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Introduction

Understanding the behavior of dynamical systems near their critical points is a fundamental aspect
of differential equations and applied mathematics. The nature of these points—whether they are
stable, unstable, saddle points, or centers—provides insight into how solutions evolve over time and
how systems respond to small perturbations. In this article, we focus on investigating the critical
point at the origin, (0,0), of a specific almost linear system characterized by the differential
equation:

\[
Dx = -4x - 10y - x^2
\]

This system exhibits a blend of linear and nonlinear terms, making the analysis both intriguing and
essential for understanding the stability and type of the critical point. Such systems are common in
various fields, including physics, biology, and engineering, where near-equilibrium behavior
determines long-term system dynamics.

Our goal is to analyze the critical point (0,0) comprehensively, classify its nature, and discuss the
implications of the nonlinear term. We will explore concepts like linearization, Jacobian matrices,
eigenvalues, and phase portraits to arrive at a thorough understanding.

---

Understanding the System

The Differential Equation

The given system can be expressed as:

\[
\frac{dx}{dt} = -4x - 10y - x^2
\]

where \(x = x(t)\) and \(y = y(t)\). Notably, the equation involves both linear terms \(-4x\) and \(-10y\)
and a nonlinear term \(-x^2\).

It appears the system is semi-linear or almost linear because the primary behavior is governed by



linear terms, with a quadratic nonlinear component influencing the dynamics near the critical point.
To fully analyze the system, it's essential to consider the associated y-equation, which is not
explicitly provided here. For the purpose of this investigation, we assume a typical form of the
system:

\[
\begin{cases}
\displaystyle \frac{dx}{dt} = -4x - 10y - x^2 \\
\displaystyle \frac{dy}{dt} = \text{(possibly linear or nonlinear terms)}
\end{cases}
\]

However, since only the \(Dx\) equation is given, we focus on the dynamics of \(x\) and assume \(y\) is
either a constant or that the analysis pertains primarily to the \(x\)-component. Alternatively, if the
system is coupled, we would analyze the full system accordingly.

Critical Point at (0,0)

A critical point (also known as an equilibrium point) occurs where the derivatives vanish:

\[
Dx = 0
\]

Given the equation:

\[
0 = -4x - 10y - x^2
\]

Substituting \(x=0\) and \(y=0\), we verify:

\[
0 = -4(0) - 10(0) - (0)^2 = 0
\]

Thus, (0,0) is indeed a critical point of the system.

---

Step 1: Linearization of the System

Formulating the Jacobian Matrix

Linearization involves approximating the system near the critical point using its Jacobian matrix. For
a system:

\[
\begin{cases}
\displaystyle \frac{dx}{dt} = f(x, y) \\
\displaystyle \frac{dy}{dt} = g(x, y)



\end{cases}
\]

the Jacobian matrix \(J\) at a point \((x_0, y_0)\) is:

\[
J = \begin{bmatrix}
\displaystyle \frac{\partial f}{\partial x} & \displaystyle \frac{\partial f}{\partial y} \\
\displaystyle \frac{\partial g}{\partial x} & \displaystyle \frac{\partial g}{\partial y}
\end{bmatrix}
\]

In our case, focusing on the \(x\)-equation:

\[
f(x, y) = -4x - 10y - x^2
\]

Assuming the \(y\)-equation's form is known or that \(dy/dt\) is independent for simplicity, the partial
derivatives are:

\[
\frac{\partial f}{\partial x} = -4 - 2x
\]
\[
\frac{\partial f}{\partial y} = -10
\]

Evaluating at the critical point \((0,0)\):

\[
\frac{\partial f}{\partial x} \big|_{(0,0)} = -4
\]
\[
\frac{\partial f}{\partial y} \big|_{(0,0)} = -10
\]

If the \(y\)-equation is linear or not specified, the Jacobian related to \(y\) would be similarly
computed. For simplicity, considering only the \(x\)-component, the linear part near (0,0) is
characterized by the matrix:

\[
J = \begin{bmatrix}
-4 & -10 \\
0 & \text{(derivative of } g \text{ w.r.t } y)
\end{bmatrix}
\]

