMIC AND PRACTICAL APPLICATIONS IN MATHEMATICS AND RELATED
FIELDS.

REMEMBER: ALWAYS VERIFY THAT YOUR CRITICAL POINTS ARE WITHIN THE DOMAIN OF THE ORIGINAL FUNCTION. PROPER
IDENTIFICATION OF THESE POINTS WILL FACILITATE BETTER UNDERSTANDING AND PROBLEM~-SOLVING IN CALCULUS.

FREQUENTLY AskeD QUESTIONS

WHAT ARE CRITICAL NUMBERS OF A FUNCTION?

CRITICAL NUMBERS ARE THE VALUES OF X WHERE THE DERIVATIVE OF THE FUNCTION IS EITHER ZERO OR UNDEFINED.

How DO YOU FIND THE CRITICAL NUMBERS OF A FUNCTION?

FIND THE DERIVATIVE OF THE FUNCTION, SET IT EQUAL TO ZERO AND SOLVE FOR X, AND ALSO FIND WHERE THE DERIVATIVE IS
UNDEFINED, THESE X-VALUES ARE THE CRITICAL NUMBERS.

\W/HY ARE CRITICAL NUMBERS IMPORTANT IN CALCULUS?

CRITICAL NUMBERS HELP IDENTIFY POTENTIAL LOCAL MAXIMA, MINIMA, AND POINTS OF INFLECTION, WHICH ARE IMPORTANT FOR
ANALYZING THE BEHAVIOR OF THE FUNCTION.

CAN A CRITICAL NUMBER BE OUTSIDE THE DOMAIN OF THE FUNCTION?

NO/ CRITICAL NUMBERS MUST BE WITHIN THE DOMAIN OF THE FUNCTION; POINTS OUTSIDE THE DOMAIN ARE NOT CONSIDERED
CRITICAL NUMBERS.

\WHAT IS THE DIFFERENCE BETWEEN CRITICAL POINTS AND CRITICAL NUMBERS?

CRITICAL NUMBERS ARE THE X-VALUES WHERE THE DERIVATIVE IS ZERO OR UNDEFINED, WHILE CRITICAL POINTS ARE THE ACTUAL
POINTS ON THE GRAPH CORRESPONDING TO THOSE X-VALUES.

IF A FUNCTION HAS MULTIPLE CRITICAL NUMBERS, HOW DO YOU DETERMINE WHICH ARE
MAXIMA OR MINIMA?

UsE THE FIRST orR SECOND DERIVATIVE TEST AROUND THE CRITICAL NUMBERS TO ANALYZE THE FUNCTION’S BEHAVIOR AND
IDENTIFY LOCAL MAXIMA OR MINIMA.



ENTER THE CRITICAL NUMBERS OF THE FUNCTION F(X) = x*3 - 3x + 2.
1 -1

/

ADDITIONAL RESOURCES

UNDERSTANDING CRITICAL NUMBERS OF A FUNCTION

IN CALCULUS, THE CONCEPT OF CRITICAL NUMBERS (ALSO KNOWN AS CRITICAL POINTS OR STATIONARY POINTS) IS
FUNDAMENTAL FOR ANALYZING THE BEHAVIOR OF FUNCTIONS, ESPECIALLY WHEN DETERMINING LOCAL MAXIMA, MINIMA, AND
POINTS OF INFLECTION. CRITICAL NUMBERS SERVE AS KEY INDICATORS WHERE A FUNCTION'S RATE OF CHANGE IS ZERO OR
UNDEFINED, MARKING POTENTIAL POINTS WHERE THE FUNCTION'S GRAPH CHANGES DIRECTION OR EXHIBITS INTERESTING FEATURES.

THIS COMPREHENSIVE REVIEW DELVES INTO WHAT CRITICAL NUMBERS ARE, HOW TO FIND THEM, THEIR SIGNIFICANCE, AND
PRACTICAL APPLICATIONS, ENSURING A THOROUGH UNDERSTANDING FOR STUDENTS AND ENTHUSIASTS ALIKE.

