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When solving systems of linear equations, iterative methods are often preferred for their
efficiency and simplicity, especially when dealing with large sparse matrices. Among
these, the Jacobi and Gauss-Seidel methods stand out as fundamental techniques in
numerical linear algebra. Their convergence properties depend heavily on the
characteristics of the coefficient matrix, with strict diagonal dominance being a crucial
factor.

This article explores the behavior of sequences generated by the Jacobi and Gauss-Seidel
methods when the coefficient matrix A is strictly diagonally dominant. We will delve into
the theoretical background, convergence guarantees, and practical steps to generate the
solution sequences {x} effectively. Whether you're a student, researcher, or practitioner,
understanding these concepts will enhance your ability to solve linear systems efficiently.

---

Understanding Strict Diagonal Dominance in
Matrices

Before diving into iterative methods, it’s essential to grasp what makes a matrix strictly
diagonally dominant and why this property is vital for convergence.

Definition of Strict Diagonal Dominance

A square matrix A = [aij] of order n is said to be strictly diagonally dominant if, for each
row i, the absolute value of the diagonal element exceeds the sum of the absolute values of
the other elements in that row:

\[
|a_{ii}| > \sum_{\substack{j=1 \\ j \neq i}}^{n} |a_{ij}|
\]

for all i = 1, 2, ..., n.



Significance of Strict Diagonal Dominance

- Ensures the convergence of iterative methods such as Jacobi and Gauss-Seidel.
- Guarantees the uniqueness of the solution to the linear system A x = b.
- Facilitates the development of reliable algorithms for large-scale problems.

---

Iterative Methods for Solving Linear Systems

Iterative methods start with an initial guess and generate sequences that converge to the
actual solution. The two most common methods—Jacobi and Gauss-Seidel—are
distinguished by their iterative formulas and convergence properties.

The Jacobi Method

The Jacobi method decomposes A into its diagonal component D and the remainder R:

\[
A = D + R
\]
where
\[
D = \text{diag}(a_{11}, a_{22}, ..., a_{nn})
\]
and
\[
R = A - D
\]

The iterative formula is:

\[
x^{(k+1)} = D^{-1} (b - R x^{(k)})
\]

or, component-wise:

\[
x_i^{(k+1)} = \frac{1}{a_{ii}} \left( b_i - \sum_{\substack{j=1 \\ j \neq i}}^{n} a_{ij}
x_j^{(k)} \right)
\]

for i = 1, 2, ..., n.



The Gauss-Seidel Method

Similar to Jacobi, but uses the latest available components during iteration:

\[
x^{(k+1)} = (D + L)^{-1} (b - U x^{(k)})
\]

where L and U are the strict lower and upper parts of A:

\[
A = D + L + U
\]

Component-wise:

\[
x_i^{(k+1)} = \frac{1}{a_{ii}} \left( b_i - \sum_{j=1}^{i-1} a_{ij} x_j^{(k+1)} -
\sum_{j=i+1}^{n} a_{ij} x_j^{(k)} \right)
\]

for i = 1, 2, ..., n.

---

Convergence Criteria and Theoretical Guarantees

One of the main questions when applying iterative methods is whether the sequences {xk}
will converge to the true solution x.

Convergence of Jacobi Method

- Theorem: If A is strictly diagonally dominant, the Jacobi method converges for any initial
guess x0.
- Reason: Strict diagonal dominance ensures that the spectral radius of the iteration
matrix TJ = Dsup is less than 1.

Convergence of Gauss-Seidel Method

- Theorem: If A is strictly diagonally dominant, the Gauss-Seidel method converges
unconditionally.
- Reason: The spectral radius of the iteration matrix TGS is less than 1 under strict
diagonal dominance.



Practical Implication

These theorems imply that, given a strictly diagonally dominant matrix, both methods will
generate sequences {xk} that tend toward the unique solution of the system.

---

Generating the Sequences {x} in Practice

To effectively generate the sequences, follow these steps:

Step 1: Verify Strict Diagonal Dominance

Confirm that A satisfies:

\[
|a_{ii}| > \sum_{j \neq i} |a_{ij}|
\]

for all i.

Step 2: Choose an Initial Guess

Select an initial approximation x0, commonly:

- The zero vector.
- A vector based on prior knowledge.
- An educated guess derived from the problem context.

