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Fino THE EQUATION OF THe LINe THROUGH P=(9,8) SucH THAT THE
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UNDERSTANDING HOW TO DERIVE THE EQUATION OF A LINE PASSING THROUGH A SPECIFIC POINT AND FORMING A BOUNDED
TRIANGLE WITH THE COORDINATE AXES IS A FUNDAMENTAL CONCEPT IN COORDINATE GEOMETRY. THIS PROBLEM INVOLVES
SEVERAL STEPS, INCLUDING ANALYZING THE GEOMETRIC CONSTRAINTS, FORMULATING THE LINE'S EQUATION, AND UNDERSTANDING
HOW THE INTERCEPTS ON AXES DETERMINE THE SHAPE AND SIZE OF THE TRIANGLE. IN THIS ARTICLE, WE WILL EXPLORE THESE
STEPS IN DETAIL, PROVIDING A COMPREHENSIVE GUIDE TO SOLVING SUCH PROBLEMS.

UNDERSTANDING THE GEOMETRIC SETUP

THe PoinT P=(9,8)

THE POINT P:(Q,S) LIES IN THE FIRST QUADRANT OF THE CARTESIAN COORDINATE SYSTEM. ANY LINE PASSING THROUGH THIS
POINT WILL SATISFY THE LINE'S EQUATION AT X:()/ v=8.

THE TRIANGLE BounDeD BY THE LINE AND THE AXES

THE TRIANGLE IN QUESTION IS FORMED BY:
- THE LINE ITSELF

- THe x-axis (wHere Y=0)

- THe v-axis (wHere x=0)

THIS TRIANGLE IS BOUNDED IN THE FIRST QUADRANT, WITH ITS VERTICES ON THE AXES AND THE LINE CONNECTING THESE POINTS.

FORMULATING THE LINE EQUATION

THE SLOPE-INTERCEPT FORM

A GENERAL LINE EQUATION IN SLOPE-INTERCEPT FORM IS:
\[

Y=MX+cC

\]

WHERE:

-\(M\) Is THE sLorE

-\(c\) 1S THE Y-INTERCEPT

SINCE THE LINE PASSES THROUGH P=(9,8), IT MUST SATISFY:

\[

8 =mM\TiMeS 9 + ¢
\]

wHIcH Links \(M\) anp \(c\).



THE INTERCEPTS OF THE LINE

THE LINE INTERSECTS THE AXES AT POINTS:
- ON THE x-AxIs (wHere \(Y=0\)), THe x-INTERCEPT \(A\) SATISFIES:

\[

0 =M a + c \Quap \RigHTARROW \QUAD A = -\rrac{c}{M}

\]

- ON THE Y-AXIs (wHere \(x=0\)), THE Y-INTERCEPT IS SIMPLY \(C\).

THE VERTICES OF THE TRIANGLE ARE THUS:
-\(A=(a, O\
-\(B=(0, V)

-\(P =(9,8)\), WHICH LIES ON THE LINE.

IMPORTANT: FOR THE TRIANGLE TO BE BOUNDED BY THE AXES AND THE LINE, THE LINE MUST INTERSECT BOTH AXES IN THE FIRST
QUADRANT, MEANING!:

-\(a>0\)

-\(c>0V)

THIS consTRAINS THE VALUES ofF \(M\) anp \(c\).

DETERMINING THE EQUATION OF THE LINE

ExPRESSING INTERCEPTS IN TERMS ofF \(M\) anp \(c\)

Given THE POINT \(P=(9,8)\), AND THE LINE PASSING THROUGH IT:

\[

8=9M+cC

\]

WHICH REARRANGED GIVES:
\[

c=8-9M

\]

THE X-INTERCEPT:

\[

A = -\rrac{c}{M} = -\rrAc{8 - OM}{M]} = -\rrAcC{8}{M} + 9
\]

T O ENSURE THE INTERCEPTS ARE POSITIVE:
-\(a>0\), so:

\[

-\rrAC{8}M}+9>0

\]

-\(c>0\), so:

\[

8-9m>0

\]

\WHICH IMPLIES:

\[

oM < 8 \Quap \RicHTARROW \QUAD M < \FrAC{8}{9}

\]

SIMILARLY, FRoM \(a > 0\):

\[
-\rrRAC{8}M}+9>0
\]



WHICH CAN BE REARRANGED TO ANALYZE THE SIGN oF \(M\).

