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Understanding the properties of relations is fundamental in the study of discrete
mathematics and set theory. Relations define how elements within a set relate to each
other, and properties such as reflexivity and symmetry help categorize these relations to
better understand their structure and behavior. When analyzing relations on a finite set
like {1, 2, 3, 4}, it becomes a manageable task to determine whether each relation
possesses certain properties. This process not only enhances comprehension of the
relation's nature but also lays the groundwork for more advanced concepts like
equivalence relations and ordering.

In this article, we will explore the concepts of reflexivity and symmetry in the context of
relations on the set {1, 2, 3, 4}. We will analyze specific relations, identify their
properties, and understand the significance of these properties in mathematical reasoning.
By the end of this discussion, you will be equipped with the tools to evaluate any relation
on a finite set for these properties, fostering a deeper understanding of relations in
mathematics.

Understanding Relations, Reflexivity, and
Symmetry

What Is a Relation?

A relation R on a set S is a collection of ordered pairs where each pair consists of elements
from S. Formally, R is a subset of the Cartesian product S x S. For example, if S = {1, 2,
3, 4}, then a relation R might include pairs like (1, 2) or (3, 3).

Relations can describe various types of connections between elements, such as equality,

order, or other associations. They are fundamental in many areas of mathematics,
computer science, and logic.

Reflexivity

A relation R on a set S is reflexive if every element is related to itself. In formal terms:

-Forallain S, (a, a) € R.



This means that the diagonal elements (like (1, 1), (2, 2), etc.) must all be present in R for
the relation to be reflexive.

Symmetry

A relation R on a set S is symmetric if whenever an element a is related to b, then b is also
related to a. Formally:

-Foralla, bin S, if (a, b) € R, then (b, a) € R.

Symmetry indicates that the relation is bidirectional; the relation between two elements is
mutual.

Analyzing Specific Relations on the Set {1, 2, 3,
4}

Let's consider some example relations on the set {1, 2, 3, 4} and analyze whether each is
reflexive and/or symmetric.

Relation 1: R1 = {(1, 1), (2, 2), (3, 3), (4, 4)}

Is R1 Reflexive?

- To be reflexive, R1 must contain (1, 1), (2, 2), (3, 3), and (4, 4).

- R1 contains all these pairs.

- Conclusion: R1 is reflexive.

Is R1 Symmetric?

- Since all pairs are of the form (a, a), the relation is trivially symmetric.

- For any (a, a), (a, a) is also in R1.
- Conclusion: R1 is symmetric.

Relation 2: R2 = {(1, 2), (2, 1), (3, 4), (4, 3)}
Is R2 Reflexive?

- Does R2 contain (1, 1), (2, 2), (3, 3), (4, 4)?
- No, it does not contain any of these pairs.

- Conclusion: R2 is not reflexive.

Is R2 Symmetric?



- Check each pair:

-(1, 2)isin R2, and (2, 1) is also in R2.
- (3, 4) is in R2, and (4, 3) is also in R2.

- All pairs are mutual.
- Conclusion: R2 is symmetric.

Relation 3: R3 = {(1, 2), (2, 3), (3, 4)}

Is R3 Reflexive?

- Does R3 contain (1, 1), (2, 2), (3, 3), (4, 4)?
- No, none of these are present.

- Conclusion: R3 is not reflexive.

Is R3 Symmetric?

- Check each pair:

- (1, 2) isin R3, but (2, 1) is not.

- (2, 3) is in R3, but (3, 2) is not.

- (3, 4) is in R3, but (4, 3) is not.

- Since not all related pairs are mutual, R3 is not symmetric.

Relation 4: R4 = {(1, 1), (2, 2), (3, 3), (4, 4), (1, 2), (2, 1)}
Is R4 Reflexive?

- Contains (1, 1), (2, 2), (3, 3), and (4, 4).

- All elements are related to themselves.

- Conclusion: R4 is reflexive.

Is R4 Symmetric?

- Check pairs:

- (1, 2) and (2, 1) are both present.
- Pairs like (1, 1), (2, 2), etc., are symmetric by nature.

- All pairs are mutual where relevant.
- Conclusion: R4 is symmetric.

Summary of Relations



| Relation | Reflexive | Symmetric |
I I | I

| R1 | Yes | Yes |

| R2 | No | Yes |

| R3 | No | No |

| R4 | Yes | Yes |

Significance of Reflexivity and Symmetry in
Relations

Understanding whether a relation is reflexive or symmetric has important implications in
various mathematical structures and applications.