Step 3: Implement the Iteration

Apply the formulas:

- Jacobi:

\[
x_i^{(k+1)} = \frac{1}{a_{ii}} \left( b_i - \sum_{\substack{j=1 \\ j \neq i}}^{n} a_{ij}
x_j^{(k)} \right)
\]

- Gauss-Seidel:



\[
x_i^{(k+1)} = \frac{1}{a_{ii}} \left( b_i - \sum_{j=1}^{i-1} a_{ij} x_j^{(k+1)} -
\sum_{j=i+1}^{n} a_{ij} x_j^{(k)} \right)
\]

Repeat these steps iteratively, updating the sequence {xk} at each iteration.

Step 4: Check for Convergence

Continue iterations until:

- The difference between consecutive sequences is below a predefined tolerance:

\[
\| x^{(k+1)} - x^{(k)} \| < \varepsilon
\]

- Or the residual:

\[
\| A x^{(k)} - b \| < \varepsilon
\]

where ε is a small positive number, e.g., 10-6.

Step 5: Analyze the Generated Sequences

- Observe the convergence pattern.
- Confirm that the sequences stabilize.
- Use the final sequence as an approximation of the solution.

---

Practical Examples and Numerical Illustrations

To illustrate, consider the linear system:

\[
\begin{cases}
4x_1 - x_2 + 0x_3 = 5 \\
- x_1 + 4x_2 - x_3 = 5 \\
0x_1 - x_2 + 3x_3 = 4
\end{cases}
\]



The coefficient matrix A:

\[
A = \begin{bmatrix}
4 & -1 & 0 \\
-1 & 4 & -1 \\
0 & -1 & 3
\end{bmatrix}
\]

Check for strict diagonal dominance:

- Row 1: |4| > |−1| + |0| → 4 > 1 → True
- Row 2: |4| > |−1| + |−1| → 4 > 2 → True
- Row 3: |3| > |0| + |−1| → 3 > 1 → True

Since all rows satisfy the condition, the matrix is strictly diagonally dominant, ensuring
convergence.

Initial guess: x0 = (0, 0, 0)

Applying the Jacobi iteration:

\[
x_1^{(k+1)} = \frac{1}{4} (5 + x_2^{(k)})
\]
\[
x_2^{(k+1)} = \frac{1}{4} (5 + x_1^{(k)} + x_3^{(k)})
\]
\[
x_3^{(k+1)} = \frac{1}{3} (4 + x_2^{(k)})
\]

Iterate until convergence, observing the sequences {xk}. Similar steps apply for Gauss-
Seidel, updating sequentially within each iteration.

---

Advantages and Limitations ∑_{j ≠ i} |a_ij|

This means the absolute value of each diagonal
element exceeds the sum of the absolute values of
the other elements in that row. This property is
crucial because it ensures certain stability and



convergence properties for iterative methods.

Significance

- Guarantees convergence of the Jacobi and
Gauss-Seidel methods.
- Ensures uniqueness of the solution to the
system Ax = b.
- Facilitates error estimation and sequence
analysis during iteration.

---

The Iterative Methods: Jacobi and Gauss-Seidel

Both methods aim to iteratively refine an initial
guess x^{(0)} to approach the true solution x of
the system Ax = b.

Jacobi Method

In the Jacobi method, each component of the new
approximation x^{(k+1)} is computed using the
previous iteration's values:

x_i^{(k+1)} = (1 / a_ii) (b_i - ∑_{j ≠ i} a_ij
x_j^{(k)})

for i = 1, 2, ..., n.



Key characteristics:

- Updates all components simultaneously.
- Uses only the previous iteration's values.
- Usually slower but more straightforward to
implement.

Gauss-Seidel Method

The Gauss-Seidel method improves upon Jacobi
by using the latest available values within the
same iteration:

x_i^{(k+1)} = (1 / a_ii) (b_i - ∑_{j=1}^{i-1} a_ij
x_j^{(k+1)} - ∑_{j=i+1}^{n} a_ij x_j^{(k)})

Key characteristics:

- Updates components sequentially within each
iteration.
- Immediately incorporates the most recent
values.
- Generally converges faster than Jacobi under the
same conditions.