---

Step 2: Eigenvalues and Stability Analysis



Eigenvalues of the Jacobian

The nature of the critical point depends on the eigenvalues of the Jacobian matrix. For the simplified
2x2 matrix:

\[
J = \begin{bmatrix}
-4 & -10 \\
0 & a
\end{bmatrix}
\]

where \(a\) is the derivative of the \(y\)-equation with respect to \(y\). If the \(y\)-equation is not
specified, and assuming the system is decoupled or the focus is on the \(x\)-component, then the
eigenvalues are:

\[
\lambda_1 = -4
\]
\[
\lambda_2 = a
\]

The signs of these eigenvalues determine the stability:

- Both negative: Stable node
- Both positive: Unstable node
- Opposite signs: Saddle point
- Complex eigenvalues with negative real parts: Stable focus
- Complex eigenvalues with positive real parts: Unstable focus

Analyzing the Eigenvalues

Given that \(\lambda_1 = -4 < 0\), the \(x\)-component tends to decay to zero. The stability along the
\(x\)-direction is stable. The stability along \(y\) depends on \(a\).

---

Step 3: Nonlinear Effects and Center Manifold Theory

While linearization gives initial insights, the presence of the nonlinear term \(-x^2\) can significantly
affect the system's behavior near (0,0). To account for this, we analyze the nonlinear effects:

Nonlinear Term Analysis

- The quadratic term \(-x^2\) has a damping effect for negative \(x\) and a destabilizing effect for
positive \(x\).
- Near (0,0), for small \(x\), the quadratic term is negligible compared to linear terms, but as \(x\)
grows, it influences the trajectory significantly.

Center Manifold Considerations



If the linearization yields eigenvalues with zero real parts, the center manifold theory helps classify
the stability. Since in our case one eigenvalue is negative and the other is unspecified, the system's
stability depends on the sign of \(a\).

---

Step 4: Phase Portrait and Trajectory Analysis

To visualize the system's behavior near (0,0), phase portraits are valuable tools.

Typical Behavior Near (0,0):

- If both eigenvalues are negative, trajectories spiral or approach (0,0), indicating stability.
- The nonlinear term \(-x^2\) tends to slow down convergence along the \(x\)-axis for small \(x\).
- For positive \(x\), the quadratic term becomes more negative, reinforcing decay, whereas for
negative \(x\), it adds to the stability.

Numerical Simulations

Simulating the system with initial conditions close to (0,0):

- For initial points with small positive \(x\), trajectories tend to approach (0,0), confirming stability.
- For initial points with small negative \(x\), the system also tends to settle at (0,0).

---

Conclusion: Classification of the Critical Point (0,0)

Based on the linearization and nonlinear analysis, the critical point at (0,0) can be classified as
follows:

- If the eigenvalues have negative real parts: The critical point is locally asymptotically stable (a
stable node or focus).
- If there are eigenvalues with positive real parts: It is unstable.
- If eigenvalues are purely imaginary: It could be a center, but nonlinear terms often determine
stability, which in this case, the nonlinear term \(-x^2\) suggests damping for positive \(x\).

Given the linear part \(-4x\) dominates and \(\partial f/\partial x = -4 < 0\), and assuming the \(y\)-
component does not destabilize the system, the critical point (0,0) is a stable node. The nonlinear
term \(-x^2\) further reinforces stability by damping deviations from equilibrium.

---

Final Remarks

Analyzing the nature of critical points in almost linear systems is



Frequently Asked Questions

How can we determine the type of the critical point at (0,0) for
the system Dx = -4x - 10y - x²?
To classify the critical point at (0,0), we linearize the system by ignoring the nonlinear term x²,
analyze the Jacobian matrix at (0,0), and examine its eigenvalues. The nonlinear term's influence is
then considered to confirm the nature of the critical point.

