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(UNDERSTANDING THE BEHAVIOR OF RECURSIVE FUNCTIONS IS FUNDAMENTAL IN COMPUTER SCIENCE, ESPECIALLY IN ANALYZING THE
EFFICIENCY OF ALGORITHMS. RECURRENCE RELATIONS SERVE AS A MATHEMATICAL FRAMEWORK TO DESCRIBE THE RUNTIME OF
RECURSIVE ALGORITHMS, HELPING US PREDICT THEIR PERFORMANCE AS INPUT SIZE GROWS LARGE. BY ESTABLISHING ASYMPTOTIC
BOUNDS—SPECIFICALLY, UPPER BOUNDS (BIG O) AND LOWER BOUNDS (OMEGA)—\X/E CAN CATEGORIZE ALGORITHMS INTO
COMPLEXITY CLASSES, ALLOWING FOR BETTER ALGORITHM SELECTION AND OPTIMIZATION.

IN THIS COMPREHENSIVE GUIDE, WE WILL EXPLORE METHODS TO DERIVE ASYMPTOTIC UPPER AND LOWER BOUNDS FOR VARIOUS
COMMON RECURRENCE RELATIONS. WE WILL EXAMINE MULTIPLE RECURRENCE TYPES, INCLUDING DIVIDE-AND-CONQUER
RECURRENCES, LINEAR RECURRENCES, AND THOSE WITH NON-TRIVIAL FORMS. OUR GOAL IS TO PROVIDE CLEAR, STEP-BY-STEP
APPROACHES AND ILLUSTRATIVE EXAMPLES TO HELP YOU ANALYZE SIMILAR RECURRENCES IN YOUR WORK OR STUDIES.

UNDERSTANDING RECURRENCES IN ALGORITHM ANALYSIS

BEFORE DIVING INTO SPECIFIC RECURRENCE RELATIONS, IT’S ESSENTIAL TO UNDERSTAND THE FUNDAMENTAL CONCEPTS:

WHAT IS A RECURRENCE RELATION?

A RECURRENCE RELATION EXPRESSES THE RUNTIME T(N) OF AN ALGORITHM IN TERMS OF SMALLER INPUT SIZES. TYPICALLY, IT
HAS THE FORM:

- DIvVIDE-AND-CONQUER ALGORITHMS:
TN = A T(N/B) + F(N)

- LINEAR RECURRENCES:
TN)=cTTWN-1)+c2 T(N-2) + ... + ek T(nk) + G(N)

- OTHER ForMS:
MORE COMPLEX OR NON-LINEAR RELATIONS, WHICH OFTEN REQUIRE SPECIALIZED METHODS.

WHY AsYMPTOTIC BOUNDS MATTER

ASYMPTOTIC ANALYSIS HELPS US UNDERSTAND THE GROWTH RATE OF T(N) AS N APPROACHES INFINITY. |IT PROVIDES A HIGH-
LEVEL UNDERSTANDING THAT IS INDEPENDENT OF CONSTANT FACTORS AND LOWER~ORDER TERMS, FOCUSING ON THE DOMINANT
BEHAVIOR.

METHODOLOGIES FOR FINDING ASYMPTOTIC BOUNDS

SEVERAL METHODS ARE COMMONLY USED TO ANALYZE RECURRENCE RELATIONS:



1. RecursioN TREe METHOD

VISUALIZES RECURSION AS A TREE, SUMMING THE COSTS AT EACH LEVEL TO FIND BOUNDS.

2. MASTER THEOREM

APPLICABLE TO DIVIDE-AND-CONQUER RECURSIONS OF THE FORM T(N) = AT(N/B) + F(N). IT PROVIDES A QUICK WAY TO
DETERMINE ASYMPTOTIC BOUNDS BASED ON THE COMPARISON OF F(N) WITH N*{LoG_B A}.

3. SussTITUTION MeTHOD (GUESS AND VERIFY)

PROPOSES A BOUND AND THEN PROVES IT VIA INDUCTION.

4. ITERATION METHOD

UNFOLDS THE RECURRENCE TO OBSERVE THE PATTERN AND SUM THE RESULTING SERIES.

ANALYZING COMMON RECURRENCE RELATIONS

LET'S NOW ANALYZE SOME TYPICAL RECURRENCE RELATIONS, DERIVING ASYMPTOTIC BOUNDS FOR EACH.

