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UNDERSTANDING THE PROPERTIES OF ELLIPSES IS FUNDAMENTAL IN MANY FIELDS SUCH AS MATHEMATICS, ENGINEERING, PHYSICS,
AND COMPUTER GRAPHICS. ONE COMMON PROBLEM INVOLVES CALCULATING THE LENGTH OF AN ARC OF AN ELLIPSE,
PARTICULARLY WITHIN SPECIFIC QUADRANTS. IN THIS ARTICLE, WE WILL EXPLORE HOW TO DETERMINE THE LENGTH OF THE ARC
OF THE FIRST QUADRANT OF THE ELLIPSE GIVEN BY THE EQUATION:

\[9x*2 + 16v"2 =144 \]

OUR GOAL IS TO PROVIDE A COMPREHENSIVE, STEP-BY-STEP APPROACH TO CALCULATING THIS ARC LENGTH, COVERING THE
NECESSARY MATHEMATICAL BACKGROUND, METHODS, AND INTERPRETATIONS TO MAKE THE PROCESS ACCESSIBLE AND INSIGHTFUL.

UNDERSTANDING THE ELLIPSE EQUATION

BEFORE DIVING INTO THE ARC LENGTH CALCULATION, IT'S ESSENTIAL TO UNDERSTAND THE FORM AND PROPERTIES OF THE GIVEN
ELLIPSE.

THE STANDARD FORM OF AN ELLIPSE

THE GENERAL EQUATION OF AN ELLIPSE CENTERED AT THE ORIGIN IS:
\[\FrRAC{X"2}{ A2} + \rrac{¥y"2}{&"2} = 1 \]

WHERE:
- \(A\) IS THE LENGTH OF THE SEMI-MAJOR AXIS,
- \(8\) IS THE LENGTH OF THE SEMI-MINOR AXIS.

IN OUR CASE, THE GIVEN ELLIPSE IS:
\[9x*2 + 16v"2 = 144 \]
WHICH CAN BE REWRITTEN IN THE STANDARD FORM BY DIVIDING BOTH SIDES BY 144:

\[\FrAC{9x"23{ 144} + \rrac{16Y"2} 144} =1\]
\[\rrac{x"23}{163 + \rrac{¥"23}{9} = 1\]

FROM THIS, WE IDENTIFY:
-\(A"2 = 16 \RiGHTARROW A =4 \)
-\(8"2 =9 \RiGHTARROW B = 3 )

THUS, THE ELLIPSE HAS SEMI-MAJOR AND SEMI-MINOR AXES:
- \(a = 4\) ALONG THE Xx-AXIS,

-\(8 = 3\) ALONG THE Y-AXIS.

NoTe: SINCE \(A > B\), THE MAJOR AXIS IS ALONG THE X-AXIS.



ELLIPSE IN STANDARD FORM

THE EQUATION NOW READS:
\[ \rrAc{x"23}{4"2} + \rrac{¥y"2}{3"2}=1\]
WHICH SIMPLIFIES TO:

\[\rrAac{x"23}{163 + \rrac{¥"23}{9} = 1\]

DETERMINING THE ARC OF THE FIRST QUADRANT

THE FIRST QUADRANT CORRESPONDS TO THE REGION WHERE BOTH \(X\) AND \(Y\) ARE POSITIVE. THE ARC OF INTEREST IS THE
SEGMENT OF THE ELLIPSE FROM THE POINT \((A, 0)\) To \((O, 8)\).

FINDING COORDINATES AT THE FIRST QUADRANT

- THe enopoINT oN THE X-axis: \((a, 0) = (4, 0)\)
- THe enpPoINT oN THE Y-Axis: \((0, 8) = (0, 3)\)

THE ARC LENGTH BETWEEN THESE TWO POINTS ALONG THE ELLIPSE’'S PERIMETER DEFINES THE SEGMENT OF THE FIRST QUADRANT.

CALCULATING THE ARC LENGTH OF AN ELLIPSE

CALCULATING THE ARC LENGTH OF AN ELLIPSE IS MORE COMPLEX THAN FOR A CIRCLE BECAUSE THE RADIUS VARIES ALONG THE
PERIMETER. THE GENERAL FORMULA FOR THE ARC LENGTH \(L\) FrRoM A POINT \(\THETA = 0\) TOo \(\THETA = \THETA_ 1))
(PARAMETRIZED IN TERMS OF THE ECCENTRIC ANOMALY OR PARAMETRIC ANGLE) IS:

\[L=\inT_{O0}"*{\1HeTA_1} \sQRT{A"2 \sIN"2 \THETA + 8”2 \cOos"2 \THETA} \, D\THETA \]

ALTERNATIVELYI IF PARAMETRIZED EXPLICITLY:

\[

x = A \cos T\\

vy=B\sINT

\]

THEN THE DIFFERENTIAL ARC LENGTH \(DS\) Is:

\[

ps = \sQrT{\LerT(\rrRAC{DX}{DT}\RIGHT)"2 + \LerT(\rrAc{DY}{DT}\RIGHT)"2} \, DT
\]

WHICH SIMPLIFIES TO:

\l

0s = \s@rT{A"2 \sn"*2 T +8"2 \cos"2 T} \, DT



\]

NoTe: THe PARAMETER \(T\) rRUNS FRoM O To \(\PI/2\) FOR THE FIRST QUADRANT.

