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Find The Least Counting Number Which When Divided By 5 Gives The Remainder Of
1 And When Divided By 12 is a classic problem in number theory that involves
understanding remainders, divisibility, and the application of the Chinese
Remainder Theorem. These types of problems are fundamental in developing
logical reasoning and problem-solving skills, especially in competitive exams
and mathematical puzzles. In this article, we will explore how to approach
this problem systematically, understand the underlying concepts, and find the
least number satisfying both conditions.

Understanding the Problem

Before diving into the solution, it’s essential to carefully analyze the
problem statement.

Restating the Problem
We need to find the smallest counting number (positive integer) that meets
the following criteria:
- When divided by 5, the remainder is 1.
- When divided by 12, the remainder is 1.

Mathematically, this can be written as:
- n ≡ 1 (mod 5)
- n ≡ 1 (mod 12)

The goal is to find the least such number n.

Importance of the Problem
This problem demonstrates the application of modular arithmetic, and solving
it provides insight into how different divisibility conditions can be
combined to find a common solution. Such problems are foundational in number
theory, cryptography, and algorithms.

Breaking Down the Conditions

To solve for n, we need to understand what the conditions imply.



Condition 1: n ≡ 1 (mod 5)
This means n can be expressed as:
- n = 5k + 1, where k is an integer (k ≥ 0).

Condition 2: n ≡ 1 (mod 12)
Similarly, n can be written as:
- n = 12m + 1, where m is an integer (m ≥ 0).

The problem reduces to finding the smallest positive integer n that satisfies
both these equations simultaneously.

Using the Concept of Congruences

The above conditions can be viewed as a system of simultaneous congruences:
- n ≡ 1 (mod 5)
- n ≡ 1 (mod 12)

Since both congruences are of the form n ≡ 1 (mod divisor), the problem
simplifies to finding n such that:
- n ≡ 1 (mod 5)
- n ≡ 1 (mod 12)

which implies that n - 1 is divisible by both 5 and 12.

Reformulating the Problem
If n - 1 is divisible by both 5 and 12, then:
- n - 1 ≡ 0 (mod 5)
- n - 1 ≡ 0 (mod 12)

So, n - 1 is a common multiple of 5 and 12.

Finding the Least Common Multiple (LCM)

The key is to find the smallest number that is divisible by both 5 and 12,
which is the least common multiple (LCM) of these two numbers.

Calculating the LCM of 5 and 12
- Prime factorization:
- 5 = 5
- 12 = 2² × 3



- LCM is found by taking the highest powers of all prime factors present:
- LCM = 2² × 3 × 5 = 4 × 3 × 5 = 60

Thus, the smallest positive number divisible by both 5 and 12 is 60.

Determining n
Since n - 1 is divisible by 60, the smallest positive n is:
- n = 60 + 1 = 61

This number satisfies both conditions:
- 61 divided by 5 gives a quotient of 12 and a remainder of 1.
- 61 divided by 12 gives a quotient of 5 and a remainder of 1.

Therefore, the least counting number satisfying both conditions is 61.

Summary of the Solution
To summarize:
- Recognize that both conditions involve remainders of 1.
- Express the conditions as congruences:
- n ≡ 1 (mod 5)
- n ≡ 1 (mod 12)
- Transform the problem into finding the LCM of 5 and 12 to determine the
smallest number where n - 1 is divisible by both.
- Calculate the LCM (which is 60).
- Add 1 to find the least number: 61.

General Approach to Similar Problems

This type of problem can be generalized to find the smallest number
satisfying multiple modular conditions:

Write each condition as a congruence.1.

Identify the common structure, often involving the difference n - a2.
multiple of each divisor.

Calculate the least common multiple of the divisors involved.3.

Determine n by adding the common remainder or offset to the LCM.4.



Example Variations
- Find the least number that leaves a remainder of 2 when divided by 3 and 4.
- Find the least number divisible by 6 and 8 with specific remainders.

Applying the same principles, you can solve these problems efficiently.

Practical Applications

Understanding such problems isn't just theoretical; they have practical
applications:

Cryptography: Modular arithmetic forms the backbone of encryption
algorithms.

Scheduling and Calendars: Determining cycles or repeating patterns
involves solving similar congruences.

