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Understanding the properties of matrices and their diagonalization is fundamental in linear algebra,
with applications spanning across various scientific and engineering disciplines. One particularly
interesting topic is the behavior of matrices under similarity transformations, especially when a matrix
is diagonalizable. This article explores the statement: If an N x N matrix A can be diagonalized, then
for any invertible N x N matrix B, the matrix BA{-1}AB is similar to A, and hence shares many of its
properties. We will delve into the concepts of diagonalization, similarity transformations, and the
implications of these results, providing a comprehensive and detailed explanation suitable for students

and professionals alike.

Understanding Diagonalization of Matrices

What Does It Mean for a Matrix to Be Diagonalizable?

A matrix A of size N x N is said to be diagonalizable if there exists an invertible matrix P and a

diagonal matrix D such that:
\[A=P D PN-1}\]

In this context:



- D is a diagonal matrix containing the eigenvalues of A along its diagonal.

- P is an invertible matrix whose columns are the eigenvectors corresponding to these eigenvalues.

Key points:

- Diagonalization simplifies many matrix operations, such as powers and exponentials.

- Not all matrices are diagonalizable; matrices with repeated eigenvalues and insufficient eigenvectors
may not be diagonalizable.

- Diagonalizability is closely tied to the matrix's eigenstructure and algebraic versus geometric

multiplicities of eigenvalues.

Criteria for Diagonalizability

A matrix A is diagonalizable if and only if:
- The sum of the dimensions of its eigenspaces equals N.

- Equivalently, the algebraic multiplicity equals the geometric multiplicity for each eigenvalue.
Common cases:

- All symmetric matrices over real numbers are diagonalizable.

- Matrices with distinct eigenvalues are always diagonalizable.

Similarity Transformations and Their Significance

What Is a Similarity Transformation?

A similarity transformation involves changing basis in the vector space to analyze the matrix A in a

different coordinate system. Mathematically, for an invertible matrix B, the transformation:

\[A'=BMN-1} AB ]



produces a matrix A' that is similar to A.

Properties:

- Similar matrices share many characteristics, including:
- Eigenvalues

- Characteristic polynomial

- Minimal polynomial

- Jordan canonical form (up to similarity)

- Trace and determinant

Implication: The process of similarity transformation preserves the essential structure of the matrix

while possibly changing its representation.

Role in Diagonalization

If A is diagonalizable, then:

\[A=PDPA-1} ]

for some invertible P. For any invertible B, the matrix:
\[ BA-1} A B \]

is similar to A, and therefore, shares the same eigenvalues and other spectral properties.

Proving the Main Statement



Given that A is diagonalizable, demonstrate that B {-1}AB shares the

same eigenvalues as A for any invertible B

Since A is diagonalizable, write:

\[A=PDPA-1} ]

where:

- P is invertible

- D is diagonal with eigenvalues \(\lambda_1, \lambda_2, \Idots, \lambda_N\).
Now consider the transformed matrix:

\[ BM-1} AB\]

Substitute A:

\[ BM{-1} AB=B-1} PD PN-1} B \]

Define:

\[Q=PA-1} B \]

which is invertible because both P and B are invertible. Then:
\[BM-1}AB=QM-1} D Q]

This shows that BA{-1}AB is similar to D, which is diagonal. Since similar matrices share the same

eigenvalues, it follows that:

\[ \text{Eigenvalues of } BA{-1}AB = \text{Eigenvalues of } D = \{\lambda_1, \lambda_2, \Idots,



\lambda_N\} \]

Thus, the eigenvalues of \( BA{-1}AB \) are identical to those of A, regardless of the invertible matrix B.

Implication: BA{-1}AB Is Similar to A

The previous derivation directly shows:

\[ BA{-1} A B \sim A \]

meaning \( BA{-1}AB \) is similar to A for any invertible matrix B.

This similarity indicates that:

- The spectral properties (eigenvalues, eigenvectors structure) are preserved.

- The matrix can be transformed into a diagonal matrix (via the similarity transformation) if A is

diagonalizable.

Further Properties and Consequences

Shared Eigenvalues and Diagonalizability

Because \( BA{-1}AB \) is similar to A, they:
- Have identical eigenvalues.

- Share the same characteristic polynomial.

Note: The eigenvectors may differ, but the spectral properties remain invariant under similarity.



Diagonalization in Practice

Given A is diagonalizable, and B is invertible:
- It is often advantageous to choose B in a manner that simplifies the structure of \( BA{-1}AB \).
- In applications, similarity transformations are used to bring matrices into canonical forms such as

diagonal, Jordan, or Schur forms.

Application in Diagonalization and Spectral Decomposition

The fact that similarity transformations preserve eigenvalues underpins many analytical techniques:
- Spectral theorem for symmetric matrices.
- Diagonalization for solving differential equations.