---

Convergence of Iterative Sequences {x^{(k)}}



Why Strict Diagonal Dominance Guarantees
Convergence

The crux of convergence analysis lies in the
properties of the iteration matrices involved:

- For the Jacobi method, the iteration can be
expressed as:

x^{(k+1)} = T_J x^{(k)} + c

where

T_J = D^{-1} (L + U),

with D being the diagonal of A, L the strictly
lower part, and U the strictly upper part.

- For the Gauss-Seidel method:

x^{(k+1)} = T_{GS} x^{(k)} + c

with

T_{GS} = (D - L)^{-1} U.

Convergence is guaranteed if the spectral radius
ρ(T) < 1 for the iteration matrix T.



Role of Strict Diagonal Dominance

- When A is strictly diagonally dominant, it
ensures that:

ρ(T_J) < 1 and ρ(T_{GS}) < 1.

- This guarantees that the sequences {x^{(k)}}
generated by both methods converge to the true
solution x.

Error Propagation and Sequence Behavior

Define the error vector at iteration k as:

e^{(k)} = x^{(k)} - x

The iterative process reduces this error over
iterations if the spectral radius condition holds:

lim_{k→∞} e^{(k)} = 0

which implies x^{(k)} → x.

---

Generating and Analyzing the Sequences
{x^{(k)}}



Initialization

- Begin with an initial guess x^{(0)}, often the
zero vector or any feasible estimate.
- The choice of x^{(0)} influences the
convergence speed but not the convergence itself
if A is strictly diagonally dominant.

Iterative Process

- For each iteration k, compute x^{(k+1)} using
the formulas for Jacobi or Gauss-Seidel.
- Continue until the difference between
successive approximations:

‖x^{(k+1)} - x^{(k)}‖

falls below a predetermined tolerance.

Monitoring Convergence

- Use error norms such as the Euclidean norm (L2
norm) or Maximum norm.
- Check if:

‖x^{(k+1)} - x^{(k)}‖ < ε

for a small ε (e.g., 10^{-6}).



Practical Steps

1. Set initial guess: e.g., x^{(0)} = 0.
2. Compute x^{(1)} using the iterative formulas.
3. Evaluate the difference ‖x^{(1)} - x^{(0)}‖.
4. Repeat steps 2–3 until convergence criteria are
met.
5. Record each sequence {x^{(k)}} for analysis.

---

Visualizing and Analyzing the Sequences

Sequence Behavior

- Convergence: The sequence approaches the true
solution x as k increases.
- Rate of convergence: Faster when the spectral
radius ρ(T) is significantly less than 1.
- Stability: Strict diagonal dominance ensures
stable sequences that do not diverge.

Graphical Representation

- Plot each component x_i^{(k)} versus iteration
k.
- Observe the convergence trend and rate.
- Detect any oscillations or divergence if the
matrix is not strictly diagonally dominant.



---

Practical Applications and Considerations

When to Use Jacobi or Gauss-Seidel

- Suitable for large, sparse systems where direct
methods are computationally expensive.
- Particularly effective when A is strictly
diagonally dominant.
- Gauss-Seidel often converges faster but may be
less amenable to parallelization.

Limitations

- If the matrix A is not strictly diagonally
dominant, convergence is not guaranteed.
- For indefinite or poorly conditioned matrices,
alternative methods or preconditioning may be
necessary.

Enhancing Convergence

- Use relaxation techniques like Successive Over-
Relaxation (SOR).
- Preconditioning to improve the matrix's
properties.

---



Summary and Key Takeaways

- Strictly diagonally dominant matrices guarantee
the convergence of both Jacobi and Gauss-Seidel
iterative methods.
- The iteration sequences {x^{(k)}} generated by
these methods approach the true solution x under
this condition.
- Proper initialization, convergence monitoring,
and understanding of spectral radius are
essential for effective implementation.
- Visual and numerical analysis of the sequences
can provide insight into the convergence behavior
and efficiency.

---

Final Remarks

In solving systems where A is strictly diagonally
dominant, both Jacobi and Gauss-Seidel methods
serve as reliable and effective tools. By carefully
generating and analyzing the sequences
{x^{(k)}}, practitioners can ensure accurate
solutions, optimize convergence rates, and
develop robust numerical algorithms. Mastery of
these techniques not only enhances problem-
solving skills but also lays the groundwork for
advanced iterative methods and numerical linear



algebra applications.

---

Happy computing!
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