If The Function Y=e2x Is Vertically
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Across The Y—-axis, And Then

If The Function Y=e”*{2x} Is Vertically Compressed By A Factor Of 3, Reflected
Across The Y—-axis, And Then it undergoes a series of transformations,
understanding these modifications is crucial for analyzing the behavior and
graph of the resulting function. These transformations involve changes to the
function’s amplitude, orientation, and domain. In this article, we will
explore each transformation step-by-step, explain their mathematical
formulations, and analyze their combined effect on the original exponential
function y = e™{2x}.

Understanding the Original Function: y = e*{2x}

Before delving into transformations, it is essential to understand the
characteristics of the base function y = e”{2x}.

Graph and Properties of y = e*{2x}

e Shape: An exponential growth curve that increases rapidly as x

increases.
e Domain: All real numbers, (-%, o),
e Range: (0, «), always positive.

Y-intercept: At x=0, y=e"{0}=1.

e Asymptote: The x—axis (y=0) is a horizontal asymptote.

Effect of the Exponent 2x

— The coefficient 2 in the exponent causes the graph to grow faster compared
to y=e”{x}.
— The function is still strictly increasing, but steeper.

Step 1: Vertical Compression by a Factor of 3

Mathematical Representation

- A vertical compression by a factor of 3 involves multiplying the entire
function by \(\frac{1}{3}\).
— The transformed function becomes:

\ [



y = \frac{1}{3} e~{2x}
\1

Effect on the Graph

e Amplitude: The maximum and minimum values are scaled down by a factor of
3, making the graph flatter.

e Y-values: For any given x, y-values are one-third of the original y-
value.

e Range: Changes from (0, ®) to (0, o), but with smaller y-values.

e Impact on the Asymptote: The horizontal asymptote remains at y=0 because
the function still approaches zero as x—=—-%,

Visual Implications

— The original exponential curve rises more gently.
- The graph is "compressed" vertically, bringing it closer to the x—axis
without changing the domain or the asymptote.

Step 2: Reflection Across the Y-axis

Mathematical Representation

- Reflection across the y-axis involves replacing x with -x in the function:
\ [

y = \frac{1}{3} e"{2(-x)} = \frac{1}{3} e~{-2x}

\1]

Effect on the Graph

e Mirror Image: The graph is flipped across the y-axis, reversing its
direction of growth.

e Behavior as x»®: Since e”"{-2x}-0, the function approaches 0 from above
as x-o,

e Behavior as x-»—-®o: e"{-2x}-%, so y-®, indicating the graph rises steeply
for large negative x.

e Range and Domain: Domain remains all real numbers, (-
remains (0, o). The asymptote y=0 persists.
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Summary of Reflection Effect

— The exponential growth is now reflected to exponential decay on the
positive side of the x—axis.
— The graph now decreases as x increases and increases as x decreases.

Step 3: Combining the Transformations

Composite Function

— The combined transformation results in:
\ [

y = \frac{1}{3} e~{-2x}

\1

This function incorporates both the vertical compression and the reflection.

Graphical Analysis

e For x»-», y-0o, indicating the graph rises steeply to infinity on the far
left.

e For x-»», y->0+, approaching zero asymptotically from above.

e The graph is a decreasing exponential function, starting high on the far
left and approaching zero as x increases.

e Vertical compression makes the graph flatter compared to the original
exponential decay e”~{-2x}.

Key Features of the Transformed Function

1. Domain: (-, )

2. Range: (0, )

3. Y-intercept: When x=0, y = (1/3) e~{0} = 1/3.
4. Horizontal asymptote: y=0, approached as x-m.

5. Behavior: Decreases exponentially as x increases, increases
exponentially as x decreases.

Additional Considerations and Variations



Impact of Further Transformations

— Vertical translation: shifting the graph up or down.

- Horizontal translation: shifting left or right.

— Scaling along the x-axis: compressing or stretching horizontally.
— Combining multiple transformations can produce complex graphs.

Real-World Applications

- Exponential decay models, such as radioactive decay or cooling processes,
can be represented using functions similar to y = e”{-kx}.

— Understanding transformations helps in data modeling and interpreting
exponential behavior in various fields.

Summary

— Starting from the base function y=e”{2x}, applying a vertical compression
by a factor of 3 transforms it into y= (1/3) e"{2x}.

- Reflecting this compressed function across the y-axis results in y= (1/3)
e™{-2x}.

— The combined effect yields a flatter, decreasing exponential curve that
approaches zero as x increases, with a high value on the far left.

— These transformations preserve the domain and asymptotic behavior but
significantly alter the graph's shape and orientation.