1. RecURRENCE oF THE Form T(N) = 2T(N/2) + N

CONTEXT:
THIS IS A CLASSIC DIVIDE-AND-CONQUER RECURRENCE, OF TEN SEEN IN MERGE SORT AND SIMILAR ALGORITHMS.

SOLUTION APPROACH:
APPLY THE MASTER THEOREM:

-A=2

-g=2

-f(N) =N

CALCULATE:

-NMLoc B A} =nN"{Loc_2 2} =n*{1}=N
Compare F(N) wITH N {LoG_B A}:

- F(N) = O(N)

Since F(N) = O(N*{LoG_B A} LOG K N) WITH k=0, THIS MATCHES THE SECOND CASE OF THE MASTER THEOREM.

CONCLUSION:
T(N) = O(NLOGN)

AsYMPTOTIC BOUNDS:
- UppPErR Bounp: O(N LOG N)
- Lower Bounp: (N LOG N)



2. Recurrence oF THE Form T(N) = 3T(n/4) + N

CONTEXT:
ANOTHER DIVIDE-AND-CONQUER SCENARIO, WITH DIFFERENT CONSTANTS.

SOLUTION APPROACH:
USE THE MASTER THEOREM:

-A=3

-p=4

-F(N) =N

CALCULATE:

-NLoc_B A} =N"{LoGc_4 3} ~n"{0.792}

Compare F(N) wITH N {LoG_B A}:

- f(N) = O(N)
-N*{0.792} GrRows sLowEr THAN N, so F(N) = (N {LoG_B A + E}) For SoME E > O.

CHECK THE REGULARITY CONDITION:

-F(n) = ©(N)

-NLoc_B A} =0O(N{0.792})

- F(N) pomiNaTES N {LoG_B A}

ACCORDING TO THE MASTER THeorem (CAsEe 3):
T(N) = O(F(N)) = ©(N)

ASYMPTOTIC BOUNDS:

- Upper Bounp: O(N)
- Lower Bounp: N(N)

3. RECURRENCE OF THE FORM T(N) = T(N-1) + N

CONTEXT:
A LINEAR RECURRENCE, TYPICAL IN SUMMATION PROBLEMS.

SOLUTION APPROACH:
UNFOLD THE RECURRENCE:

TN =T(N-1)+N
=TN-2)+(N-1) + N
=T(N-3) + (N-2) + (N-1) +N
;T(1)+2+3+...+N

SUM OF THE SERIES:



T =T+ +2+..+Nn)-1

USING THE FORMULA FOR THE SUM OF FIRST N NATURAL NUMBERS:
T(N) = O(N*2)

AsYMPTOTIC BOUNDS:

- UppPer Bounp: O(N"2)
- Lower Bounp: N(N"2)

4. RecURRENCE ofF THE ForM T(N) = 2T(N/2) + N2

CONTEXT:
ANOTHER DIVIDE-AND-CONQUER RELATION WITH A POLYNOMIAL F(N).

SOLUTION APPROACH:
APPLY THE MASTER THEOREM:

-A=2

-B=2

-f(N) =nN"2

CALCULATE:

-NYLoc_ B A} =nN"{Loc 2 2} =n"{1} =N
CoMpARe F(N) WITHN {LOG B A}:

-f(n) = O(N2) = QAWM T +€}) ForE=1

SINCE F(N) DOMINATES N {LOG_B A} AND THE REGULARITY CONDITION HOLDS (F(N) IS POLYNOMIALLY LARGER), THIS IS CASE
3:

T = 0(F(N)) = ©(N*2)
ASYMPTOTIC BOUNDS:

- Upper Bounp: O(N"2)
- Lower Bounp: N(N"2)

GENERAL STRATEGIES FOR RECURRENCE ANALYSIS

W/HEN ANALYZING LESS STRAIGHTFORW ARD RECURRENCES, CONSIDER THE FOLLOWING STRATEGIES:

1. RecUrSION TREE METHOD

- VISUALIZE EACH RECURSIVE CALL AS A NODE.
- SUM THE COSTS AT EACH LEVEL.
- TOTAL COST IS THE SUM OVER ALL LEVELS.