DerINING CrITICAL NUMBERS

CriTicAL NUMBERS OF A FUNCTION \(F(x)\) ARe THE vALUES ofF \(x\) IN THE DOMAIN oF \(F\) AT WHICH THE DERIVATIVE
\(F'(x)\) IS EITHER ZERO OR UNDEFINED, PROVIDED THESE POINTS ARE WITHIN THE DOMAIN OF \(F\). FORMALLY:

- For A FUNcTION \(F\) DEFINED ON AN INTERVAL \(1\), A NUMBER \(c\) IN THE DOMAIN OF \(F\) IS CRITICAL IF:

1.\(F'(c) = 0\), or

2. \(F'(c)\) poEs NoT ExIST (IS UNDEFINED).

- ADDITIONALLY, THE CRITICAL NUMBER MUST LIE WITHIN THE DOMAIN OF \(F\) IF THE DERIVATIVE IS UNDEFINED AT A POINT
OUTSIDE THE DOMAIN, THAT POINT IS NOT CONSIDERED A CRITICAL NUMBER FOR \(F\)

NoTEe: CRITICAL NUMBERS ARE NOT NECESSARILY POINTS WHERE THE FUNCTION ATTAINS A MAXIMUM OR MINIMUM; INSTEAD, THEY
ARE CANDIDATES FOR SUCH EXTREMA.

THE IMPORTANCE ofF CrITICAL NUMBERS

CRITICAL NUMBERS ARE INSTRUMENTAL IN:

- IDENTIFYING POTENTIAL LOCAL EXTREMA: POINTS WHERE THE FUNCTION COULD HAVE A LOCAL MAXIMUM OR MINIMUM.

- UNDERSTANDING THE FUNCTION'S BEHAVIOR: THEY MARK WHERE THE FUNCTION'S INCREASING/DECREASING NATURE MIGHT
CHANGE.

- GRAPH SKETCHING: CRITICAL POINTS HELP IN SKETCHING ACCURATE GRAPHS OF FUNCTIONS BY INDICATING TURNING POINTS.
- OPTIMIZATION PROBLEMS: FINDING THE MAXIMUM AND MINIMUM VALUES OF FUNCTIONS WITHIN A DOMAIN.

How To FIND CrITICAL NUMBERS: STEP-BY-STEP PROCESS

THE PROCESS OF FINDING CRITICAL NUMBERS INVOLVES CALCULUS TECHNIQUES AND SYSTEMATIC REASONING:

STeP 1: ENSURE THE FUNCTION IS DIFFERENTIABLE OR IDENTIFY POINTS OF NON-DIFFERENTIABILITY



- CHeck THE poMAIN of \(F\).

- IDENTIFY POINTS WHERE \(F\) IS NOT DIFFERENTIABLE. THESE INCLUDE:

- POINTS OF DISCONTINUITY.

- SHARP CORNERS OR CUSPS.

- VErTICAL TANGENTS (WHERE \(F'(x)\) APPROACHES INFINITY).

Step 2: CompuTE THE DerivaTIVE \(F'(x)\)

- APPLY DIFFERENTIATION RULES TO FIND AN EXPLICIT EXPRESSION FOR \(F'(x)\).
Step 3: Finp PoinTs wHere \(F'(x) = 0\)

- SoLVE THE EQUATION \(F'(x) = 0\) For \(x\).

Step 4: Fino PoinTs wHere \(F'(x)\) 1s UNDEFINED

- DeTerMINE WHERE \(F'(x)\) DOES NOT EXIST.
- THESE POINTS ARE POTENTIAL CRITICAL NUMBERS, PROVIDED THEY ARE WITHIN THE DOMAIN.

STtep 5: ConrirM CrITICAL NUMBERS LIE WITHIN THE DOMAIN
- EXCLUDE ANY SOLUTIONS OUTSIDE THE DOMAIN oF \(F\).
STep 6: CoMpiLE THE LisT oF CriTicaL NUMBERS

- THE CRITICAL NUMBERS ARE THE SET OF ALL \(x\)-VALUES SATISFYING THE ABOVE CONDITIONS.

EXAMPLE

Suppost \(F(x) = x"3 - 3x"2 + 2\).