NOTE: SINCE THE LINE MUST INTERSECT BOTH AXES IN THE POSITIVE REGION, THE SLOPE \(M\) MUST SATISFY CERTAIN
INEQUALITIES.

ConsTrAINTS oN \(M\) anp \(c\)

LET'S ANALYZE THESE INEQUALITIES:

1.\(c =8 - 9> 0 \RigHTArRROW M < \FRAC{8}{9}\)
2.\(a = -\rrAc{83}{m} + 9 > 0\)

DEPENDING ON THE SIGN oF \(M\):

- IF \(M > 0\), THen:

\[

A =-\rrRAC{8}{M} + 9

\]

Since \(\rrAc{8}{m} > O\), \(a > O\) iMpLIES:

\[
-\rrAC{8}{M} + 9 > 0 \RicHTARROW @ > \FrRAC{83}{M} \RiGHTARROW M > \FrRAC{8}{9}

\]
WHICH CONTRADICTS \(M < 8/9\), so \(M\) cannoOT BE GReEATER THAN \(8/9\). BUT since \(M < 8/9\), THE INEQUALITIES
ARE INCOMPATIBLE FOR \(M > 0\).

-lIF\(M < 0\), THen:

\[

A =-\rrRAc{8}{M} + 9

\]

Since \(M<0\), \(\Frac{8}{M}<0\), so:
\[

A =-(\TexT{NEGATIVE}) + 9> O

\]

wHICH IS ALwAYS TRUE IF \(\rrac{83}{M}<0\), 1.e., \(M<O\).

ALso, For \(c > 0\):
\[
8 - 9m > 0 \RiGHTARROW M < \FRAC{83{%}

\]

COMBINING THE CONSTRAINTS:
- \(m<0\)
- \(M<\rrRAC{8}{?3\)

THEREFORE, THE SLOPE \(M\) MUST BE NEGATIVE AND LESS THAN \(8/9\). FOr THE INTERCEPTS TO BE POSITIVE, \(A\) MUST
ALSO BE POSITIVE, WHICH IS GUARANTEED IF \(M<Q\).

DERIVING THE EQUATION OF THE LINE

FINAL FORM OF THE EQUATION

USING THE RELATION:

\[
c=8-9m



\]

THE LINE'S EQUATION BECOMES:
\[

y=mMx+(8-9m)

\]

OR EQUIVALENTLY,

\[
Y=MX+t+C

\]

THE INTERCEPTS ARE:

- X-INTERCEPT:

\[

A = -\rrAac{cH{M} = -\rrAc{8 - OM}{M}
\]

= Y-INTERCEPT:

\[
c=8-9m
\]

GIVEN THE CONSTRAINTS:
- \(M<0)),
- \(a>0\),
-\(c>0V),

THE ENTIRE FAMILY OF LINES SATISFYING THESE CONDITIONS IS:

\[

\BOXED{

\TexT{EQUATION: } Y =M x + (8 - 9M), \QuAD \TExT{wHerE } M<O
}

\]

SpPeciAL CASES AND ADDITIONAL CONSTRAINTS

- WHen \(M \To -\INFTY\), THE LINE APPROACHES A VERTICAL LINE AT \(x=0\), WHICH ISN'T SUITABLE FOR FORMING A
BOUNDED TRIANGLE WITH POSITIVE INTERCEPTS.