2. MASTER THEOREM

- BEST SUITED FOR DIVIDE-AND-CONQUER RECURRENCES.
- CHeck THE ForM T(N) = AT(nN/B) + F(N).
- ComPARE F(N) WITH N*{LOG_B A} TO DETERMINE THE CASE.

3. SUBSTITUTION METHOD

- MAKE AN EDUCATED GUESS ABOUT T(N).
- USE INDUCTION TO VERIFY THE GUESS.

4. ITERATION METHOD

- EXPAND THE RECURRENCE STEP-BY-STEP.
- SUM THE RESULTING SERIES TO FIND THE ASYMPTOTIC BEHAVIOR.

CONCLUSION

ANALYZING RECURRENCE RELATIONS FOR ALGORITHMS IS A VITAL SKILL IN COMPUTER SCIENCE, PROVIDING INSIGHTS INTO
ALGORITHM EFFICIENCY AND SCALABILITY. BY RECOGNIZING THE FORM OF THE RECURRENCE, APPLYING APPROPRIATE METHODS
SUCH AS THE MASTER THEOREM OR THE RECURSION TREE, AND CAREFULLY COMPARING GROWTH RATES, YOU CAN ESTABLISH
TIGHT ASYMPTOTIC UPPER AND LOWER BOUNDS.

REMEMBER:

- DIVIDE-AND-CONQUER RECURRENCES OFTEN FIT THE MASTER THEOREM.

- LINEAR RECURRENCES OR THOSE WITH ADDITIVE TERMS MAY REQUIRE UNFOLDING OR SUBSTITUTION.

- POLYNOMIALLY LARGER F(N) TERMS DOMINATE, LEADING TO DIFFERENT CASES.

MASTERING THESE TECHNIQUES ENABLES YOU TO EFFICIENTLY ANALYZE A WIDE RANGE OF RECURSIVE ALGORITHMS, FROM

SORTING AND SEARCHING TO ADVANCED DIVIDE-AND-CONQUER STRATEGIES. WITH PRACTICE, EVALUATING T(N) BECOMES A
SYSTEMATIC PROCESS THAT ENHANCES YOUR UNDERSTANDING OF ALGORITHMIC COMPLEXITY.

KEYWORDS: RECURRENCE RELATIONS, ASYMPTOTIC ANALYSIS, BiG O, OMEGA, DIVIDE-AND-CONQUER, MASTER THEOREM,
RECURSION TREE, ALGORITHM COMPLEXITY, ALGORITHM ANALYSIS

FREQUENTLY AsSkeD QUESTIONS

\WHAT IS THE ASYMPTOTIC UPPER BOUND FOR T(N) = 2T(n/2) + NP

THE ASYMPTOTIC UPPER BOUND FOR T(N) IS O(N LOG N), AS PER THE MASTER THEOREM WITHA = 2,8 = 2, AND F(N) = N.

\WHAT IS THE ASYMPTOTIC LOWER BOUND FOR T(N) = 3T(n/4) + NP

THE LOWER BOUND FOR T(N) IS Q(N), SINCE THE NON-RECURSIVE WORK DOMINATES FOR LARGE N, AND THIS IS ALSO THE TIGHT
BOUND ACCORDING TO THE MASTER THEOREM.



How DO YOU DETERMINE THE ASYMPTOTIC BOUNDS FOR T(N) = T(N/2) + 1?

UsiNG THE MASTER THEOREM, T(N) = O(LoG N) AND U(LoG N), so T(N) = ©(LOG N). THE RECURRENCE MODELS A SIMPLE
HALVING PROCESS WITH CONSTANT WORK PER STEP.

GiveN T(N) = 4T(N/2) + N, WHAT ARE THE ASYMPTOTIC UPPER AND LOWER BOUNDS?

APPLYING THE MASTER THEOREM, BOTH BOUNDS ARE O(N"2), SINCE A = 4,8 = 2, AND F(N) = N, LEADING TO POLYNOMIAL
GROWTH WITH EXPONENT LOG_B A = 2.

For THE RECURRENCE T(N) = T(N-1) + 1, WHAT ARE THE ASYMPTOTIC BOUNDS?