- DerivATIVE: \(F'(x) = 3x"2 - 6x = 3x(x - 2)\).

- SoLve \(F'(x) = 0\): \(Bx(x - 2) = 0 \RigHTARROW x=0, 2\).

- CHECK FOR UNDEFINED DERIVATIVES: SINCE \(F'(x)\) IS A POLYNOMIAL, IT IS DEFINED EVERY WHERE.

- DOMAIN: ALL REAL NUMBERS.
- CrITICAL NUMBers: \(x=0, 2\).

SUMMARY

THE CRITICAL NUMBERS FOR \(F(x) = x"3 - 3x"2 + 2\) Are O, 2.

ANALYZING CrITICAL NUMBERS: SIGN CHARTS AND THE FIRST DERIVATIVE
TesT

ONCE CRITICAL NUMBERS ARE IDENTIFIED, THE NEXT STEP INVOLVES ANALYZING THE BEHAVIOR OF THE FUNCTION AROUND THESE
POINTS TO DETERMINE WHETHER THEY CORRESPOND TO LOCAL MAXIMA, MINIMA, OR POINTS OF INFLECTION.

SiGN CHART METHOD
- DeTERMINE THE SIGN OF \(F'(x)\) IN INTERVALS DIVIDED BY CRITICAL POINTS.

- STEPS:!
1. SELECT TEST POINTS IN EACH INTERVAL.



2. EvaLuaTe \(F'(x)\) AT THESE POINTS.
3. NoTe WHETHER \(F'(x)\) 15 POSITIVE (FUNCTION INCREASING) OR NEGATIVE (FUNCTION DECREASING).

- INTERPRETATION:

- IF \(F'(x)\) CHANGES FROM POSITIVE TO NEGATIVE AT A CRITICAL POINT, THE FUNCTION HAS A LOCAL MAXIMUM THERE.
- IF \(F'(x)\) CHANGES FROM NEGATIVE TO POSITIVE, THE POINT IS A LOCAL MINIMUM.

- IF \(F'(x)\) DOES NOT CHANGE SIGN, THE POINT MIGHT BE A SADDLE POINT OR POINT OF INFLECTION.

FIRsT DERIVATIVE TEST

- FURTHER CONFIRMS THE NATURE OF CRITICAL POINTS:

- MaxiMa: \(F'(x)\) CHANGES FROM POSITIVE TO NEGATIVE.

- MiniMa: \(F'(x)\) CHANGES FROM NEGATIVE TO POSITIVE.
- SADDLE/INFLECTION: NO SIGN CHANGE.

PRACTICAL EXAMPLE

UsING THE PREVIOUS FUNCTION \(F(x) = x"3 - 3x"2 + 2\):

- CriTicaL poinTs: \(O, 2\).

- Sin ofF \(F'GOV):

-For \(x < 0\), Pick \(x =-T\): \(F(-1) =3(1) - 6(-1) =3+ 6 =9 > 0\).
- Bemween O anp 2, pick \(x=T\): \(F'(1) = 3(1) - 6(1)=3-6=-3<0\).
- For \(x > 2\), Pick \(x=3\): \(F'(3) = 3(9) - 6(3) =27 - 18 =9 > 0\).
- INTERPRETATION:

- \(F"\) posiTive geFore O, NeGATIVE AFTER O (\(O\) Is A LOCAL MAXIMUM).
- \(F"\) NEGATIVE BEFORE 2, POSITIVE AFTER 2 (\(2\) IS A LOCAL MINIMUM).

SUMMARY OF CrITICAL NUMBER ANALYSIS

- CRITICAL NUMBERS ARE PIVOTAL IN UNDERSTANDING THE SHAPE OF THE GRAPH.
- THEY ARE CANDIDATES FOR LOCAL EXTREMA BUT REQUIRE FURTHER ANALYSIS TO CONFIRM.