Reflexivity

- A relation that is reflexive on a set is often called a reflexive relation.

- Reflexivity is crucial in defining equivalence relations, which partition a set into
equivalence classes.

- For example, the "equality" relation (=) on any set is reflexive because every element
equals itself.

Symmetry

- Symmetric relations are also integral in defining equivalence relations.

- Symmetry ensures that if one element relates to another, the relation holds in the
reverse direction.

- For instance, "is a sibling of" is a symmetric relation, as if A is a sibling of B, then B is a
sibling of A.

Conclusion

Analyzing relations on finite sets such as {1, 2, 3, 4} provides valuable insights into their
structural properties. Determining whether a relation is reflexive involves checking if
every element relates to itself, while symmetry requires verifying if related pairs are
mutual. These properties are fundamental in classifying relations and understanding their
role in various mathematical concepts like equivalence relations, orderings, and functions.

By practicing the analysis of specific relations, students and mathematicians can develop a
keen intuition for the behavior of relations, enabling them to identify relevant properties
efficiently. Remember, the key steps involve systematically checking the presence of



diagonal pairs for reflexivity and mutual pairs for symmetry.

In summary, the relations R1 and R4 on the set {1, 2, 3, 4} are both reflexive and
symmetric, R2 is symmetric but not reflexive, and R3 is neither reflexive nor symmetric.
Recognizing these properties helps in understanding the nature of the relations and their
applications in broader mathematical contexts.

Frequently Asked Questions

Given the relation R = {(1,1), (2,2), (3,3), (4,4)},is R
reflexive and symmetric?

Yes, R is both reflexive and symmetric because it contains all pairs (a, a) for ain {1, 2, 3,
4} and for any (a, b) in R, (b, a) is also in R.

Consider the relation R = {(1,2), (2,1), (3,4)} on the set
{1, 2, 3, 4}. Is R reflexive and symmetric?

R is not reflexive because it does not contain (1,1), (2,2), (3,3), or (4,4). It is symmetric
because for every (a, b) in R, the pair (b, a) is also in R.

If the relation R = {(1,1), (2,2), (3,3), (4,4), (1,2)} is
given on the set {1, 2, 3, 4}, is R reflexive and
symmetric?

R is not symmetric because it contains (1,2) but does not contain (2,1). It is reflexive
because all elements relate to themselves.

On the set {1, 2, 3, 4}, the relation R = {(1,2), (2,1),
(3,4), (4,3)} is considered. Is R reflexive and symmetric?

R is not reflexive because it does not contain (1,1), (2,2), (3,3), or (4,4). It is symmetric
because for every (a, b), the pair (b, a) is also present.

Analyze the relation R = {} (empty set) on {1, 2, 3, 4}.
Is R reflexive and symmetric?

R is not reflexive because it does not contain all pairs (a, a). However, R is vacuously
symmetric because there are no pairs (a, b) that violate symmetry.

Additional Resources
Relations on the Set {1, 2, 3, 4}: A Comprehensive Analysis of Reflexivity and Symmetry



Understanding the properties of relations is fundamental in mathematics, especially in the
realms of set theory, algebra, and computer science. Among the various properties that
relations can exhibit, reflexivity and symmetry are two foundational concepts that help
classify and analyze the behavior of relations on a given set. In this article, we delve
deeply into these properties, examining a variety of relations defined on the set {1, 2, 3,
4}. Our goal is to provide a detailed, expert-level exploration of whether each relation is
reflexive, symmetric, or both, emphasizing the reasoning behind each assessment.

Foundational Concepts: Relations, Reflexivity, and
Symmetry

Before analyzing specific relations, it’s essential to clarify what we mean by relations,
reflexivity, and symmetry.

What Is a Relation?

A relation R on a set S is a subset of the Cartesian product S x S. Essentially, it is a
collection of ordered pairs where each pair consists of elements from S, and the relation
defines how elements relate to each other.

For example, if S = {1, 2, 3, 4}, then a relation R could be:
-R={(1, 2),(2,3),(3,4)} or
-R={(1, 1), (2, 2), (3, 3), (4, 4)} (which is the identity relation).

Reflexivity

A relation R on S is reflexive if every element in S relates to itself. Formally:
- Ris reflexive if for all a in S, the pair (a, a) is in R.