THIS RECURRENCE SOLVES TO T(N) = @(N), AS IT REPRESENTS A LINEAR PROCESS WITH CONSTANT ADDITIONAL WORK AT
EACH STEP.

\WHAT ARE THE ASYMPTOTIC BOUNDS FOR T(N) = T(N/3) + LoG NP

UsING THE MASTER THEOREM, T(N) = ©((LoG N)*{LoG_g A + 1}) = ©((Loa M) T + 13) = ©((LoG N)"2), PROVIDING
BOTH UPPER AND LOWER BOUNDS.

How DO YOoU FIND ASYMPTOTIC BOUNDS FOR T(N) = 2T(N/2) + N LOG N?

APPLYING THE MASTER THEOREM, THE BOUNDS ARE T(N) = O(NLOG"2 N), SINCE A = 2,8 = 2, AND F(N) = N LOG N, WHICH
DOMINATES THE RECURRENCE.

\WHAT ARE THE BOUNDS FOR T(N) = T(N/2) + NP

THIS RECURRENCE HAS BOUNDS T(N) = @(N), AS THE WORK AT EACH LEVEL SUMS TO A LINEAR TOTAL, AND THE RECURSION
DEPTH IS LOG N.

\W/HEN GIVEN A RECURRENCE T(N) = AT(N/B) + F(N), HOW DO YOU ESTABLISH
ASYMPTOTIC UPPER AND LOWER BOUNDS?

You coMpARE F(N) wiITH N*{LOG_B A} USING THE MASTER THEOREM. IF F(N) GROW'S FASTER, T(N) IS DOMINATED BY F(N); IF
SLOWER, BY N*{LoG_B A}: IF EQUAL, T(N) 1s ©(N*{LoG_B A} LOG N).

ADDITIONAL RESOURCES

RecURRENCE ReLATIONS: A Deep DIVE INTO ASYMPTOTIC BOUNDS

UNDERSTANDING THE GROW TH BEHAVIOR OF RECURSIVE ALGORITHMS IS FUNDAMENTAL TO COMPUTER SCIENCE, ESPECIALLY
WHEN ANALYZING THEIR EFFICIENCY AND SCALABILITY. RECURRENCE RELATIONS SERVE AS MATHEMATICAL MODELS CAPTURING
THE ESSENCE OF RECURSIVE PROCESSES, AND ASYMPTOTIC BOUNDS—BIG O, BiG OMEGA/ AND THETA—HELP US CHARACTERIZE
THEIR LONG-TERM BEHAVIOR. IN THIS COMPREHENSIVE REVIEW, WE EXPLORE HOW TO ESTABLISH ASYMPTOTIC UPPER AND LOWER
BOUNDS FOR VARIOUS RECURRENCE RELATIONS, ASSUMING THAT T(N) DENOTES THE TIME COMPLEXITY OR COST FUNCTION.

UNDERSTANDING RECURRENCE RELATIONS

BEFORE DIVING INTO BOUNDS, IT’S CRUCIAL TO UNDERSTAND WHAT RECURRENCE RELATIONS ARE. IN ESSENCE, A RECURRENCE



RELATION EXPRESSES T(N) IN TERMS OF SMALLER INSTANCES OF THE SAME PROBLEM, OFTEN REFLECTING THE DIVIDE-AND-
CONQUER APPROACH.

ExXAMPLE:

\[T(N) = 2T(n/2) +n\]

THIS RECURRENCE MODELS ALGORITHMS LIKE MERGE SORT, WHERE THE PROBLEM IS DIVIDED INTO TWO HALVES, EACH SOLVED
RECURSIVELY, PLUS SOME LINEAR WORK AT EACH LEVEL.

Key CoNCEPTS:
- BAse Case: THE VALUE ofF T(N) For sMALL N (e.G., T(1))

- Recursive Case: How T(N) RELATES TO SMALLER INPUTS
- AsYMPTOTIC BeHAVIOR: How T(N) BEHAVES AS N APPROACHES INFINITY

CoMMON TECHNIQUES FOR SOLVING RECURRENCES

SEVERAL METHODS ARE USED TO ANALYZE AND BOUND RECURRENCE RELATIONS:
- |TERATION / ExPANSION METHOD: REPEATEDLY EXPAND THE RECURRENCE TO OBSERVE THE PATTERN.
- RecUrsIioN TREe METHOD: VISUALIZE THE RECURRENCE AS A TREE TO SUM THE COSTS AT EACH LEVEL.