- WHen \(M \To 0”-\), THE LINE APPROACHES THE HORIZONTAL LINE \(Y=8\), WHICH INTERSECTS THE Y-AXIS AT \(8\), AND
THE X-INTERCEPT BECOMES:

\l

A =-\FRAC{8 - 9 \TiMes 03}{0} \riGHTARROW \TEXT{UNDEFINED}

\]

INDICATING THE INTERCEPT TENDS TO INFINITY.

THUS, THE VALID RANGE OF \(M\) Is:

\[

-\INFTY <M< 0
\]

WITH THE CORRESPONDING INTERCEPTS ENSURING THE TRIANGLE IS BOUNDED IN THE FIRST QUADRANT.

CALCULATING THE AREA OF THE TRIANGLE



VERTICES OF THE TRIANGLE

THE TRIANGLE'S VERTICES ARE:

-\(A =(a, 0) = \LerT(-\FRAC{8 - OM}{M}, O\rIGHT)\)
-\(B=1(0,c)=(0, 8 - 9m)\)

-\(P=(9,8)\)

Given THAT \(a > 0\), \(c > 0\), THE VERTICES ARE IN THE FIRST QUADRANT.

AREA FORMULA

THE AREA OF THE TRIANGLE BOUNDED BY AXES AND THE LINE IS:

\l

\TexT{Area} = \rrac{13}{2} \TiMeS A \TIMES C

\]

SUBSTITUTING:

\[

A = -\rrac{8 - IM}{M}
\]

AND
\[
c=8-9m
\]

WE GET:

\[
\TexT{Area} = \rrAc{ 13}{2} \TiMes \LerT(-\FrAC{8 - OM}{M}\rIGHT) \TIMES (8 - M)

\]

SIMPLIFY NUMERATOR:

\[
\TexT{Area} = \rrAc{ 1}{2} \Tives \rrac{-(8 - OM)(8 - IM)}{M} = -\rrac{13}{2} \TiMes \rrAc{(8 - OM)"2}{M}
\]

SINCE \(M<O\)/ THE DENOMINATOR IS NEGATIVE, AND THE NUMERATOR IS POSITIVE, THE ENTIRE AREA IS POSITIVE.

SUMMARY:

\[
\soxen{
\TexT{Area}(M) = -\rrAc{

FREQUENTLY AskeD QUESTIONS

How Do | FIND THE EQUATION OF A LINE PASSING THROUGH POINT P(9,8) THAT FORMS
A TRIANGLE WITH THE AXES?

TO FIND SUCH A LINE, ASSUME THE LINE INTERSECTS THE X-AXIS AT (A, 0) AND Y-axIs AT (O, ). UsING THE PoINT P(9,8),
SET UP THE EQUATION Y =M X + C AND SOLVE FOR M AND C BASED ON THE INTERCEPTS, THEN VERIFY THE TRIANGLE FORMED
WITH THE AXES.

\WHAT IS THE SIGNIFICANCE OF THE TRIANGLE BOUNDED BY THE LINE THROUGH P(9,8)
AND THE AXES?

THE TRIANGLE REPRESENTS THE AREA ENCLOSED BETWEEN THE LINE AND THE COORDINATE AXES, WHICH CAN BE CALCULATED



USING THE INTERCEPTS. FINDING THE LINE HELPS IN UNDERSTANDING HOW THE POINT P RELATES TO THE INTERCEPTS AND THE AREA
OF THIS TRIANGLE.

How CAN | DETERMINE THE INTERCEPTS OF THE LINE PASSING THROUGH P(9,8) To FOrRM
THE TRIANGLE WITH AXES?

ASSUMING THE LINE INTERSECTS THE X-AXIS AT (A, 0) AND Y-AXIS AT (O/ B), YOU CAN FIND THESE INTERCEPTS BY USING THE
POINT P AND THE SLOPE, THEN APPLY THE LINE EQUATION Y =M X + C TO SOLVE FOR INTERCEPTS.

IF | WANT THE TRIANGLE FORMED BY THE LINE THROUGH P(9,8) AND THE AXES TO HAVE
A SPECIFIC AREA, HOW DO | FIND THE EQUATION?

