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Understanding hypothesis testing is fundamental in statistical analysis, especially when
determining whether to reject a null hypothesis. A critical concept in this process is the
critical region, which delineates the values of a test statistic that lead to rejection of the null
hypothesis. In Exercise 9-15, we focus on finding the boundary of this critical region given a
specified Type | error probability, denoted as alpha (a). This article provides an in-depth
exploration of how to identify the boundary of the critical region when a is known,
emphasizing theoretical foundations, step-by-step procedures, and practical applications.

Introduction to Hypothesis Testing and Critical
Regions

Hypothesis testing involves making decisions about a population parameter based on
sample data. The process starts with formulating two hypotheses:

- Null hypothesis (Ho): the default or status quo assumption.
- Alternative hypothesis (H1): what we seek evidence to support.

The test statistic calculated from sample data is compared against a predetermined
threshold or boundary to decide whether to reject Ho. This threshold is part of the critical
region.

Critical Region Defined:

The set of all values of the test statistic that lead to rejection of the null hypothesis. Its
boundary points are critical because they mark the transition from non-rejection to
rejection regions.

Type | Error (a):
The probability of incorrectly rejecting Ho when it is true. Controlling a is crucial because it
influences the size of the critical region.



The Role of a in Determining the Critical Region

The significance level a (commonly set at 0.05 or 5%) quantifies the maximum acceptable
probability of a Type | error. When designing a hypothesis test:

- The critical region is chosen such that the probability of the test statistic falling into this
region under Ho is exactly a.
- The boundary of this region is often called the critical value.

Key Point:
The critical value acts as the cutoff point where the probability of observing such an
extreme value, assuming Ho is true, equals a.

Types of Hypotheses and Corresponding Critical
Regions

Depending on the alternative hypothesis, tests can be:

1. Right-tailed test:
Hi: parameter > some value
Critical region: test statistic > critical value

2. Left-tailed test:
Hi: parameter < some value
Critical region: test statistic < critical value

3. Two-tailed test:
Hi: parameter # some value

Critical region: test statistic < -critical value or > critical value

In each case, the boundary points are determined such that the probability of the test
statistic falling into the critical region under Ho is a, distributed accordingly.

Step-by-Step Procedure to Find the Boundary of
the Critical Region

To find the boundary or critical value corresponding to a given «a, follow these steps:



Step 1: Identify the Test Statistic and Distribution

Determine which test statistic applies (z, t, x2, F, etc.) and its distribution under Ho.

Step 2: Specify the Significance Level (a)

Decide whether the test is one-tailed (left or right) or two-tailed, and set a accordingly.

Step 3: Find the Critical Value(s)

Use statistical tables or software to find the critical value that corresponds to a.

- For a right-tailed test at level a: find z such that P(Z > z) = «a.

- For a left-tailed test at level a: find z such that P(Z < z) = a.

- For a two-tailed test at level a: find z such that P(|Z]| > z) = a, which implies P(Z > z) = a/2
and P(Z < -z) = a/2.

Example:
If a = 0.05 for a right-tailed z-test, the critical value za is approximately 1.645, meaning:

- Critical region: z > 1.645
- Boundary (critical value): 1.645

Step 4: Determine the Critical Region and Boundaries

Once the critical value is found:

- The boundary point(s) is the critical value(s).
- The critical region consists of all values beyond these points.

Step 5: Verify the Probability

Ensure that under Ho, the probability of the test statistic falling into the critical region
equals a.

Applying the Process to Different Tests

Different types of hypothesis tests require specific critical values, which depend on their
distributions:

2.1 Z-Test (Standard Normal Distribution)

- Used when the population variance is known or for large samples.



- Critical values are found directly from the standard normal table.
2.2 t-Test (Student’s t Distribution)

- Used with small samples where variance is unknown.
- Critical values depend on degrees of freedom (df).

2.3 Chi-Square and F-Tests

- Used for variance testing and analysis of variance (ANOVA).
- Critical values are obtained from chi-square or F-distribution tables.

Example: Finding the Boundary for a One-Tailed
Z-Test at a=0.05

Suppose we are testing:

- Ho: 4= Mo
-Hi: u> po

with significance level a = 0.05.

Step 1:
Test statistic: Z = (X - wo) / (o / Vn), assuming o known.

Step 2:
Since it’s right-tailed, critical value za is such that P(Z > za) = 0.05.

Step 3:
From standard normal tables, za = 1.645.

Step 4:
Critical region: Z > 1.645
Boundary (critical value): 1.645

Interpretation:
If the computed Z exceeds 1.645, we reject Ho at the 5% significance level.

Understanding the Relationship Between Critical
Region Boundaries and p-Values



The p-value measures the probability of observing a test statistic as extreme as, or more
extreme than, the observed value under Ho. The critical boundary corresponds to the p-
value equal to «a.

- If p-value = a, reject Ho.
- If p-value > q, fail to reject Ho.