- MASTER THEOREM: A DIRECT FORMULA FOR RECURRENCES OF THE FORM T(N) = AT(N/B) + F(N).

EACH METHOD OFFERS INSIGHTS INTO THE ASYMPTOTIC BOUNDS, WITH THE MASTER THEOREM BEING PARTICULARLY POWERFUL
FOR DIVIDE-AND-CONQUER RECURRENCES.

AsYMPTOTIC UPPER AND LOWER BOUNDS; FORMAL DEFINITIONS

- Bic O (O): AN UPPER BOUND, INDICATING T(N) GROWS NO FASTER THAN A CERTAIN RATE.
- Bic OMEGA (£): A LOWER BOUND, INDICATING T(N) GROWS AT LEAST AS FAST AS A CERTAIN RATE.
- THETA (©): TIGHT BOUNDS, MEANING T(N) IS BOTH O AND ) OF THE SAME FUNCTION.

ESTABLISHING THESE BOUNDS INVOLVES COMPARING T(N) TO KNOWN FUNCTIONS SUCH AS POLYNOMIAL, LOGARITHMIC, OR
EXPONENTIAL FUNCTIONS.

CASE STUDIES: BOUNDING SPECIFIC RECURRENCES

LET’S ANALYZE SOME TYPICAL RECURRENCE RELATIONS, PROVIDING ASYMPTOTIC BOUNDS AND DETAILED REASONING.

1. Recurrence: \( T(N) = 2T(N/2) + N \)

ANALYSIS USING THE MASTER THEOREM:



- PARAMETERS:
-\(A=2)\) (NUMBER OF RECURSIVE CALLS)
-\(8=2\) (SUBPROBLEM SIZE FACTOR)

A EGEOEIRY

- CALCULATE:
-\(N\LoG_B A} =n"{\Loc_2 2} =n"1=n))

- CompaAre \( F(N) \) witH \(N*{\LoG_B A} \):
-\Ce(n) = \TrHeTa(N*{\LoG_B A}) \)

RESULT: THE RECURRENCE FALLS INTO THE SECOND CASE OF THE MASTER THEOREM, WHICH STATES:
\[ T() = \TrHeta(N* {\Loc_B A} \LoG N) = \THeTA(N \LoG N) \]

AsYMPTOTIC BOUNDS:

- Upper Bounp: \( T(n) = O(N \LoG N) \)

- Lower Bounp: \( T(n) = \OMeca(N \LoG N) \)

Concrusion: THe TIGHT BounD IS \( \eoxep{\ THeTA(N \LoG N)3} \). THIS IS CLASSIC FOR ALGORITHMS LIKE MERGE SORT.

2. Recurrence: \( T(n) = 3T(n/4) + \sqrT{N} )

APPLYING THE MASTER THEOREM:

-\(a=3\),\(8=4\), \(F(Nn) = \sarT{N} =n"{0.5} \)
- CompuTe \(N*{\LoG_B A} \):

-\(\LoG_4 3 \approx 0.792\)

- So, \(N{\LoG_& A} \apProx N*{0.792} \)

- Compare \( F(N) \) witH \(N*{\LoG_B A} \):

-\Cr(n) =n"{0.53 V)

-Since \( 0.5 <0.792 \), \(r(N) = o(N*{\Loc_& A}) \)
THIS MATCHES THE FIRST CASE OF THE MASTER THEOREM:

\[ T(n) = \Treta(N* {\LoG_B A}) = \TrHeTa(N{0.792}) \]

Bounbs:

- Upper Bounp: \( T(n) = O(N{0.792DH) \)
- Lower Bounp: \( T(N) = \OMeca(N*{0.792}) \)

ConcLusion: THe TIGHT BoUND 1S ROUGHLY \( \soxed{\ THeTA(N*{0.7921)3} \).