STeP-BY-STEP CALCULATION OF THE ARC LENGTH

LET'S NOW PROCEED TO COMPUTE THE ARC LENGTH OF THE ELLIPSE’S FIRST QUADRANT.

1. PARAMETRIZE THE ELLIPSE

USING THE PARAMETRIC EQUATIONS:

\[
x(T) =Aa\cos T=4 \cos T \\
y(T)=B\sNnT=3\sInT

\]

\WHERE:

\[
T\n[O, \P1/2]
\]

THIS PARAMETRIZATION TRACES THE FIRST QUADRANT FRoM \((4, 0)\) To \((0, 3)\).

2. WRITE THE ARC LENGTH INTEGRAL

Tre LenaTH \(L\) oF THE Arc From \(7=0\) To \(7=\ri/2\) Is:

\[
L =\inT_{0}*{\P1/2} \sQrT{\LerT(\rrAc{DX}{DT}\RIGHT)" 2 + \LerT(\rrAC{DY}{DT}\RIGHT)"2} \, DT
\]

COMPUTE DERIVATIVES:

\[
\rrac{ox}{pT}=-a\sinT=-4 \sin T \\
\rrac{oY}{pT} =8 \cos T=3 \cos T

\]
So,

\[
0s = \sQrT{(-4 \sin T)"2 + (3 \cos T)*2} \, T = \s@rT{16 \sn*2 T + 9 \cos"2 T} \, oT
\]

THEREFORE,

\[
L =\inT_{0}*{\P1/2} \s@rT{16 \sN"*2 T + 9 \cos"2 T} \, bT
\]



3. SIMPLIFY THE INTEGRAL

EXPRESS THE INTEGRAND:

\[
\s@rT{16 \sINn*2 T + 9 \cos"2 T}
\]

WHICH CAN BE WRITTEN AS:

\[
\s@rT{(16 - 9) \sin"*2 T + 93
=\sQrT{7 \sin*2 T + 9}

\]

THUS, THE INTEGRAL BECOMES:

\[

L =\inT_{0}*{\P1/2} \s@rT{7 \sn"*2 T + 9} \, DT
\]

4. RECOGNIZE THE ELLIPTIC INTEGRAL

THE INTEGRAL:

\[
L =\inT_{0}*{\P1/2} \s@rT{A \sn"*2 T + B} \, DT
\]

IS A FORM OF ELLIPTIC INTEGRAL, WHICH GENERALLY DOES NOT HAVE AN ELEMENTARY ANTIDERIVATIVE.

IN OUR CASE:

\[

A=7,\QquabB =9

\]

THE INTEGRAL:

\[

L =\inT_{0}*{\P1/2} \s@rT{7 \sn*2 7+ 9} \, DT
\]

CAN BE EXPRESSED IN TERMS OF THE INCOMPLETE ELLIPTIC INTEGRAL OF THE SECOND KIND, DENOTED AS \(E(\PHI, k)\), Or THE
compLETE ELLIPTIC INTEGRAL \(E(K)\) wHen \(\pHi = \p1/2\).



EXPRESSING THE ARC LENGTH IN TERMS OF ELLIPTIC INTEGRALS

STANDARD FORM OF ELLIPTIC INTEGRALS

THE COMPLETE ELLIPTIC INTEGRAL OF THE SECOND KIND IS:

\[
EC) = \inT_{03"*{\P1/2} \s@rT{1 - k"2 \sIN"2 \THETA} \, D\THETA
\]

OUR INTEGRAL RESEMBLES THIS FORM BUT WITH DIFFERENT COEFFICIENTS.

REWRITING THE INTEGRAL

FACTOR OUT 9:

\[

L =\INnT_{0}*{\P1/2} \s@rT{9 + 7 \sin"2 1} \, oT = \INnT_{03}"*{\P1/ 2} \sQrT{9 \LerT(1 + \rRAC{7H 9} \sn"2 T
\rIGHT)} \, DT

\]

\[

L =3 \InT_{03"{\P1/2} \sQrT{1 + \FRAC{7}H{9} \sn"2 T} \, DT

\]

NOTE THAT:

\[
\sQrT{1 + M \siIN*2 T} = \sqQrT{1 + M \sn"*2 T}
\]

WHICH IS SIMILAR TO THE FORM OF ELLIPTIC INTEGRALS, BUT WITH THE PLUS SIGN. TO EXPRESS THE INTEGRAL IN STANDARD
ELLIPTIC FORM, WE SET:

\[
M= \rrRAc{73}{ 93}
\]

AND RECOGNIZE THAT THE INTEGRAL:

\[
\INT_{03*{\P1/2} \s@rT{1 + M \sn"*2 T} \, DT
\]

IS KNOWN AS THE ELLIPTIC INTEGRAL OF THE SECOND KIND \(E(\PHI | M)\).

NOTE: SINCE THE FORM INVOLVES ADDITION, THE INTEGRAL CAN BE EXPRESSED AS A COMBINATION OF ELLIPTIC INTEGRALS, BUT
IT IS MOST STRAIGHTFORWARD TO EVALUATE NUMERICALLY.