- Eigenvalue decomposition in data analysis and machine learning.

Summary and Conclusions

- Diagonalizability of a matrix A ensures that A can be expressed as \( A = P D PM-1}\) with P
invertible and D diagonal.

- For any invertible matrix B, the matrix \( BA{-1}AB \) is similar to A.

- Similar matrices share the same eigenvalues, characteristic polynomial, and many spectral
properties.

- The similarity transformation:
\[ BM-1}JAB = (P Q) D (P Q){-1} \]
links the spectral properties of A to those of \( BA{-1}AB \).

- This invariance under similarity transformations is a cornerstone in linear algebra, enabling the

classification and analysis of matrices through canonical forms.



Final note: The ability to diagonalize A simplifies the understanding of how arbitrary invertible
transformations B preserve the spectral structure of A through similarity, underlining the fundamental

nature of eigenvalues and eigenvectors in linear algebra.

By mastering these concepts, students and professionals can better understand matrix behavior,

spectral theory, and their applications across mathematics, physics, engineering, and data sciences.

Frequently Asked Questions

What does it mean for an N x N matrix A to be diagonalizable?

An N x N matrix A is diagonalizable if there exists an invertible matrix P such that PAM-1}AP is a

diagonal matrix. This implies A can be expressed as a similarity transformation of a diagonal matrix.

Why is the diagonalizability of matrix A important when considering
the matrix B {-1}AB?

Diagonalizability of A allows us to understand its structure via eigenvalues and eigenvectors, which
helps analyze the similarity transformation involving B and how it affects the eigenvalues and structure

of BA{-1}AB.

How does the invertibility of matrix B influence the similarity

transformation BN {-1}AB?

Since B is invertible, the transformation B*{-1}AB is a similarity transformation of A, which preserves
eigenvalues and many spectral properties, ensuring the resulting matrix shares key characteristics with

A.



Can the matrix BM{-1}AB be diagonalized if A is diagonalizable? Why
or why not?

Yes, because BM-1}AB is a similarity transformation of A, and similarity transformations preserve

diagonalizability. Therefore, BA{-1}AB is also diagonalizable if A is.

What is the significance of showing that BA{-1}AB is diagonalizable if
A is, in the context of linear algebra?

It demonstrates that diagonalizability is preserved under similarity transformations, which is

fundamental for simplifying matrix functions, spectral analysis, and solving systems of linear equations.

How are the eigenvalues of A related to those of BA{-1}AB?

The eigenvalues of BA{-1}AB are the same as those of A because similarity transformations do not

change eigenvalues, regardless of the invertible matrix B used.

What conclusion can be drawn about the matrix BA{-1}AB if A is
diagonalizable?

If A is diagonalizable, then B*{-1}AB is also diagonalizable, and it shares the same eigenvalues as A,

confirming that similarity transformations do not alter spectral properties.

Additional Resources

Diagonalization is a fundamental concept in linear algebra that provides deep insights into the structure
of matrices and their transformations. When an \( N \times N \) matrix \( A \) can be diagonalized, it
means there exists an invertible matrix \( P \) such that \( PA{-1}AP \) is a diagonal matrix. This
property simplifies many matrix operations, such as computing powers and exponentials, and reveals
the eigenvalues and eigenvectors of the matrix explicitly. Understanding how diagonalization interacts

with similarity transformations, especially in the context of conjugation by invertible matrices, is crucial



for advanced linear algebra applications across mathematics, physics, and engineering.

Understanding Diagonalization

What Does It Mean for a Matrix to Be Diagonalizable?

A matrix \( A \in \mathbb{R}*{N \times N} \) (or \( \mathbb{C}{N \times N} \)) is diagonalizable if there

exists an invertible matrix \( P \) such that:

\[
PA-1}JAP = D
\]

where \( D \) is a diagonal matrix whose entries are the eigenvalues of \( A \). Equivalently, \( A \) can

be expressed as:

\[
A = PDPA{-1}
\]

where the columns of \( P \) are the eigenvectors of \( A \), and the diagonal entries of \( D \) are the

corresponding eigenvalues.

Conditions for Diagonalizability

- Eigenvalue multiplicity vs. eigenvector dimension: For diagonalization, the algebraic multiplicity of
each eigenvalue must match its geometric multiplicity.
- Distinct eigenvalues: If all eigenvalues are distinct, \( A \) is diagonalizable.

- Diagonalizability over algebraically closed fields: Over \(\mathbb{C}\), all matrices with enough



eigenvectors are diagonalizable; over \(\mathbb{R}\), some matrices may not be diagonalizable due to

complex eigenvalues.

The Conjugation of \(A\) by an Invertible Matrix \(B\)

Defining the Similarity Transformation

Given an invertible \( N \times N \) matrix \( B \), the matrix:

\[

A' = BM-1}AB

\

is called similar to \( A \). Similar matrices share many properties, including:

- Same eigenvalues (including algebraic multiplicities).