In our set {1, 2, 3, 4}, this means:
- The pairs (1, 1), (2, 2), (3, 3), (4, 4) must all be in R for R to be reflexive.

Symmetry
A relation R on S is symmetric if, whenever an element a relates to b, then b also relates to

a. Formally:
- R is symmetric if for all a, b in S, if (a, b) is in R, then (b, a) must also be in R.

For example:
-If (1, 2) isin R, then (2, 1) must also be in R for R to be symmetric.



Analyzing Specific Relations on {1, 2, 3, 4}

In this section, we explore various relations, assess their properties, and determine
whether they are reflexive, symmetric, both, or neither. For clarity, we present each
relation explicitly and then analyze it.

Relation 1: R:1 = {(1, 1), (2, 2), (3, 3), (4, 4)}

Description:
This relation contains all pairs where each element relates to itself; it's known as the
identity relation on S.

Reflexivity Analysis:
- Since it includes (a, a) for all a in S, R is reflexive.
- In fact, the identity relation on any set is always reflexive.

Symmetry Analysis:

- Because it contains only pairs of the form (a, a), for any (a, a) in Ri, the reverse (a, a) is
also in Ra.

- Therefore, Ri is symmetric.

Conclusion:
Ri is both reflexive and symmetric.

Relation 2: Rz = {(1, 2), (2, 1), (3, 4), (4, 3)}

Description:
This relation pairs elements with their "partners" across the set, forming reciprocal pairs.

Reflexivity Analysis:

- To be reflexive, Rz must contain (1, 1), (2, 2), (3, 3), and (4, 4).

- Since it only contains (1, 2), (2, 1), (3, 4), and (4, 3), it lacks all the self-relations.
- Rz is not reflexive.

Symmetry Analysis:

- For each pair, the reverse is also in Ra:

-(1, 2) and (2, 1)

-(3,4) and (4, 3)

- Since every pair is mirrored, Rz is symmetric.

Conclusion:
Rz is not reflexive, but is symmetric.



Relation 3: Rz = {(1, 2), (2, 3), (3, 4)}

Description:
This relation forms a chain from 1 to 4, but without reciprocal pairs.

Reflexivity Analysis:
- The pairs (a, a) for a in S are missing: (1, 1), (2, 2), (3, 3), (4, 4).
- Therefore, Rz is not reflexive.

Symmetry Analysis:

- Check if for each pair, the reverse exists:

- (1, 2), but (2, 1) is absent.

- (2, 3), but (3, 2) is absent.

- (3, 4), but (4, 3) is absent.

- Since none of the pairs are reciprocated, Rs is not symmetric.

Conclusion:
Rs is neither reflexive nor symmetric.

Relation 4: Rs = {(1, 1), (2, 2), 3, 3), (4, 4), (1, 2), (2,
1, G, 4, (4, 3)}

Description:
This relation combines the identity pairs with reciprocal pairs between certain elements.

Reflexivity Analysis:
- All self-relations (a, a) are present for a in S.
- Hence, Rus is reflexive.

Symmetry Analysis:

- For every pair, the reverse is also in Ra:
-(1, 2)and (2, 1)

-(3,4) and (4, 3)

- Self-pairs (a, a) are trivially symmetric.
- Therefore, R4 is symmetric.

Conclusion:
R4 exhibits both reflexivity and symmetry.



Relation 5: Rs = {(1, 3), (2, 4), 3, 1), (4, 2)}

Description:
This relation pairs elements across the set in a non-symmetric, cross pattern.

Reflexivity Analysis:
- Self-pairs are missing, so (1, 1), (2, 2), (3, 3), (4, 4) are not in Rs.
- Therefore, not reflexive.

Symmetry Analysis:

- Check reciprocal pairs:

- (1, 3) and (3, 1) are both in Rs.

-(2, 4) and (4, 2) are both in Rs.

- All pairs are reciprocated, so Rs is symmetric.

Conclusion:
Rs is not reflexive, but is symmetric.

Summary of Findings

| Relation | Reflexive | Symmetric | Explanation Summary |

| | | I |

| R1| Yes | Yes | Identity relation; contains all self-pairs and mirrored pairs. |
| R2 | No | Yes | Contains reciprocal pairs but lacks self-pairs. |

| Rs | No | No | Chain without reciprocal pairs or self-pairs. |

| Ra | Yes | Yes | Contains all self-pairs and reciprocal pairs. |
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