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Understanding the relationships and properties of vectors in a vector space is fundamental in linear
algebra. Specifically, when dealing with independent vectors, it is crucial to analyze how their
differences behave and whether they preserve certain properties such as linear independence. In this
article, we explore the scenario where W1, W2, and W3 are independent vectors, and we define the

difference vectors V1, V2, and V3 as follows:

-V1=W2-W3
-V2=W1-W3

- V3 (to be defined in the context)
Our goal is to demonstrate, through rigorous mathematical reasoning, the nature of these difference

vectors and their potential independence or dependence. This exploration provides valuable insights

into vector subspaces, bases, and linear transformations.

Understanding the Context of Independent Vectors



Definition of Independent Vectors

In linear algebra, a set of vectors {W1, W2, W3} in a vector space V is said to be linearly independent

if the only solution to the linear combination
alW1+a2W2+a3W3=0

is when a1 = a2 = a3 = 0. This implies that none of these vectors can be written as a linear

combination of the others.
Implication of Independence:
- The vectors form a basis for their span.

- The vectors are oriented in such a way that no one vector is redundant or can be expressed through

the others.

Introducing the Difference Vectors V1, V2, and V3

Definitions of V1 and V2

Given the independent vectors W1, W2, and W3, we define:

-V1=W2-W3
-V2=W1-W3

These difference vectors are constructed by subtracting one vector from another, which has

implications for their linear relationships.

Note: The problem statement hints at defining V3, which could be either:



-V3=W1-W2, or
- V3 = W3 - W1, etc.

In this context, we will examine the independence of the set {V1, V2, V3} when V3 is defined as W1 -

W2.

Analyzing the Linear Independence of V1, V2, and V3

Choosing a Definition for V3

For clarity, assume:
V3 =W1-W2

This is a natural choice because it relates directly to the other difference vectors, and allows us to

analyze their linear independence.

Expressing V1, V2, and V3 in terms of W1, W2, W3

-V1=W2-W3
-V2=W1-W3
-V3=W1-W2



Establishing the Relationship Between Vectors

Let's analyze whether the vectors V1, V2, and V3 are linearly independent by considering their linear

combination:

aVi+bV2+cV3=0

which expands to:

a(W2-W3)+b (W1-W3)+c(W1-W2)=0
Expanding this:
aWw2-aWw3+bW1-bW3+cW1-cW2=0
Group similar terms:

- Coefficient of W1: b + ¢

- Coefficient of W2: a - ¢

- Coefficient of W3: -a - b

Expressed as:

(b+c)W1+(@-c)W2+(-a-b)W3=0

Since W1, W2, and W3 are linearly independent, the only solution is when each coefficient equals

ZEro:
1.b+c=0
2.a-¢c=0

3.-a-b=0



Solving the System for Independence

Let's analyze the above system:

Equation (1): b+c =0 [l c=-b

Equation (2):a-c=0 D a=c
Equation(3):-a-b=0|:|-a=b|:|b=-a

Substitute ¢ = -b into a = c¢:

But from b = -a, substituting a:

and b = -a, so these are consistent.

Now, express all in terms of a:

Thus, the solutions are:



a = a (free parameter)

To have linear independence, the only solution should bea=0,b=0,c=0.
But here, for any scalar a, the combination:

aVli+(-a)V2+aVv3=0

equals zero. Therefore, the vectors are linearly dependent unless a = 0.

Conclusion:

Since there exists a non-trivial solution (a D 0), the vectors V1, V2, and V3 are linearly dependent.

Implications of the Dependence of V1, V2, and V3

Dependence and the Spanning Set

The linear dependence among V1, V2, and V3 indicates that these vectors do not form a basis for a
three-dimensional subspace unless at least one of them can be expressed as a linear combination of

the others.

Intuitive Explanation:
- The difference vectors are constructed from the original independent vectors W1, W2, W3.

- Their dependence stems from the inherent relationships between these differences.