The critical value acts as a threshold: the boundary point where p-value = a.

Practical Considerations and Commmon Pitfalls

While determining the boundary of the critical region, keep in mind:

- Ensure the correct distribution is used based on the test type.

- Confirm whether the test is one-tailed or two-tailed, as this influences the critical values.
- Be aware of the degrees of freedom when using t-distribution or F-distribution.

- Use accurate statistical software or tables to find critical values, especially for non-
standard significance levels or distributions.

Common pitfalls include:

- Misinterpreting the direction of the test.
- Using the wrong distribution table.
- Confusing critical values with observed test statistics.

Conclusion

Finding the boundary of the critical region when the Type | error probability a is specified is
a fundamental step in hypothesis testing. By understanding the distribution of the test
statistic under Ho, selecting the appropriate tail(s), and utilizing statistical tables or
software, researchers can accurately identify critical values that define the critical region.

This process ensures that the probability of making a Type | error does not exceed «,
maintaining the integrity of the testing procedure. Whether dealing with z-tests, t-tests, or
more complex distributions, mastering the method of determining these boundaries
enables sound and reliable statistical inference.



Summary of Key Steps

1. ldentify the test statistic and its distribution.

2. Determine the nature of the test (one-tailed or two-tailed) and set a.

3. Find the critical value(s) corresponding to a from relevant tables or software.
4. Define the critical region based on these critical value(s).

5. Verify that under Ho, the probability of the test statistic falling into the critical region is
Q.

Understanding and applying these principles allows statisticians and researchers to
effectively control the Type | error rate and make informed decisions based on their data.

Frequently Asked Questions

What is the primary goal when finding the boundary of
the critical region in hypothesis testing?

The primary goal is to determine the set of values for the test statistic that leads to
rejecting the null hypothesis, typically corresponding to the significance level alpha.

How does the significance level alpha influence the
boundary of the critical region?

Alpha defines the maximum probability of a Type | error; the critical region boundary is set
so that the probability of the test statistic falling into this region under the null hypothesis
equals alpha.

In Exercise 9-15, how do you identify the critical region
boundary for a given alpha?

By solving the inequality involving the test statistic's distribution under the null hypothesis
such that the probability of exceeding this boundary is alpha, often using z-scores or t-
scores depending on the test.

What role do the test statistic distributions play in
determining the critical region boundary?

They provide the probability model under the null hypothesis, allowing us to find the cutoff



points where the probability of observing a value beyond those points equals alpha.

Can the critical region boundary differ for one-tailed
and two-tailed tests in Exercise 9-15?

Yes, in one-tailed tests the boundary is at one end of the distribution, while in two-tailed
tests, it is split between both ends, each corresponding to alpha/2.

What is the significance of correctly identifying the
boundary of the critical region in hypothesis testing?

Correctly identifying the boundary ensures proper control of the Type | error rate, thereby
maintaining the validity and reliability of test conclusions.

How does the choice of alpha (e.g., 0.05 vs. 0.01) affect
the size of the critical region boundary?

A smaller alpha (more stringent significance level) results in a narrower critical region
boundary, reducing the likelihood of Type | errors but potentially decreasing test sensitivity.

Additional Resources

From Exercise 9-15 Find The Boundary Of The Critical Region If The Type | Error Probability
Is a (Alpha)

Understanding the boundary of the critical region in hypothesis testing is fundamental to
statistical inference. When conducting tests, researchers aim to make decisions about
hypotheses based on sample data while controlling the likelihood of making incorrect
conclusions. One of the core concepts in this process is the Type | error probability, often
denoted as a (alpha). This article explores how to determine the boundary of the critical
region given a specified a, the significance level, and unpacks the underlying principles and
calculations involved.

Introduction to Hypothesis Testing and Critical
Regions

Before delving into the specifics of Exercise 9-15, it is essential to understand the basic
framework of hypothesis testing.

What is Hypothesis Testing?

Hypothesis testing is a statistical procedure used to evaluate claims or assumptions about a
population parameter. It involves:



- Formulating two competing hypotheses:

- Null hypothesis (Ho): The default or status quo claim.

- Alternative hypothesis (H1): The assertion we seek to support.

- Using sample data to assess the validity of Ho.

- Making a decision to reject or fail to reject Ho based on the data.

The Role of Critical Regions

The critical region (also called the rejection region) is a set of values of the test statistic
that lead to rejecting the null hypothesis. Its boundary is determined by the significance
level (a), which is the probability of making a Type | error—rejecting Ho when it is actually
true.

In essence, the critical region is constructed so that the probability of a Type | error does
not exceed a. The shape and size of this region depend on the distribution of the test

statistic under Ho, the chosen significance level, and the nature of the test (one-sided or
two-sided).

