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Introduction

Mathematics, particularly linear algebra, offers a rich framework for understanding complex systems
through matrices and their properties. One fundamental concept in linear algebra is diagonalization,
which simplifies matrices to a form that makes their powers and functions easier to compute.
However, not all matrices are diagonalizable, and recognizing these matrices is crucial for advanced
applications such as differential equations, quantum mechanics, and computer graphics.

This article aims to explore two interconnected topics: firstly, providing a concrete example of a 4 x 4
matrix that is not diagonalizable, and secondly, demonstrating how to approach the problem of
finding such matrices. We will delve into the theoretical background, explain the criteria for
diagonalizability, and present detailed examples with step-by-step explanations.

---

Understanding Diagonalizability in Matrices

What Does It Mean for a Matrix to Be Diagonalizable?

A square matrix \(A\) of size \(n \times n\) is diagonalizable if there exists an invertible matrix \(P\) and
a diagonal matrix \(D\) such that:

\[
A = P D P^{-1}
\]

Here, the diagonal entries of \(D\) are the eigenvalues of \(A\), and the columns of \(P\) are the
corresponding eigenvectors. Diagonalization simplifies many matrix computations, especially when
raising matrices to powers or computing functions of matrices.



Criteria for Diagonalizability

A matrix \(A\) over a field (commonly \(\mathbb{R}\) or \(\mathbb{C}\)) is diagonalizable if and only
if:

- It has enough eigenvectors to form a basis of \(\mathbb{R}^n\) or \(\mathbb{C}^n\). Specifically,
the sum of the dimensions of the eigenspaces equals \(n\).

- Its algebraic multiplicity equals its geometric multiplicity for each eigenvalue. That is, for each
eigenvalue \(\lambda\), its algebraic multiplicity (the number of times \(\lambda\) appears as a root of
the characteristic polynomial) equals the dimension of its eigenspace.

If this condition fails for at least one eigenvalue, the matrix is not diagonalizable.

---

Examples of Matrices That Are Not Diagonalizable

Why Some Matrices Are Not Diagonalizable

Matrices that lack a full set of linearly independent eigenvectors cannot be diagonalized. These
matrices often have defective eigenvalues, where the algebraic multiplicity exceeds the geometric
multiplicity. Such matrices are called defective matrices.

Constructing a 4 x 4 Non-Diagonalizable Matrix

To illustrate, consider matrices with a single eigenvalue but insufficient eigenvectors. The classic
example involves Jordan blocks, which are canonical forms for non-diagonalizable matrices.

---

Example 1: A 4 x 4 Matrix That Is Not Diagonalizable

Matrix Construction

Let's construct a matrix \(A\) with a sole eigenvalue \(\lambda = 3\), but with algebraic multiplicity 4,
and geometric multiplicity less than 4.

A suitable matrix is:



\[
A = \begin{bmatrix}
3 & 1 & 0 & 0 \\
0 & 3 & 1 & 0 \\
0 & 0 & 3 & 1 \\
0 & 0 & 0 & 3 \\
\end{bmatrix}
\]

This matrix is an upper triangular Jordan block with eigenvalue 3.

Properties of This Matrix

- Eigenvalues: All eigenvalues are 3, with algebraic multiplicity 4.

- Eigenvectors: The geometric multiplicity of eigenvalue 3 is 1, meaning only one eigenvector exists.

- Diagonalizability: Since the geometric multiplicity (1) is less than the algebraic multiplicity (4), \(A\)
is not diagonalizable.

Why Is This Matrix Not Diagonalizable?

The key reason is that the eigenspace corresponding to \(\lambda=3\) is one-dimensional, but the
eigenvalue's algebraic multiplicity is four. Therefore, the matrix cannot be expressed as \(P D
P^{-1}\) with \(D\) diagonal, because there are insufficient eigenvectors to form a basis.

---

How to Identify and Verify Non-Diagonalizability

Step 1: Find the Characteristic Polynomial

Calculate:

\[
\det(A - \lambda I)
\]

For the matrix \(A\) above:

\[
\det \begin{bmatrix}
3 - \lambda & 1 & 0 & 0 \\



0 & 3 - \lambda & 1 & 0 \\
0 & 0 & 3 - \lambda & 1 \\
0 & 0 & 0 & 3 - \lambda \\
\end{bmatrix} = (3 - \lambda)^4
\]

Thus, the eigenvalue \(\lambda = 3\) with multiplicity 4.