Expressing One Vector in Terms of Others

From the previous calculations, the relation:

V3 =V1+V2

can be observed. Let's verify this:

V1 +V2=(W2-W3)+ (W1-W3)=W1+W2-2W3

Compare this to V3 = W1 - W2:

V1+V2=W1+W2-2W3 [l W1 - W2 unless W3 is zero, which is not the case.
Alternatively, considering the relation:

V3 =W1-W2

then:

V1 +V2=(W2-W3)+ (W1-W3)=W1+W2-2W3

which does not directly equal V3. But this suggests that the set {V1, V2, V3} is not linearly

independent.

Summary and Key Takeaways



Key Results

- When W1, W2, W3 are independent vectors, their differences V1 = W2 - W3, V2 = W1 - W3, and V3
= W1 - W2, are linearly dependent.

- The dependence can be explicitly shown through algebraic manipulations, revealing that at least one
of these difference vectors can be expressed as a linear combination of the others.

- This dependence arises naturally because the differences are related through the original vectors,

which are linearly independent.

Implications for Linear Algebra and Vector Spaces

- The construction of difference vectors from independent vectors introduces linear dependence, a
critical consideration when analyzing spanning sets and bases.

- When working with subspaces, understanding how difference vectors relate helps in identifying
minimal generating sets.

- In applications such as coordinate transformations, vector space decompositions, and solving

systems of equations, these relationships are fundamental.

Conclusion

In conclusion, starting with three independent vectors W1, W2, and W3, the difference vectors V1 =
W2 - W3, V2 = W1 - W3, and V3 = W1 - W2, are inherently linearly dependent. This dependency
stems from the algebraic relations between the differences, which reflect the underlying structure of the
vector space. Recognizing these relationships is essential for advanced topics in linear algebra,

including basis construction, subspace analysis, and vector space transformations.

Understanding the interplay between vectors and their differences not only deepens comprehension of



vector spaces but also provides practical tools for solving real-world problems involving linear systems,

data analysis, and geometric modeling.

Keywords: Linear independence, difference vectors, vector space, basis, linear algebra, vector
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Frequently Asked Questions

Given that W1, W2, and W3 are independent vectors, how can we
express the differences V1, V2, and V3 in terms of these vectors?

If W1, W2, and W3 are independent, then V1 = W2 - W3, V2 = W1 - W3, and V3 can be expressed

similarly, for example, as a linear combination of W1, W2, and W3, such as V3 = W1 - W2,

Are the vectors V1 = W2 - W3,V2=W1-W3,and V3 =W1 - W2
necessarily linearly independent?

Not necessarily. The independence of V1, V2, and V3 depends on the linear independence of W1,

W2, and W3. Since W1, W2, and W3 are independent, V1, V2, and V3 are also linearly independent.

How does the independence of W1, W2, and W3 influence the

independence of V1, V2, and V3?2

The independence of W1, W2, and W3 ensures that their differences V1, V2, and V3 are also linearly
independent, because differences of independent vectors are linearly independent unless specific

linear dependencies are introduced.



Can you demonstrate that V1, V2, and V3 are linearly independent if
W1, W2, and W3 are independent?

Yes. Since W1, W2, and W3 are independent, the set {W2 - W3, W1 - W3, W1 - W2} is also linearly
independent because no non-trivial linear combination of these differences equals the zero vector

unless all coefficients are zero.

What is the significance of expressing V1, V2, and V3 as differences
of independent vectors?

Expressing V1, V2, and V3 as differences helps analyze their linear relationships and independence,

which is useful in vector space analysis, basis construction, and understanding subspace structures.

If W1, W2, W3 are in R"n and are independent, what can be said

about the span of V1, V2, and V3?

The span of V1, V2, and V3 will be a subspace of R*n with dimension three, provided that V1, V2, and

V3 are linearly independent, which holds if W1, W2, and W3 are independent.

How do differences like V1, V2, and V3 relate to the concepts of
vector subspaces and bases?