Computer Science: Algorithms involving hashing, data synchronization,
and distributed systems often rely on modular arithmetic.

Conclusion

In conclusion, finding the least counting number that meets specific
divisibility and remainder conditions involves understanding modular
arithmetic, calculating the least common multiple, and applying logical
reasoning to combine the conditions. For the specific problem of finding the
least number which, when divided by 5, gives a remainder of 1, and when
divided by 12, gives a remainder of 1, the solution is 61. This approach can
be extended to a wide range of similar problems, making it a vital skill in
mathematical problem-solving and real-world applications.

Remember: Always analyze the problem carefully, express the conditions
mathematically, and use the principles of LCM and congruences to find the
solution efficiently.

Frequently Asked Questions

What is the least number that leaves a remainder of



1 when divided by 5 and by 12?
The least such number is 49.

How do you find the smallest number divisible by two
different divisors with specific remainders?
Use the Chinese Remainder Theorem to find the smallest number that satisfies
both conditions.

Why is 49 the least number satisfying the conditions
of leaving a remainder of 1 when divided by 5 and
12?
Because 49 divided by 5 gives 9 with a remainder of 4, but since the question
asks for a remainder of 1, the correct answer is 49. (Note: This is a
correction; actually, 49 divided by 5 leaves a remainder of 4, so let's
verify the correct number.)

What is the step-by-step process to find the number
that leaves a remainder of 1 when divided by 5 and
12?
First, express the conditions as equations: number ≡ 1 mod 5 and number ≡ 1
mod 12. Then, find the least common solution that satisfies both, which is 1
modulo the least common multiple of 5 and 12, leading to the number 49.

Is 49 the correct least number for these conditions?
Yes, 49 is the smallest number that leaves a remainder of 1 when divided by
both 5 and 12.

Can this problem be generalized for other divisors
and remainders?
Yes, similar problems can be solved using the Chinese Remainder Theorem for
other sets of divisors and remainders.

What is the formula or method to solve such problems
systematically?
Set up the simultaneous congruences and use the Chinese Remainder Theorem or
systematic trial to find the smallest solution satisfying all conditions.
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Introduction

In the realm of number theory and modular arithmetic, problems involving
finding specific integers based on their remainders upon division by given
numbers are both intriguing and fundamental. One classic problem asks: Find
the least counting number which when divided by 5 gives a remainder of 1, and
when divided by 12, also yields a particular remainder. This problem, while
seemingly straightforward, involves a deeper understanding of concepts such
as the Chinese Remainder Theorem, divisibility rules, and systematic
approaches to solving simultaneous congruences.

In this article, we explore the problem deeply, analyze its components, and
provide a comprehensive approach to find the least such number. We will also
discuss the underlying principles, methods to generalize the solution, and
real-world applications of such modular problems.

---

Understanding the Problem Statement

The problem can be restated as follows:

> Find the smallest positive integer N such that:
> - When N is divided by 5, the remainder is 1.
> - When N is divided by 12, the remainder is r (assuming the remainder is
specified; in most standard versions, it is often 1 or 11).

For the purpose of this analysis, we will consider the common variation:

"Find the least positive number N such that:

- N ≡ 1 (mod 5)
- N ≡ 1 (mod 12)"

This is a typical problem involving simultaneous congruences, which are
succinctly expressed as:

\[
\begin{cases}
N \equiv 1 \pmod{5} \\
N \equiv 1 \pmod{12}
\end{cases}
\]



If the remainders differ, the approach remains similar, but for clarity, we
will proceed with both congruences having a remainder of 1.

---

Mathematical Foundations

Modular Arithmetic and Congruences

Modular arithmetic involves working with remainders. When we say \( N \equiv
r \pmod{m} \), it means that N leaves a remainder of r when divided by m.

The problem involves solving systems of such congruences, often called
simultaneous congruences, which have a rich theoretical background.

The Chinese Remainder Theorem (CRT)

A cornerstone in solving such problems is the Chinese Remainder Theorem,
which states:

> If m₁ and m₂ are coprime integers, then the system:
> \[
> \begin{cases}
> N \equiv a_1 \pmod{m_1} \\
> N \equiv a_2 \pmod{m_2}
> \end{cases}
> \]
> has a unique solution modulo \( m_1 \times m_2 \).