Conclusion

Understanding how exponential functions respond to transformations such as
compression and reflection is fundamental in mathematics. These concepts are
not only theoretical but also practical, enabling us to model, analyze, and
interpret real-world phenomena. The sequence of transformations applied to
y=e"{2x} illustrates the powerful ways in which mathematical functions can be
manipulated to fit various contexts and requirements, highlighting the
importance of a solid grasp of function transformations in advanced
mathematics and applied sciences.

Frequently Asked Questions

What is the original function given in the problem?

The original function is y = e*{2x}.

How do you apply a vertical compression by a factor
of 3 to the function y = e*{2x}?

A vertical compression by a factor of 3 transforms the function into y =
(1/3) en{2x}.

What does reflecting the function across the y-axis



mean®?

Reflecting across the y-axis replaces x with -x, so the function becomes y =
e™2(-x)} = e™{-2x}.

What is the combined transformation of the function
after compression and reflection?

The combined transformation results in y = (1/3) e”{-2x}.

Can you write the final transformed function after
all the described transformations?

Yes, the final function is y = (1/3) e"{-2x}.

How does the reflection across the y-axis affect the
exponential's exponent?

It changes the sign of the exponent from 2x to -2x.

What is the effect of applying both a vertical
compression and reflection on the graph's shape?

The graph becomes narrower (due to compression) and flipped across the y-axis
(due to reflection).

Is the transformation reversible, and if so, how?

Yes, reversing the transformations involves reflecting across the y-axis
again and multiplying by 3 to undo the compression, returning to the original
function.

What are some real-world applications of such
transformations on exponential functions?

These transformations are used in modeling decay or growth processes that are
compressed or reflected, such as in physics, biology, and economics.

Additional Resources

Transformations of the Function Y = e”*{2x}: A Comprehensive Analysis of
Vertical Compression, Reflection, and Beyond

Understanding the behavior of exponential functions under various
transformations is a fundamental aspect of advanced mathematics, especially
in the study of graphing and function analysis. The exponential function Y =
e”{2x} serves as a classic example, illustrating how manipulations such as
scaling, reflection, and translation alter the graph's shape and position. In
this article, we explore a specific sequence of transformations applied to
this function: a vertical compression by a factor of 3, a reflection across
the y-axis, and subsequent modifications. We delve into the mathematical
principles underlying each transformation, analyze their combined effects on



the graph, and discuss broader implications in mathematical modeling and
real-world applications.

Understanding the Original Function: Y = e”*{2x}

Basic Characteristics of the Exponential Function

The function Y = e”{2x} is an exponential growth function characterized by
the base of the natural logarithm, e (~2.71828), raised to a linear
transformation 2x. Key features include:

— Domain: All real numbers (-, o)

- Range: (0, ®), since e”{2x} 1s always positive

— Intercept: At x = 0, Y = {0} =1

— Asymptote: Y = 0 (the x—-axis), which the graph approaches but never touches

- Growth rate: Exponential, with a base of e”{2} (~7.389), indicating rapid
growth as x increases

The graph of Y = e*{2x} is an increasing exponential curve, steeper than Y =

e™{x} due to the multiplier 2 in the exponent, which effectively accelerates
growth.

Visualizing the Original Graph

Plotting Y = e”{2x} reveals a curve that:
- Passes through (0,1)
— Rapidly increases for positive x-values

— Approaches zero but never crosses the x—-axis for negative x-values

Understanding the baseline behavior of this function sets the stage for
analyzing how specific transformations modify its shape and position.

Applying a Vertical Compression by a Factor of
3

Mathematical Explanation of Vertical Compression

A vertical compression involves multiplying the entire function by a factor
less than 1 to reduce its height. Specifically, compressing by a factor of 3
translates mathematically to:

\N[Y_{compressed} = \frac{1}{3} \times e™{2x}\]



This transformation reduces the y-values of the original graph, making it
appear "flattened" vertically.

Effect on the graph:

— The original points on the graph are scaled down by a factor of 3.

- The new graph still passes through (0, 1/3) instead of (0, 1).

— The overall shape remains exponential and increasing, but the maximum and
minimum values are scaled accordingly.

Why a vertical compression?

Compared to a vertical stretch (multiplying by a factor greater than 1), a
compression makes the graph less steep, reducing the rate at which y

increases for positive x. For Y = e”{2x}, this reduces the steepness from
exponential growth to a slightly less aggressive curve.

Impact on Key Features

- Intercept: Now at (0, 1/3)

— Asymptote: Still at y=0

- Behavior at infinity: Tends to zero as x - -, but with smaller y-values
- Growth rate: Slightly subdued, but still exponential

This step is crucial for understanding how the amplitude and height of the
graph are affected, setting the foundation for subsequent transformations.