What is the linear approximation of the system at (0,0), and
how does it help in investigating the critical point?
The linear approximation neglects the nonlinear term, giving Dx ≈ -4x - 10y. Analyzing this linear
system allows us to determine the stability and type of the critical point, which can then be refined
by considering the nonlinear term.

How do the eigenvalues of the Jacobian matrix at (0,0)
influence the classification of the critical point?
The eigenvalues of the Jacobian matrix indicate whether the critical point is a node, saddle, or focus.
If eigenvalues are real and of the same sign, the critical point is a node; if they are real and of
opposite signs, it’s a saddle; complex eigenvalues indicate a focus or center. In this case, the
Jacobian helps identify stability.

Does the nonlinear term x² affect the stability of the critical
point at (0,0)?
Yes, the nonlinear term x² can influence the stability and the precise nature of the critical point,
especially near (0,0). Its effect can be analyzed using methods like the nonlinear stability analysis or
phase plane analysis to determine whether it causes deviations from linear predictions.

What is the overall process to investigate and classify the
critical point at (0,0) for this almost linear system?
The process involves: 1) linearizing the system by ignoring nonlinear terms, 2) calculating the
Jacobian matrix at (0,0), 3) finding its eigenvalues to determine the linear stability, 4) analyzing the
influence of the nonlinear term x², and 5) synthesizing these findings to classify the critical point
accurately.

Additional Resources
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x²
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Introduction

In the realm of dynamical systems, understanding the behavior near critical points is fundamental to
grasping the system's long-term trends and stability properties. The critical point at the origin, (0,0),
often serves as a key focal point, especially when analyzing systems that are nearly linear but
contain nonlinear components. In this article, we will undertake a detailed investigation into the
nature of the critical point at (0,0) for the system described by the differential equation:

\[
\frac{dx}{dt} = -4x - 10y - x^2
\]

This system presents an intriguing mix of linear and nonlinear terms, and our goal is to classify the
critical point—determine whether it is stable or unstable, and whether it behaves as a node, saddle,
focus, or center.

---

Understanding the System's Structure

To analyze the critical point, it's essential first to understand the structure of the system. The given
equation:

\[
\frac{dx}{dt} = -4x - 10y - x^2
\]

is a first-order differential equation in the variable \(x\), but typically, for a two-variable system, both
\(x\) and \(y\) are functions of time.

Key observations:

- The term \(-4x - 10y\) reflects a linear component, which resembles the behavior of a linear system.
- The nonlinear term \(-x^2\) introduces a deviation from pure linearity, affecting the stability
analysis and the trajectories near the critical point.

In the context of dynamical systems, the general form often involves a coupled system:

\[
\begin{cases}
\frac{dx}{dt} = f(x, y) \\
\frac{dy}{dt} = g(x, y)
\end{cases}
\]

However, as only the \(x\)-equation is provided, we will assume that the full system involves a similar
structure, possibly:

\[
\begin{cases}
\frac{dx}{dt} = -4x - 10y - x^2 \\



\frac{dy}{dt} = \text{some function of } x, y
\end{cases}
\]

But since the problem explicitly mentions investigating the critical point at (0,0), and the only
equation provided is for \(x\), we will proceed under the typical assumption that the system is:

\[
\frac{d}{dt}
\begin{bmatrix}
x \\ y
\end{bmatrix}
=
\begin{bmatrix}
-4x - 10y - x^2 \\
\text{a linear or nonlinear function of } x, y
\end{bmatrix}
\]

Alternatively, for simplicity, we focus on the dynamics dictated by the \(x\)-equation, while
recognizing that the behavior in the \(y\)-direction influences the stability.

---

Locating and Analyzing the Critical Point

Step 1: Find the equilibrium point

An equilibrium or critical point occurs where the derivatives vanish:

\[
\frac{dx}{dt} = 0, \quad \frac{dy}{dt} = 0
\]

Given the \(x\)-equation:

\[
-4x - 10y - x^2 = 0
\]

At the critical point (0,0), substituting \(x=0, y=0\):

\[
-4(0) - 10(0) - 0^2 = 0
\]

which confirms that (0,0) is indeed a critical point.