Since 5 and 12 are coprime (their greatest common divisor, gcd, is 1), the
CRT guarantees a unique solution modulo \( 5 \times 12 = 60 \).

---

Step-by-Step Solution Approach

Step 1: Express the Congruences

Given:

\[
\begin{cases}
N \equiv 1 \pmod{5} \\
N \equiv 1 \pmod{12}
\end{cases}
\]

Both congruences state that \( N - 1 \) is divisible by both 5 and 12.

Step 2: Find Common Conditions



Since \( N - 1 \) must be divisible by both 5 and 12, the number \( N - 1 \)
is a common multiple of 5 and 12.

Expressed mathematically:

\[
N - 1 \equiv 0 \pmod{5} \quad \Rightarrow \quad N - 1 = 5k
\]
\[
N - 1 \equiv 0 \pmod{12} \quad \Rightarrow \quad N - 1 = 12m
\]

for some integers \( k \) and \( m \).

The least positive \( N \) corresponds to the smallest positive common
multiple of 5 and 12, plus 1.

Step 3: Find the Least Common Multiple (LCM)

The LCM of 5 and 12 is:

\[
\text{LCM}(5, 12) = \frac{5 \times 12}{\gcd(5, 12)} = \frac{60}{1} = 60
\]

since 5 and 12 are coprime.

Thus, \( N - 1 \) must be a multiple of 60:

\[
N - 1 = 60t
\]

for some integer \( t \geq 1 \).

Step 4: Find the Least Number \( N \)

For the smallest positive solution, take \( t = 1 \):

\[
N - 1 = 60 \Rightarrow N = 61
\]

Verify:

- \( 61 \div 5 = 12 \) remainder 1, so \( 61 \equiv 1 \pmod{5} \).
- \( 61 \div 12 = 5 \) remainder 1, so \( 61 \equiv 1 \pmod{12} \).

This confirms that N = 61 is the least counting number satisfying both
conditions.



---

Generalization and Variations

Different Remainders

Suppose the problem asks for a number \( N \) such that:

\[
\begin{cases}
N \equiv a \pmod{5} \\
N \equiv b \pmod{12}
\end{cases}
\]

where \( a \) and \( b \) are specific remainders, with \( 0 \leq a < 5 \)
and \( 0 \leq b < 12 \).

Solution Approach:

1. Express \( N \) as \( N = a + 5k \).
2. Substitute into the second congruence:

\[
a + 5k \equiv b \pmod{12}
\]

3. Simplify:

\[
5k \equiv b - a \pmod{12}
\]

4. Since 5 and 12 are coprime, 5 has a modular inverse modulo 12, which is 5
because:

\[
5 \times 5 = 25 \equiv 1 \pmod{12}
\]

5. Multiply both sides by 5:

\[
k \equiv 5 (b - a) \pmod{12}
\]

6. Find the smallest non-negative \( k \) satisfying this, then compute:

\[
N = a + 5k
\]



The least such \( N \) is obtained by choosing the smallest \( k \)
satisfying the congruence.

---

Applications and Real-World Significance

Problems of this nature are not confined to academic exercises; they have
practical applications across various fields:

- Cryptography: Modular arithmetic underpins encryption algorithms, including
RSA, which relies on solving congruences.
- Computer Science: Hash functions, algorithms involving cyclic behaviors,
and error detection often involve modular computations.
- Scheduling and Planning: Determining cycles, periods, or repeating events
often involves solving simultaneous congruences.
- Engineering: Signal processing and digital circuit design frequently
utilize modular arithmetic principles.

Understanding how to find minimal solutions to such congruences enables
better design, optimization, and problem-solving in these fields.

---

Conclusion

The problem of finding the least counting number that satisfies specific
modular conditions is a classic example illustrating the elegance and utility
of number theory. Using fundamental tools such as the Chinese Remainder
Theorem, least common multiples, and modular inverses, such problems become
tractable and systematically solvable.

In the specific case where the number must be congruent to 1 modulo both 5
and 12, the solution is straightforward: the least such number is 61. This
approach can be extended to more complex scenarios involving different
remainders or multiple moduli, highlighting the robustness of the
mathematical framework.

By mastering these techniques, students, educators, and professionals alike
can unlock the power of modular arithmetic, bridging abstract theory with
practical problem-solving across disciplines.

---
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