Step 2: Find the Eigenvectors and Eigenspaces

Solve:

\[
(A - 3I) \mathbf{v} = 0
\]

which simplifies to:

\[
\begin{bmatrix}
0 & 1 & 0 & 0 \\
0 & 0 & 1 & 0 \\
0 & 0 & 0 & 1 \\
0 & 0 & 0 & 0 \\
\end{bmatrix} \mathbf{v} = 0
\]

From the system, the only eigenvectors satisfy:

\[
\begin{cases}
v_2 = 0 \\
v_3 = 0 \\
v_4 = 0
\end{cases}
\]

and \(v_1\) is free. The eigenspace is spanned by vectors of the form:

\[
\mathbf{v} = \begin{bmatrix}
v_1 \\
0 \\
0 \\
0
\end{bmatrix}
\]

which is 1-dimensional. Since the geometric multiplicity is 1, the matrix is defective.



---

Approach to Finding Such Matrices

Methodology

1. Select an eigenvalue with a high algebraic multiplicity.

2. Ensure the geometric multiplicity (number of linearly independent eigenvectors) is less than the
algebraic multiplicity.

3. Construct the Jordan block corresponding to this eigenvalue, which guarantees non-
diagonalizability.

4. Form the matrix using the Jordan block structure.

General Form of a Jordan Block

A Jordan block \(J_k(\lambda)\) of size \(k\) with eigenvalue \(\lambda\) looks like:

\[
J_k(\lambda) =
\begin{bmatrix}
\lambda & 1 & 0 & \cdots & 0 \\
0 & \lambda & 1 & \cdots & 0 \\
\vdots & \vdots & \vdots & \ddots & \vdots \\
0 & 0 & 0 & \lambda & 1 \\
0 & 0 & 0 & 0 & \lambda \\
\end{bmatrix}
\]

This matrix is not diagonalizable for \(k > 1\).

---

Additional Examples and Variations

Example 2: Block Diagonal Matrix with Non-Diagonalizable
Block



Construct a 4 x 4 matrix:

\[
A = \begin{bmatrix}
J_2(2) & 0 \\
0 & J_2(3) \\
\end{bmatrix}
\]

where:

\[
J_2(2) = \begin{bmatrix} 2 & 1 \\ 0 & 2 \end{bmatrix}
\quad \text{and} \quad
J_2(3) = \begin{bmatrix} 3 & 1 \\ 0 & 3 \end{bmatrix}
\]

This matrix has eigenvalues 2 and 3, each with algebraic multiplicity 2, but the presence of Jordan
blocks indicates non-diagonalizability within those blocks.

---

Conclusion

Understanding and identifying non-diagonalizable matrices is a fundamental skill in linear algebra.
The key lies in analyzing the eigenvalues, their algebraic and geometric multiplicities, and recognizing
defective matrices, especially Jordan blocks.

In this article, we've provided a detailed example of a 4 x 4 matrix that is not diagonalizable—a Jordan
block with a single eigenvalue of multiplicity four—and walked through the process of constructing
such matrices. These examples are essential in advanced applications where the spectral theorem
does not apply, and matrices require Jordan canonical forms for their analysis.

---

Summary

- Diagonalizability depends on the

Frequently Asked Questions

Can you provide a 4 x 4 matrix that is not diagonalizable?
Yes, an example is the matrix A =



[[
6, 1, 0, 0],
[0, 6, 1, 0],
[0, 0, 6, 1],
[0, 0, 0, 6]
]. This matrix has a single eigenvalue 6 with algebraic multiplicity 4 but only one eigenvector, making
it not diagonalizable.

What is an example of a 4 x 4 matrix that cannot be
diagonalized?
An example is the Jordan block matrix:
[[6, 1, 0, 0],
[0, 6, 1, 0],
[0, 0, 6, 1],
[0, 0, 0, 6]]
which has a single eigenvalue 6 with algebraic multiplicity 4 but only one eigenvector.

How do you find the eigenvalues of a given matrix?
To find the eigenvalues, solve the characteristic equation det(A - λI) = 0, where A is the matrix and I is
the identity matrix. The roots λ of this polynomial are the eigenvalues.

Can you give an example of a matrix and demonstrate how to
find its eigenvalues?
Consider the matrix A = [[2, 0], [0, 3]]. Its eigenvalues are λ = 2 and λ = 3, found by solving det(A -
λI) = (2 - λ)(3 - λ) = 0.

What is the significance of a matrix being diagonalizable?
A matrix is diagonalizable if it can be expressed as PDP^{-1}, where D is a diagonal matrix. This
simplifies many matrix operations, such as computing powers and functions of matrices.