- Same characteristic polynomial.

- Same minimal polynomial.

- Similar matrices represent the same linear transformation under different bases.

Significance of Similarity Transformations

- They allow us to analyze matrices in different bases.

- Simplify matrix computations by choosing bases that diagonalize or simplify \( A \).

- Play a key role in canonical forms like Jordan form.

Main Theorem: Diagonalizability and Similarity



Statement of the Problem

Suppose that \( A\) is an \( N \times N \) matrix that is diagonalizable. The question is: Show that for

any invertible matrix \( B \), the matrix \( BM-1}AB\) is similar to \( A \), and since \( A \) is

diagonalizable, \( B*-1}AB\) is also diagonalizable.

Intuitive Explanation

- Since \( A\) is diagonalizable, it can be expressed as \( A = P D PA{-1}\).

- The matrix \( BA{-1}AB \) can be viewed as a conjugation of \( A\) by \( B \).

- Because similarity transformations preserve eigenvalues and diagonalizability, \( BA{-1}AB \) remains

diagonalizable.

- Moreover, the eigenvalues of \( BA{-1}AB \) are the same as those of \( A \).

Formal Proof

Step 1: Express \(A\) in Diagonal Form

Since \( A ) is diagonalizable, there exists an invertible matrix \( P \) such that:

\[

A =P D PA-1}

\

where \( D \) is a diagonal matrix with eigenvalues \( \lambda_1, \lambda_2, ..., \lambda_N\).

Step 2: Conjugate \(A\) by \( B\)

Compute \( BA{-1}AB \):



\[
BA{-1}AB = BA-1} (P D PA-1})) B
\]

Note that:

\[

BA-1}AB = (BM-1} P) D (P*{-1} B)

\

Define \( Q = PM-1} B\). Since \( P \) and \( B\) are invertible, \( Q) is invertible. Then:

\[

BM-1JAB = QM-1} D Q

\

which is a similarity transformation of \( D \).

Step 3: Diagonalize \( BA{-1}AB\)

Because \( D \) is diagonal, and similarity transformations preserve diagonalizability, \( BA{-1}AB\) is

diagonalizable with eigenvalues identical to those of \( A \).

Step 4: Conclusion

- The matrix \( BAM-1}AB\) is similar to \( D \), which is diagonal.

- Since similarity preserves diagonalizability, \( BA{-1}AB \) is diagonalizable.

- Its eigenvalues are the same as those of \( A \).



Implications and Applications

Preservation of Eigenvalues

One of the key outcomes is that conjugating a diagonalizable matrix by an invertible matrix does not

change its eigenvalues. This property is fundamental in many areas, including:

- Spectral theory: Understanding the spectrum of transformations.

- Quantum mechanics: Changing basis states without altering observable spectra.

- Control theory: Transforming system matrices to canonical forms.

Canonical Forms

This result underpins the concept of canonical forms such as:

- Diagonal form: Simplifies the matrix to a form where eigenvalues are immediately visible.

- Jordan form: Generalized diagonalization when matrices are not diagonalizable.

Computational Advantages

Knowing that similarity transformations preserve diagonalizability allows for flexible computational

strategies:

- Choosing a basis in which \(A\) is diagonal to simplify calculations.

- Applying invertible transformations to bring matrices into more manageable forms.

Features, Pros, and Cons

Features



- Invariance of eigenvalues under similarity transformations.
- Preservation of diagonalizability for matrices similar to diagonalizable matrices.
- Flexibility in basis choice: any invertible transformation \( B \) can be used to analyze the matrix \( A

\).

Pros

- Simplifies complex matrix operations.
- Facilitates spectral analysis.
- Enables canonical forms for matrices, aiding classification.

- Widely applicable across disciplines involving linear transformations.

Cons

- Not all matrices are diagonalizable, so the property cannot be extended to non-diagonalizable
matrices.
- Computing explicit similarity transformations can be computationally intensive for large matrices.

- Over the real numbers, complex eigenvalues may complicate diagonalization.

Summary and Final Remarks

In conclusion, the property that if an \( N \times N \) matrix \( A \) can be diagonalized, then for any
invertible \( N \times N \) matrix \( B \), the matrix \( BA{-1}AB \) is similar to \( A \) underscores a
fundamental symmetry in linear algebra. It affirms that diagonalizability is preserved under similarity
transformations, reinforcing the importance of eigenvalues and eigenvectors as intrinsic features of
linear transformations. This insight not only broadens the theoretical understanding of matrix behavior
but also empowers practical applications across science and engineering fields, where changing basis
or coordinate systems is a routine necessity. The ability to conjugate matrices while maintaining their

spectral properties is a cornerstone of modern linear algebra, enabling elegant solutions and deeper



comprehension of linear systems.
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