Reflecting Across the Y-Axis

Mathematical Representation of Reflection Across the
Y-Axis

Reflection across the y-axis involves replacing x with -x in the function:
\[Y_{reflected} = \frac{l1l}{3} \times e"{2(-x)} = \frac{1l}{3} \times e™{-2x}\]

This transformation flips the graph horizontally, mirroring it across the y-—
axis.

Key points:
- For any point (x, y) on the original, the reflected point becomes (-x, V)
— The exponential decay function Y = e”{-2x} replaces the original

exponential growth
— The shape transforms from increasing to decreasing as x increases

Effect on the Graph



- Intercept: At x=0, the point remains (0, 1/3), since reflection across the
y—axis leaves the y-intercept unchanged.

— Behavior for positive x: The original graph increases exponentially; after
reflection, the graph decreases exponentially as X increases.

— Behavior for negative x: The graph increases exponentially as x decreases
(since —-x becomes positive), reflecting the original growth pattern to the
left.

Implications of Reflection

Reflecting across the y-axis fundamentally alters the direction of the
exponential function. Where initially the function increased as x increased,
the reflected function now decreases, mirroring the original graph's shape
but oriented oppositely across the y-axis.

Combining the Transformations: A Step-by-Step
Synthesis

Having examined each transformation separately, it is instructive to analyze
their combined effect on the original function.

Sequence of Transformations

1. Vertical Compression: \(Y_1 = \frac{l1}{3} e~{2x}\)
2. Reflection across the y-axis: \(Y_2 = \frac{1}{3} e”{-2x}\)

The combined transformation results in:
\[Y_{final} = \frac{l1l}{3} e™{-2x}\]

This is a straightforward composition: apply the vertical compression first,
then reflect across the y-axis.

Graphical Interpretation of the Final Function

— Shape: The graph is an exponential decay curve, decreasing as X increases.
- Y-intercept: At x=0, \(Y_{final} = 1/3\).

— Behavior:

- As x » o, \(Y_{final} \to 0\)

- As x - -, \(Y_{final} \to \infty)\)

Visual summary:

— The graph starts high on the left (large y-values for negative x)

— Decreases exponentially towards zero as X increases

— The overall shape resembles the mirror image of the original exponential
growth curve, scaled down by a factor of 3



Implications of the Combined Transformation

This sequence illustrates how multiple transformations can be combined to
produce a wide variety of graph behaviors. In particular:

— Vertical compression modulates the amplitude
- Reflection flips the growth/decay behavior
— The combined effect creates a decay function scaled down in magnitude

These insights are vital when modeling real-world phenomena such as
radiocactive decay, cooling processes, or financial depreciation, where
understanding how different transformations affect behavior is crucial.

Extended Analysis: Additional Transformations
and Applications

While the focus has been on the specific sequence of transformations, it is
beneficial to consider broader implications and extensions.

Translation (Shifting the Graph)

Adding or subtracting constants to the function introduces translations:

- Vertical shift: \(Y = \frac{1}{3} e”{-2x} + k\) shifts the graph
vertically.

— Horizontal shift: \(Y = \frac{1}{3} e*{-2(x - h)}\) shifts horizontally by
h units.

Combining these with previous transformations allows for precise modeling of
data that require both amplitude and positional adjustments.

Scaling and Other Reflections

— Reflecting across the x—axis: \ (Y = -\frac{1}{3} e~{-2x}\)

- Vertical stretch: \ (Y = 3 e"{-2x}\), amplifying the original scale

— Horizontal stretch/compression: replacing x with \ (ax\) alters the rate of
decay or growth

Applications in Science and Engineering

These transformations are not purely theoretical but underpin numerous
applications:

- Radioactive decay modeling: exponential decay functions with specific
scaling

— Cooling laws: Newton's law of cooling modeled via exponential decay

— Population dynamics: modeling decline or growth with scaled exponential



functions
— Finance: depreciation models or compound interest with exponential factors

Understanding how to manipulate the basic exponential function allows
engineers, scientists, and mathematicians to tailor models to specific
scenarios, providing accurate predictions and insights.

Conclusion: The Power of Transformations in
Mathematical Modeling

The journey from the original function Y = e”{2x} to its transformed
counterpart through vertical compression and reflection exemplifies the
flexibility and depth of exponential functions in mathematical analysis. Each
transformation—scaling, reflection, translation—serves as a tool to shape the
graph to fit real-world data or theoretical models. Recognizing how these
operations interact enables practitioners to develop nuanced understanding
and precise control over the behavior of functions.

In particular, the combination of a vertical compression by a factor of 3 and
reflection across the y-axis transforms an increasing exponential into a
decreasing one, scaled down in magnitude. This exemplifies how simple algebra
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