How do you determine if a 4 x 4 matrix is diagonalizable?
Check if the matrix has enough linearly independent eigenvectors to form a basis. If the geometric
multiplicity of each eigenvalue equals its algebraic multiplicity, the matrix is diagonalizable.

What is an example of a 4 x 4 matrix that is diagonalizable?
An example is A = [[1, 0, 0, 0], [0, 2, 0, 0], [0, 0, 3, 0], [0, 0, 0, 4]]. Its eigenvalues are 1, 2, 3, 4, each
with independent eigenvectors, making it diagonalizable.

Can every 4 x 4 matrix be diagonalized? Why or why not?
No, not every 4 x 4 matrix is diagonalizable. Some matrices have fewer eigenvectors than their size,
especially when they have defective eigenvalues, which prevents diagonalization.



Additional Resources
Understanding Matrix Diagonalizability: Examples and Analytical Insights

In the realm of linear algebra, matrices serve as foundational building blocks that describe systems,
transformations, and data structures across diverse scientific and engineering disciplines. A key
property of matrices that often arises in theoretical and practical contexts is whether they are
diagonalizable—a concept that significantly influences how matrices are analyzed and applied. This
article delves into the intricacies of matrix diagonalizability, providing concrete examples, especially
focusing on a 4×4 matrix that is not diagonalizable, and explores related computational steps such as
eigenvalue and eigenvector analysis. Through detailed explanations and a structured approach,
readers will gain a comprehensive understanding of what makes a matrix diagonalizable or not,
supported by illustrative examples.

---

Fundamentals of Diagonalization in Matrices

What is Diagonalization?

Diagonalization is a process whereby a matrix is expressed in a form that simplifies many matrix
operations, especially powers and exponentials. Formally, a square matrix \(A\) of size \(n \times n\) is
said to be diagonalizable if there exists an invertible matrix \(P\) and a diagonal matrix \(D\) such that:

\[
A = P D P^{-1}
\]

Here, the diagonal entries of \(D\) are the eigenvalues of \(A\), and the columns of \(P\) are the
eigenvectors corresponding to these eigenvalues. The importance of diagonalization lies in the ease
of computing powers of matrices, solving systems of differential equations, and analyzing matrix
functions.

Key Point: Not all matrices are diagonalizable. The process hinges critically on the eigenvalues and
eigenvectors, and whether the eigenvectors form a complete basis for the vector space.

Conditions for Diagonalizability

A matrix \(A\) is diagonalizable over a field (commonly \(\mathbb{R}\) or \(\mathbb{C}\)) if and only
if:

- It has enough linearly independent eigenvectors to form a basis of the vector space
\(\mathbb{R}^n\) or \(\mathbb{C}^n\).
- Equivalently, the algebraic multiplicity (multiplicity of an eigenvalue as a root of the characteristic
polynomial) matches the geometric multiplicity (dimension of the eigenspace) for each eigenvalue.



Crucial insight: Matrices with defective eigenvalues—where algebraic multiplicity exceeds geometric
multiplicity—are not diagonalizable.

---

Constructing a 4×4 Matrix That Is Not Diagonalizable

Theoretical Basis for Non-Diagonalizability

To exemplify a 4×4 matrix that is not diagonalizable, we look for matrices with at least one
eigenvalue whose algebraic multiplicity exceeds its geometric multiplicity. Such matrices are called
defective.

A classic example involves a matrix with a single eigenvalue but insufficient eigenvectors to form a
basis, leading to a Jordan block structure. These matrices are similar to Jordan matrices with at least
one Jordan block larger than 1×1.

Explicit Example: A Jordan Block with Repeated Eigenvalues

Consider the following matrix:

\[
A =
\begin{bmatrix}
\lambda & 1 & 0 & 0 \\
0 & \lambda & 1 & 0 \\
0 & 0 & \lambda & 1 \\
0 & 0 & 0 & \lambda \\
\end{bmatrix}
\]

where \(\lambda\) is a real (or complex) scalar.

Case: \(\lambda = 3\)

\[
A =
\begin{bmatrix}
3 & 1 & 0 & 0 \\
0 & 3 & 1 & 0 \\
0 & 0 & 3 & 1 \\
0 & 0 & 0 & 3 \\
\end{bmatrix}
\]



This matrix has several key properties:

- Its characteristic polynomial is \((\lambda - 3)^4\), meaning the eigenvalue 3 has algebraic
multiplicity 4.
- The minimal polynomial is \((\lambda - 3)^4\), indicating the size of the largest Jordan block is 4.
- The geometric multiplicity (number of linearly independent eigenvectors) is 1, since there's only one
eigenvector associated with \(\lambda = 3\).