Differences such as V1, V2, and V3 can form a basis for a subspace if they are linearly independent,
which can be used to understand the structure and dimension of the subspace generated by the

original vectors.

What assumptions are necessary to conclude that V1, V2, and V3 are

independent when W1, W2, and W3 are independent?

The primary assumption is that W1, W2, and W3 are linearly independent in the vector space, which

ensures their differences V1, V2, and V3 are also linearly independent unless specific linear



dependencies are introduced.

Can the differences V1, V2, and V3 be used to reconstruct W1, W2,

and W3? Why or why not?

Yes. Since V1, V2, and V3 are differences of the W vectors, they can be used along with one of the
vectors (e.g., W3) to reconstruct W1 and W2, indicating their usefulness in vector space

transformations.

Additional Resources

If W1, W2, W3, Are Independent Vectors, Show That The Differences V1 = W2 - W3 And V2 = W1 -
W3 And V3

Understanding the relationships between vectors, especially when they are independent, is
fundamental in linear algebra. The problem of demonstrating that certain difference vectors are linearly
independent or dependent based on the independence of their original vectors is both intriguing and
vital for various applications, including vector spaces, basis determination, and transformations. This
article provides a comprehensive exploration of the problem, breaking down the concepts, proofs, and

implications with clarity and depth.

Introduction to Vector Independence and Difference Vectors

Before diving into the specific problem, it's essential to revisit the core concepts of vector

independence and the nature of difference vectors.



What Does It Mean for Vectors to Be Independent?

- Linear Independence: A set of vectors \( \W_1, W_2, W_3\}\) in a vector space is said to be linearly

independent if the only solution to the linear combination

\[
a1W1+a2W2+a3W3=0
\]

is when all coefficients \( a_1, a_2, a_3\) are zero.

- Implication: No vector in the set can be expressed as a linear combination of the others, ensuring

they form a basis for the subspace they span.

Difference Vectors and Their Significance

- Difference Vectors: Given vectors \( W_1, W_2, W_3\), their differences suchas \(V_.1 =W _2 -
W 3\)and \(V_2=W_1-W_3\) are vectors that represent relative directions or shifts within the
space.

- Relevance: Analyzing the independence of these difference vectors can reveal underlying

relationships among the original vectors and help determine the structure of the span.

Statement of the Problem

Given that \( W_1, W_2, W_3\) are independent vectors, the goal is to show that the difference

vectors



\[
V.1=W 2-W 3\quad V.2 =W_1-W 3\quad V_3
\]

are also independent (or dependent, depending on the context). Note that the problem as stated
appears incomplete regarding \( V_3\), but it is typically either another difference vector or the focus of
the analysis.

For clarity, assume the intended problem is:

"Given that \( W_1, W_2, W_3) are independent vectors, show that the set \({V_1=W_2 -W_3,
V2=W1-W3V3=W1-W_2\})\)islinearly independent."

This assumption aligns with common studies in linear algebra, as it involves three difference vectors

derived from the original independent vectors.

Breaking Down the Proof

To verify the linear independence of the vectors \( V_1, V_2, V_3\), we need to analyze the linear

combination:
\[
\lambda_1V_1 +\lambda 2V _2 +\lambda 3V _3=0

\

and determine whether the only solution is \( \lambda_1 = \lambda_2 = \lambda_3 = 0\).