SET THE AREA FORMULA (AREA =) |Al [B]) EQUAL TO THE DESIRED AREA. EXPRESS A AND B IN TERMS OF THE LINE'S SLOPE AND
INTERCEPTS, THEN SOLVE FOR THE LINE'S EQUATION PARAMETERS ACCORDINGLY.

CAN THE LINE PASSING THROUGH P(9,8) BE VERTICAL OR HORIZONTAL WHEN FORMING
THE TRIANGLE WITH AXES?

A VERTICAL OR HORIZONTAL LINE THROUGH P(QIS) CAN FORM A TRIANGLE WITH THE AXES, BUT THE LINE'S EQUATION WILL BE
X=9 OR Y=8 RESPECTIVELY. THESE CASES ARE SPECIAL AND CAN SIMPLIFY THE PROCESS OF FINDING INTERCEPTS OR ANALYZING
THE TRIANGLE.

ADDITIONAL RESOURCES

FIND THe EQUATION OF THE LINE THROUGH P = (9,8) SucH THAT THE TRIANGLE BOUNDED By THIs LINE AND THE AXES

(UNDERSTANDING HOW TO DETERMINE THE EQUATION OF A LINE THAT PASSES THROUGH A SPECIFIC POINT AND FORMS A BOUNDED
TRIANGLE WITH THE COORDINATE AXES IS A FUNDAMENTAL CONCEPT IN ANALYTIC GEOMETRY. THIS PROBLEM COMBINES THE
PRINCIPLES OF LINE EQUATIONS, INTERCEPTS, AND GEOMETRIC AREA CALCULATIONS, PROVIDING A RICH CONTEXT FOR APPLYING
ALGEBRAIC AND GEOMETRIC TECHNIQUES. IN THIS COMPREHENSIVE REVIEW, WE WILL EXPLORE THE PROBLEM STEP-BY-STEP, DELVE
INTO THE UNDERLYING CONCEPTS, AND PRESENT METHODS TO DERIVE THE REQUIRED LINE EQUATIONS.

UNDERSTANDING THE GEOMETRIC CONTEXT

BEFORE DIVING INTO THE ALGEBRAIC FORMULATIONS, IT’S CRUCIAL TO UNDERSTAND THE GEOMETRIC SETUP:

- THe PoinT P = (9,8):
THE LINE WE SEEK MUST PASS THROUGH THIS SPECIFIC POINT. THIS POINT LIES IN THE FIRST QUADRANT, INDICATING POSITIVE X
AND Y COORDINATES, WHICH INFLUENCES THE NATURE OF THE LINE’S INTERCEPTS.

- THE TRIANGLE BoUNDED BY THE LINE AND THE AXES:
THE LINE INTERSECTS THE X-AXIS AND Y-AXIS AT POINTS (A, 0) AND (O, B) RESPECTIVELY, FORMING A TRIANGLE WITH
VERTICES AT THESE INTERCEPTS AND THE ORIGIN (O,0).

- THe TRIANGLE'S AREA AND CONSTRAINTS:

THE AREA OF THIS TRIANGLE CAN BE CALCULATED AS \(\Frac{13{23 |a \TiMes &|\). DEPENDING ON ADDITIONAL CONSTRAINTS
(IF ANY WERE SPECIFIED), SUCH AS MAXIMIZING OR MINIMIZING THE AREA, OR SPECIFIC INTERCEPT LENGTHS, THE PROBLEM CAN
TAKE DIFFERENT DIRECTIONS.



GENERAL EQUATION OF A LINE INTERCEPT FORM

To FIND THE LINE'S EQUATION, IT’S MOST CONVENIENT TO EXPRESS IT IN THE INTERCEPT FORM:

\[
\rrAac{x}{a} + \rrac{y3}{B} = 1
\]

\WHERE:

- \(A\) IS THE X-INTERCEPT (THE POINT WHERE THE LINE CROSSES THE X~-AXIS),
- \(8\) IS THE Y-INTERCEPT (THE POINT WHERE THE LINE CROSSES THE Y-AXIS).