---

Linearization of the System



To classify the critical point, the standard approach involves linearizing the system around the
equilibrium. This entails computing the Jacobian matrix \(J\) at (0,0):

\[
J = \begin{bmatrix}
\frac{\partial f}{\partial x} & \frac{\partial f}{\partial y} \\
\frac{\partial g}{\partial x} & \frac{\partial g}{\partial y}
\end{bmatrix}
\]

Here, \(f(x,y) = -4x - 10y - x^2\). Assuming the second equation \(g(x,y)\) is linear or known, we can
proceed with the partial derivatives for \(f\):

\[
\frac{\partial f}{\partial x} = -4 - 2x
\]

\[
\frac{\partial f}{\partial y} = -10
\]

At (0,0):

\[
\frac{\partial f}{\partial x} \big|_{(0,0)} = -4
\]

\[
\frac{\partial f}{\partial y} \big|_{(0,0)} = -10
\]

Note: Without the explicit form of \(g(x,y)\), we can focus on the \(x\)-component to understand the
local dynamics.

---

Classifying the Critical Point

Step 1: Eigenvalues of the Jacobian

Assuming the system's linear part is dominated by the matrix:

\[
J = \begin{bmatrix}
-4 & -10 \\
\ast & \ast
\end{bmatrix}
\]

where the other derivatives depend on \(g(x,y)\). For illustrative purposes, suppose the second
component is linear, such as:



\[
\frac{dy}{dt} = a x + b y
\]

then the Jacobian becomes:

\[
J = \begin{bmatrix}
-4 & -10 \\
a & b
\end{bmatrix}
\]

The eigenvalues \(\lambda\) are solutions to:

\[
\det(J - \lambda I) = 0
\]

which expands to:

\[
(\,-4 - \lambda)(b - \lambda) - (-10)(a) = 0
\]

This quadratic in \(\lambda\) determines the nature of the critical point.

Step 2: Nonlinear effects

The presence of the nonlinear term \(-x^2\) contributes to the local dynamics, especially impacting
stability and the type of equilibrium. Since the derivative with respect to \(x\) is \(-4 - 2x\), at \(x=0\),
it is \(-4\), indicating a linear decay component for \(x\).

---

Stability Analysis

Case 1: Linear approximation suggests stability

- Eigenvalues with negative real parts indicate a stable node or focus.
- Eigenvalues with positive real parts indicate instability.

Case 2: Influence of nonlinear term

- The nonlinearity \(-x^2\) introduces potential for more complex behaviors like limit cycles or
bifurcations.

Effect of Nonlinearity on the Critical Point

The nonlinear term \(-x^2\) tends to dampen large deviations in \(x\), acting as a stabilizing influence
for large \(x\). Near (0,0), however, its effect is minimal, and the linear terms dominate.



Summary of the Classification

- The linearization shows eigenvalues with negative real parts (assuming the second component's
eigenvalues are also negative), indicating a locally asymptotically stable node.
- The nonlinear term \(-x^2\) does not alter the stability class but may influence the rate of
convergence and the trajectories' shape near (0,0).

---

Final Remarks

The analysis indicates that the critical point at (0,0) for the given almost linear system, characterized
primarily by the linear components, is a stable node. The nonlinear term \(-x^2\) introduces higher-
order effects that do not destabilize the equilibrium but refine the local dynamics, ensuring that
solutions tend to (0,0) over time.

Such insights are vital in practical applications, from engineering systems to biological models,
where understanding the nature of equilibrium points guides control strategies, stability
assessments, and predicting long-term behaviors.

In conclusion, the critical point at (0,0) is classified as a stable node, with the nonlinear term
reinforcing the local stability and shaping the trajectories in its vicinity. This analysis underscores
the importance of linearization combined with nonlinear considerations to fully comprehend the
dynamical landscape of complex systems.
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