Understanding Type | Error and Significance Level
(a)

Defining Type | Error

A Type | error occurs when the test incorrectly rejects Ho despite it being true. For example,
concluding a new drug is effective when it actually isn’t. The probability of committing this
error is a, which is usually set at conventional levels such as 0.05, 0.01, or 0.10.
Significance Level (a)

The significance level, a, functions as a threshold:

- It indicates the maximum acceptable probability of making a Type | error.
- Setting a involves balancing the risk of false positives against the power of the test.

For example, an a of 0.05 means there is a 5% chance of rejecting Ho when it is true. The

critical region is then designed so that the probability of the test statistic falling into this
region under Ho is exactly a.

Determining the Boundary of the Critical Region

The boundary of the critical region is mathematically defined based on the distribution of
the test statistic under Ho. It marks the point(s) beyond which we reject Ho.



Step 1: Identify the Distribution of the Test Statistic

The first step involves understanding the sampling distribution of your test statistic under
the null hypothesis:

- For example, it could be a z-distribution (standard normal), t-distribution, chi-square, or F-
distribution depending on the test.
- The distribution's shape, location, and scale determine where the critical boundaries lie.

Step 2: Choose the Appropriate Test (One-sided vs. Two-sided)

- One-sided test: Tests whether a parameter is greater than or less than a certain value.
- Two-sided test: Tests whether a parameter differs from a certain value in either direction.

The boundary of the critical region differs accordingly:

- One-sided: Only one boundary point.
- Two-sided: Two boundary points (both tails).

Step 3: Find the Critical Value(s) Corresponding to a

This involves calculating the value(s) of the test statistic that correspond to the tail
probability a under Ho.

- For a one-sided test:

- The critical value \( c\) is such that \( P(T > c) = \alpha\) (for upper tail) or \( P(T < ¢) =
\alpha\) (for lower tail).

- For a two-sided test:

- The boundary points \( c_1\) and \( c_2) satisfy:

-\( P(T < c_1) =\alpha/2)

-\( P(T > c_2) =\alpha/2)

These critical values are derived from the quantiles of the relevant distribution.

Applying the Concepts: A Step-by-Step Example

Suppose a researcher conducts a two-sided z-test at significance level a = 0.05 to evaluate
a mean difference.

Step 1: Understand the Distribution

- Under Ho, the test statistic follows a standard normal distribution (mean = 0, variance =
1).

Step 2: Find Critical Values

- For a two-sided test at a = 0.05:



- Each tail has an area of \( \alpha/2 = 0.025)).
- Critical z-values are the 2.5% and 97.5% quantiles of the standard normal distribution.

Step 3: Use Z-Table or Statistical Software

- Critical z-values:
-\(z_{0.025} \approx -1.96\)
-\(z_{0.975} \approx +1.96)

Step 4: Define the Critical Region

- The critical region consists of:
- All z-values less than -1.96.
- All z-values greater than +1.96.

Thus, the boundary points are at z = -1.96 and z = +1.96.
Step 5: Boundary of the Critical Region

- The boundary points are the "edges" of the critical region:
- Lower boundary: z = -1.96
- Upper boundary: z = +1.96

Any observed z-value outside these bounds leads to rejection of Ho, controlling the Type |
error at 5%.

General Formulas for Boundary Calculation

The process can be generalized for any test statistic and distribution:

- One-sided test:

- Critical value \( c = F~{-1}(1 - \alpha) \) (for upper tail)

-or\(c =F~{-1}(\alpha) ) (for lower tail), where \( F~{-1} \) is the inverse cumulative
distribution function (CDF).

- Two-sided test:

- Critical values:

-\(c_1 =F~{-1}(\alpha/2)\)
-\(c_2 =F~{-1}(1 -\alpha/2) \)

These inverse functions translate the significance level into specific boundary points on the
distribution.



Implications and Practical Considerations

Understanding how to find the critical region boundary is vital for designing statistically
sound experiments and interpreting results correctly.

Key Takeaways

- The boundary is directly linked to the chosen significance level, a.

- It depends on the distribution of the test statistic under Ho.

- Accurate boundary determination ensures that the probability of Type | error doesn't
exceed a.

Practical Tips

- Always verify the distribution of the test statistic before calculating critical values.

- Use statistical software or tables for precision.

- For complex or non-standard distributions, simulation methods may be necessary to
determine boundaries.

Conclusion

The boundary of the critical region in hypothesis testing is a crucial concept that balances
the risk of Type | errors with the need for reliable conclusions. By understanding the
distribution of the test statistic and the significance level a, statisticians can accurately
determine the critical values that define the boundary of rejection. Whether conducting a
one-sided or two-sided test, this process ensures that the decision-making process remains
rigorous and consistent with the desired level of confidence.

In essence, Exercise 9-15 encapsulates a fundamental aspect of statistical inference:
translating a probability threshold into concrete decision boundaries. Mastery of this
concept not only enhances the precision of hypothesis tests but also reinforces the integrity
of scientific conclusions drawn from data.
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