Expressing the Difference Vectors in Terms of \( W_i \)

Let's rewrite the vectors explicitly:

\[
V1=W2-W.3
\]
\[
V2=W1-W.3
\]
\[
V3=W1-W2
\]

Substituting into the linear combination:

\[
\lambda_1 (W_2 - W_3) + \lambda_2 (W_1 - W_3) + \lambda_3 (W_1 - W_2) = 0
\]

Expanding this:

\[

\lambda_1 W_2 - \lambda_1 W_3 + \lambda_2 W_1 - \lambda_2 W_3 + \lambda_3 W_1 - \lambda_3
W2=0

\]

Group similar terms:

\[
(Mlambda_2 + \lambda_3) W_1 + (\lambda_1 - \lambda_3) W_2 + (-\\lambda_1 - \lambda_2) W 3 =0



\]
Since \( W_1, W_2, W_3\) are independent, the coefficients must satisfy:

\[

\boxed{

\begin{cases}

\lambda_2 + \lambda_3 = 0 \\
\lambda_1 - \lambda_3 = 0 \\
-\lambda_1 - \lambda_ 2 =0
\end{cases}

}
\

Solving the System for Independence

Let's analyze the system:

1. From the second equation:
\[

\lambda_1 = \lambda_3

\]

2. From the first equation:

\[
\lambda_2 = -\lambda_3



\

3. From the third equation:

\[
-\lambda_1 - \lambda_2 =0
\]

Substitute \( \lambda_1 = \lambda_3 \) and \( \lambda_2 = -\lambda_3 \):

\[

- \lambda_3 - (-\lambda_3) = 0 \implies - \lambda_3 + \lambda_3 =0

\

which simplifies to:

\[

\

This indicates that the system has infinitely many solutions parameterized by \( \lambda_3 \):

\[
\lambda_1 = \lambda_3, \quad \lambda_2 = - \lambda_3
\]

Thus, the solutions are:

\[

(\lambda_1, \lambda_2, \lambda_3) = (\lambda_3, -\lambda_3, \lambda_3)
\]



But for the vectors to be linearly independent, the only solution should be:

\[
\lambda_1 = \lambda_2 = \lambda_3 =0
\]

which only occurs if \( \lambda_3 = 0\). Since the above solutions depend on \( \lambda_3\), unless \(

\lambda_3 = 0), the linear combination produces a non-zero vector.

Conclusion: The only solution for which the linear combination equals zero is when:
\[

\lambda_3 = 0 \Rightarrow \lambda_1 = 0, \quad \lambda_2 =0

\

Hence, the set \( {V_1, V_2, V_3\}\) is linearly independent.

Implications and Significance

This result has profound implications in understanding the structure of vector spaces:

- Demonstrates the independence of difference vectors: Even when derived from an independent set,
their differences can also be independent, revealing the robustness of the original independence.
- Basis formation: These difference vectors can serve as a basis for the subspace spanned by the

original vectors, especially in the context of affine geometry and translating points.



Features and Applications of the Result

Features:

- The difference vectors \( V_1, V_2, V_3\) are constructed explicitly from the original independent
vectors.

- The independence of these difference vectors depends directly on the independence of the original
vectors.

- The proof relies on algebraic manipulation and the properties of linear independence.
Applications:

- Coordinate Systems: Used in defining coordinate systems where the basis vectors are differences
from a reference point.

- Affine Geometry: Understanding how points relate through difference vectors.

- Vector Space Analysis: Simplifying complex vector relationships by analyzing differences.

- Computer Graphics and Robotics: Calculating relative positions and movements.

Limitations and Considerations

While the proof assumes the vectors \( W_1, W_2, W_3\) are independent, certain conditions could

challenge the independence of the difference vectors:

- If the original vectors are not independent, the difference vectors could become dependent.
- The specific choice of difference vectors matters; different combinations may yield dependent sets.

- The context (dimensionality, subspace constraints) influences the behavior and independence.



Conclusion

The exploration confirms that if \( W_1, W_2, W_3\) are independent vectors, then the difference
vectors (V_1=W 2-W3\),(V.2=W_1-W 3\),and\(V_3=W_1-W_2)\)are also linearly
independent. This insight enriches our understanding of the relationships between vectors and their
differences, highlighting the structural stability of independence under subtraction operations. Such
results are foundational in linear algebra, with broad applications across mathematics, physics,

engineering, and computer science.

In summary, the independence of the original vectors ensures the independence of their difference

vectors, which can be proven through algebraic manipulation and
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