SpPeciAL CASES AND CONSIDERATIONS

\WHILE THE STANDARD PROCESS IS STRAIGHTFORWARD, CERTAIN CASES REQUIRE ADDITIONAL ATTENTION:

PoINTS oF NON-DIFFERENTIABILITY

- CornERrs or Cusps: AT POINTS WHERE \(F\) IS NOT DIFFERENTIABLE, BUT THE DERIVATIVE DOES NOT EXIST, THESE POINTS
CAN STILL BE CRITICAL NUMBERS IF THEY LIE WITHIN THE DOMAIN.

- VERTICAL TANGENTS: For ExAMPLE, \(F(x) = \sQrT[3]{x3\), wHere \(F'(x) = \rrac{ 13}{33x"{-2/33\) wHIcH Is
UNDEFINED AT \(x=0\). Since \(O\) 1s INn THE DoMAIN, \(x=0\) IS A CRITICAL NUMBER.

ENDPOINTS OF CLOSED INTERVALS

- \W/HEN ANALYZING FUNCTIONS ON A CLOSED INTERVAL \([A, B]\), ENDPOINTS ARE CONSIDERED POTENTIAL CRITICAL POINTS IF
THE DERIVATIVE IS ZERO OR UNDEFINED THERE.

MULTIVARIABLE FUNCTIONS

- FOR FUNCTIONS OF SEVERAL VARIABLES, CRITICAL POINTS ARE WHERE THE GRADIENT VECTOR IS ZERO OR UNDEFINED.



SUMMARY

CRITICAL NUMBERS ARE ESSENTIAL IN CALCULUS FOR IDENTIFYING POTENTIAL POINTS OF INTEREST ON A FUNCTION'S GRAPH.
FINDING THEM INVOLVES CALCULATING THE DERIVATIVE, SOLVING FOR POINTS WHERE IT EQUALS ZERO, OR WHERE IT DOESN'T
EXIST, AND VERIFYING THEIR INCLUSION WITHIN THE DOMAIN.

APPLICATIONS oF CRITICAL NUMBERS IN REAL-LIFE AND MATHEMATICAL
CONTEXTS

BeEYOND PURE CALCULUS, CRITICAL NUMBERS HAVE NUMEROUS APPLICATIONS!

- OPTIMIZATION PROBLEMS: MAXIMIZING PROFIT, MINIMIZING COST, OR OPTIMIZING RESOURCE ALLOCATION.
- PHYSICS: FINDING EQUILIBRIUM POINTS, SUCH AS IN MECHANICS OR THERMODYNAMICS.

- EconoMICS: ANALYZING SUPPLY-DEMAND CURVES, COST FUNCTIONS, OR UTILITY FUNCTIONS.

- ENGINEERING: DESIGNING SYSTEMS FOR MAXIMUM EFFICIENCY OR SAFETY.

ConcLusioN AND FINAL NOTES

(UNDERST ANDING HOW TO FIND AND INTERPRET CRITICAL NUMBERS IS A VITAL SKILL IN CALCULUS. THEY SERVE AS THE
FOUNDATION FOR ANALYZING THE BEHAVIOR OF FUNCTIONS, ENABLING MATHEMATICIANS AND PROFESSIONALS TO MAKE INFORMED
PREDICTIONS AND DECISIONS BASED ON THE FUNCTION'S SHAPE AND CHARACTERISTICS.

IN SUMMARY:

- CRITICAL NUMBERS ARE POINTS WHERE \(F'(x) = 0\) or \(F'(x)\) IS UNDEFINED, WITHIN THE DOMAIN.

- THEY ARE CANDIDATES FOR LOCAL EXTREMA OR POINTS OF INFLECTION.

- FINDING THEM INVOLVES DIFFERENTIATION, SOLVING EQUATIONS, AND ANALYZING THE DERIVATIVE'S SIGN.

- THEIR PROPER INTERPRETATION RELIES ON FURTHER ANALYSIS, SUCH AS THE FIRST DERIVATIVE TEST OR SECOND DERIVATIVE
TESTS.

FINAL ANSWER: ENTER YoUR ANSWERS As A CoMMA-SEPARATED LIST. IF AN ANSWER IS

(NOTEZ SINCE THE USER QUERY SUGGESTS AN EXAMPLE OR A SPECIFIC FUNCTION WAS NOT PROVIDED, THE FINAL ANSWER FOR
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