Implication: Since the geometric multiplicity is less than the algebraic multiplicity, \(A\) is not
diagonalizable.

---

Verification: Eigenvalues and Eigenvectors

Eigenvalues:

The eigenvalues are obtained by solving \(\det(A - \lambda I) = 0\). For this matrix:

\[
A - 3I =
\begin{bmatrix}
0 & 1 & 0 & 0 \\
0 & 0 & 1 & 0 \\
0 & 0 & 0 & 1 \\
0 & 0 & 0 & 0 \\
\end{bmatrix}
\]

The characteristic polynomial is \(\det(A - 3I) = 0\), with root \(\lambda=3\) of multiplicity 4.

Eigenvectors:

Solve \((A - 3I) \mathbf{x} = 0\):

\[
\begin{bmatrix}
0 & 1 & 0 & 0 \\
0 & 0 & 1 & 0 \\
0 & 0 & 0 & 1 \\
0 & 0 & 0 & 0 \\
\end{bmatrix}
\begin{bmatrix}
x_1 \\
x_2 \\
x_3 \\
x_4 \\
\end{bmatrix} =
\begin{bmatrix}



0 \\
0 \\
0 \\
0 \\
\end{bmatrix}
\]

This yields:

- \(x_2 = 0\),
- \(x_3 = 0\),
- \(x_4 = 0\),
- \(x_1\) is free.

Hence, the eigenvector is:

\[
\mathbf{v} = \begin{bmatrix}
1 \\
0 \\
0 \\
0 \\
\end{bmatrix}
\]

Only one eigenvector exists, confirming the geometric multiplicity is 1.

Conclusion: The presence of a single eigenvector for an eigenvalue with algebraic multiplicity 4
indicates that \(A\) cannot be diagonalized.

---

Implications and Significance of Non-Diagonalizable
Matrices

Mathematical Significance

Matrices that are not diagonalizable challenge some of the fundamental simplifications often used in
linear algebra. For example:

- Computing matrix powers becomes more complex, requiring Jordan normal form or generalized
eigenvectors.
- Spectral decomposition and diagonalization-based methods are not directly applicable.
- The presence of Jordan blocks indicates more intricate algebraic structures, affecting stability
analyses and differential equations solutions.



Practical Applications and Challenges

In engineering and applied sciences, non-diagonalizable matrices may surface in:

- Control system stability analysis, especially in systems with defective eigenvalues.
- Differential equations where solutions involve Jordan chains, leading to polynomial factors
multiplying exponential functions.
- Numerical linear algebra, where small perturbations can sometimes "regularize" defective matrices
into diagonalizable ones, but this is not always guaranteed.

---

Step-by-Step Procedure to Identify and Verify Non-
Diagonalizability

To analyze whether a given matrix is diagonalizable, the following steps are essential:

1. Compute the Eigenvalues:
- Find roots of the characteristic polynomial \(\det(A - \lambda I) = 0\).
2. Determine Algebraic Multiplicities:
- Count how many times each eigenvalue appears.
3. Find Eigenvectors for Each Eigenvalue:
- Solve \((A - \lambda I)\mathbf{x} = 0\).
4. Calculate Geometric Multiplicities:
- Determine the dimension of the eigenspaces.
5. Compare Multiplicities:
- If for any eigenvalue, the geometric multiplicity is less than the algebraic multiplicity, the matrix is
not diagonalizable.
6. Optional: Find the Jordan Normal Form:
- For deeper understanding, compute the Jordan form to see the size of Jordan blocks.

---

Conclusion and Final Remarks

The exploration of matrices that are not diagonalizable, especially in the context of 4×4 matrices,
reveals the nuanced algebraic structures underlying linear transformations. The example of a Jordan
block matrix with a single eigenvalue but insufficient eigenvectors exemplifies how algebraic
multiplicity does not guarantee diagonalizability. Recognizing such matrices is vital for both
theoretical explorations and practical applications, such as solving differential equations, stability
analysis, and numerical computations.

Understanding the criteria and methods to identify non-diagonalizable matrices equips
mathematicians, engineers, and scientists with the tools to navigate complex systems where simple
diagonalization is impossible. The interplay between eigenvalues, eigenvectors, and the structure of



matrices like the Jordan form underscores the richness of linear algebra as a discipline and its critical
role across scientific domains.

---
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