THIS FORM IS PARTICULARLY USEFUL BECAUSE:

- |T DIRECTLY RELATES THE LINE TO ITS INTERCEPTS.
- THE AREA OF THE TRIANGLE FORMED WITH AXES IS EASY TO coMPUTE AS \(\FRac{ 13}{2} |a \Times 8|\).
- THE LINE PASSES THROUGH ANY POINT \((X, ¥)\) SATISFYING THE EQUATION.

NoTe: THe iINTErcePTS \(a\) anD \(B\) CAN BE POSITIVE OR NEGATIVE DEPENDING ON THE LINE'S POSITION RELATIVE TO THE
AXES, BUT FOR THE TRIANGLE IN THE FIRST QUADRANT, POSITIVE INTERCEPTS ARE TYPICAL.

DerIVING THE EQUATION UsING THE PoInT (9,8)

GIVEN THE LINE PASSES THROUGH \(P = (9,8)\), suesTiTuTe \(x=9\) AnD \(¥=8\) INTO THE INTERCEPT FORM:

\[
\rRAC{93}{A} + \rrac{8}{} =1
\]

THIS EQUATION RELATES THE INTERCEPTS \(A\) AND \(8\). IT sHows THAT For ANY PAIR \((A, B)\) SATISFYING THIS
RELATION, THE CORRESPONDING LINE PASSES THROUGH \(P\).

REARRANGED:

\[
\rRAC{93}{ A} + \rrac{8}{B} =1
\]

OR EQUIVALENTLY,

\[
\rrAC{83{B} = 1 - \rrAc{9}X A}
\]

WHICH LEADS TO:

\[
B = \rrac{8a}{A - 9}
\]

IMPORTANT CONSIDERATIONS:

- THe DENOMINATOR \(A - 9\) cANNOT BE zErO, SO \(A \NEQ 9\).



- THe sions ofF \(a\) anp \(B\) DEPEND ON THE POSITION OF THE LINE. FOR THE TRIANGLE FORMED WITH AXES IN THE FIRST
QUADRANT, \(a > 0\) anp \(8 > 0)).

CONDITIONS FOR THE TRIANGLE FORMED BY THE LINE AND THE AXES

T O ENSURE THE LINE FORMS A TRIANGLE WITH THE AXES:

- INTERCEPTS MUST 8E POSITIVE: \(A > 0\) anp \(& > 0)).

- LINE MUST CROSS BOTH AXES IN THE POSITIVE QUADRANT:

For THE INTERCEPT FORM \(\FRAC{x}{A} + \FrRAC{Y}{B} =1\), POSITIVE INTERCEPTS IMPLY THE LINE CROSSES THE AXES AT
POSITIVE POINTS.

IMpLicaTION ON \(A\) anD \(B\):

B = \rrac{8a}{A - 9}
\]

- For \(8 > O\):

\[
\rrAac{8AX{A-9}>0
\]

- SINce NUMERATOR \(8A\) Is PosITIVE IF \(A > 0\), THE DENOMINATOR \(A - 9\) MUST ALSO BE POSITIVE FOR THE ENTIRE
FRACTION TO BE POSITIVE:

\l

A -9 >0 \RIGHTARROW A > 9

\]

SiMILARLY, IF \(a < 0\), THen NUMERATOR \(8A < 0)), AND FOR THE FRACTION TO BE POSITIVE, DENOMINATOR MUST ALSO BE
NEGATIVE:

\[

A -9 <0 \RIGHTARROW A < @

\]
gUT THEN \(A < 0\) AnD \(a - 9 < 0\), SO THE RATIO IS POSITIVE.
HOWEVER, FOR THE TRIANGLE TO BE IN THE FIRST QUADRANT:

- BoTH INTERCEPTS \(A, B\) SHOULD BE POSITIVE, SO THE RELEVANT DOMAIN FOR \(A\) IS:

\l

A > 9 \quap \RicHTARROW \QUAD B8 > 0

\]

THUSI THE KEY FEASIBLE REGION [S:

\[
A>9 \quabe = \rrRac{8A}A-9}>0
\]



CALCULATING THE AREA OF THE TRIANGLE

THe ARea \(A\) OF THE TRIANGLE BOUNDED BY THE AXES AND THE LINE IS:

\[
A =\rrac{1}{2} |a \TiMES B
\]

SussTITuTiNG \(B\):

\[
A(a) = \rrAc{13{2} A \Times \rrac{8Aa}{A - 93 = \rrac{13}{2} \TiMes \Frac{8A" 2} A - 9} = \rrac{4A"2}{ A - 93
\]

THIS FUNCTION DESCRIBES HOW THE AREA VARIES WITH \(A\). TO FIND THE SPECIFIC LINE THAT MEETS CERTAIN CRITERIA (SUCH
AS MAXIMUM AREA), WE ANALYZE THIS FUNCTION.

OPTIMIZATION: FINDING THE MAXIMUM AREA

SUPPOSE THE PROBLEM ASKS FOR THE LINE PASSING THROUGH (9,8) THAT MAXIMIZES THE TRIANGLE'S AREA. TO FIND SUCH A
LINE:

- Step 1: Consiper \(A(A) = \rrac{4A"2}{ A - 93\), witr \(a > 9\).
- STEP 2: FIND THE CRITICAL POINT BY DIFFERENTIATING \(A(A)\) wiTH respecT To \(a\):

\[
A(a) = \rrac{4a"2}{A - 93
\]

USING THE QUOTIENT RULE:

\[
A'(A) = \rrac{(8a)(A - 9) - 4a"2 \1iMes TH(A - 9)72} = \rrac{8A(A - 9) - 4a"2}{(a - 9)"23
\]

SIMPLIFY NUMERATOR:

\[
8a(A-9)-4A"2=8a"2-72a-4A"2 =(8A"2 -4A"2)-72A=4A"2-72A
\]

SET NUMERATOR EQUAL TO ZERO FOR CRITICAL POINTS:

\[
4A%2-72A=0
\]

\[
4a(A-18)=0
\]

Since \(a > 9)), biscarp \(A=0\). THE CRITICAL POINT IS AT:

\l



A=18
\]

- STeP 3: VERIFY THAT THIS CORRESPONDS TO A MAXIMUM BY EXAMINING THE SECOND DERIVATIVE OR THE BEHAVIOR OF

\(CA(AV).
AT \(A=18)):
\[

B = \FrRAC{8 \TiMes 183}{18 - 93 = \rrac{1443}{9} =16
\]

THE AREA AT THIS POINT:

\[
A(18) =\rrac{4 \TiMes 18723{18 - 93 = \rrac{4 \TiMes 3243{9} = \rrac{1296}{9} = 144
\]

THUS, THE MAXIMUM AREA OF THE TRIANGLE IS ]44, CORRESPONDING TO THE INTERCEPTS:

\[

A=18, \quabe= 16

\]

AND THE LINE:

\[

\rrAC{x}{ 18} + \rrAc{¥}{16} =1

\]

WHICH PASSES THROUGH \((9,8)\), AS VERIFIED:
\[

\rRAC{93H{ 18} + \rrAC{8}{ 16} = \rrAc{ 13}{2} + \rrAc{13}{2} = 1
\]

THIS CONFIRMS THE CONSISTENCY AND CORRECTNESS OF THE SOLUTION.

EQUATION oF THE LINE WITH MAXIMUM AREA

CONSOLIDATING THE ABOVE:

\l

\BOXED{

\rrAC{x}{183} + \rrac{¥3}{16} =1
3

\]

OR EQUIVALENTLY,

\[
\rRAC{Y}{163 = 1 - \rrac{x}{
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