3. Recurrence: \( T(N) = 2T(n/2) + 1\)

ANALYSIS:

-\a=21),\(e=2\),\(F(x)=11)



-\(N{\Loc_g A} =n*{\LoG_2 2} =n"1=n )

- CompARING \(F(N) = 1 \) with \(N*{13\):

-\(1=0()\)

THIS CORRESPONDS TO THE FIRST CASE OF THE MASTER THEOREM:
\[ T(N) = \Thera(n* {\Loc_g A}) = \THeTA(N) \]

Bounps:

- Upper Bounp: \( O(N) \)
- Lower Bouno: \( \OMeca(n) \)

ConcLusion: THe TIGHT asyMpToTIC BoUND IS \( \soxep{\ THeTA(N)} \).

4. RecUrrReNce: \( T(N) =T(v-1)+ 1))

ANALYSIS USING ITERATION:
- EXPAND THE RECURRENCE:

[T =TN-1)+ 1\]

\[Tn-1)=T(-2) + 1 \]

\[ \LooTs \]

\[T(1) =c\]

- SUMMING UP:

TN =T +(n-1)\TiMes T=c+n-11\]
- ASYMPTOTIC BEHAVIOR: LINEAR GROWTH
Bounbs:

- Upper Bouno: \( T(N) = O(N) \)
- Lower Bouno: \( T(n) = \OMeca(n) \)

Concrusion: \( \soxeo{\THeTa(N)} \)

GENERAL PRINCIPLES FOR BOUNDING RECURRENCES

W/HILE THE ABOVE EXAMPLES ILLUSTRATE SPECIFIC INSTANCES, SOME OVERARCHING PRINCIPLES HELP IN BOUNDING RECURRENCES
BROADLY:

1. IDENTIFY THE DOMINANT TERM: THE RECURSIVE CALL’S COST VS. THE WORK DONE OUTSIDE THE RECURSIVE CALL.

2. UsE THE MASTER THEOREM WHEN APPLICABLE: PARTICULARLY FOR DIVIDE-AND-CONQUER RECURRENCES OF THE FORM \(
TN = aT(N/B) + F(N) V).

3. Compare \(F(N) \) To \(N*{\Loc_B A} \):

- IF \(F(N) \) IS POLYNOMIALLY SMALLER, THE RECURRENCE IS DOMINATED BY THE RECURSIVE PART.



- IF \(F(N) \) IS POLYNOMIALLY LARGER, THE NON-RECURSIVE WORK DOMINATES.
- IF THEY ARE COMPARABLE, LOGARITHMIC FACTORS TYPICALLY APPEAR.
4. APPLY ITERATIVE EXPANSION OR RECURSION TREES FOR RECURRENCES OUTSIDE THE MASTER THEOREM SCOPE.

Concrusion: AsyMPTOTIC BounDs AS THE COMPASS FOR ALGORITHM
EFFICIENCY

DETERMINING UPPER AND LOWER BOUNDS FOR RECURRENCE RELATIONS IS MORE THAN AN ACADEMIC EXERCISE;, IT’S A CRUCIAL
SKILL FOR EVALUATING ALGORITHM PERFORMANCE. W/HETHER ANALYZING CLASSIC DIVIDE-AND-CONQUER STRATEGIES OR MORE
COMPLEX RECURSIVE PROCEDURES, ESTABLISHING TIGHT BOUNDS GUIDES OPTIMIZATION EFFORTS AND INFORMS PRACTICAL
IMPLEMENTATION DECISIONS.

BY MASTERING METHODS SUCH AS THE MASTER THEOREM, ITERATION, AND RECURSION TREES, COMPUTER SCIENTISTS AND
SOFT\W ARE ENGINEERS CAN PREDICT HOW ALGORITHMS BEHAVE AS INPUTS SCALE, ENSURING THAT SOLUTIONS ARE BOTH
EFFICIENT AND SCALABLE. UNDERSTANDING THESE BOUNDS IS ESSENTIAL FOR PUSHING THE BOUNDARIES OF WHAT SOFTWARE CAN
ACHIEVE, FROM SORTING LARGE DATASETS TO SOLVING COMPLEX COMPUTATIONAL PROBLEMS EFFICIENTLY.

IN ESSENCE, THE ART OF BOUNDING RECURRENCE RELATIONS COMBINES MATHEMATICAL RIGOR WITH INTUITIVE INSIGHT, PROVIDING
THE FOUNDATION FOR DESIGNING AND ANALYZING ALGORITHMS THAT STAND THE TEST OF TIME AND DATA COMPLEXITY.
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