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Understanding the properties of functions, particularly injectivity (one-to-
one functions) and composition, is fundamental in advanced mathematics. A
common question that arises in this context is whether it is possible for a
function \(F\) to not be one-to-one while its composition with another
function \(G\), denoted as \(G \circ F\), is one-to-one. This inquiry delves
into the core of function behavior, composition, and the necessary conditions
for injectivity. In this article, we will explore this question thoroughly,
analyze the theoretical underpinnings, and justify the conclusion with clear
examples and reasoning.

Understanding the Basic Concepts: One-to-one
Functions and Composition

Before addressing the main question, it is essential to understand the
foundational concepts involved: what it means for a function to be one-to-one
(injective), and what the composition of functions entails.

What Is a One-to-one (Injective) Function?

A function \(F: A \to B\) is called one-to-one or injective if it maps
distinct elements in \(A\) to distinct elements in \(B\). Formally:

\ [

\text{For all } x 1, x 2 \in A, \quad \text{if } F(x 1) = F(x_ 2), \text{ then
} x 1 =x 2.

\1]

This property ensures that no two different elements in the domain are mapped
to the same element in the codomain. Injective functions are crucial in many
mathematical theories, including invertibility and bijective functions.

What Is Function Composition?

Given two functions:

\ [



F: A \to B, \quad G: B \to C,
\1]

their composition \(G \circ F: A \to C\) is defined as:

\ [
(G \circ F)(x) = G(F(x))
\]

for all \(x \in A\).

Function composition combines two functions into a single operation, where
the output of \(F\) becomes the input of \(G\). The properties of the
composed function depend on the properties of the individual functions.

Analyzing the Question: Is It Possible That F
Is Not One-to-one And G o F Is One-to-one?

The core of the discussion revolves around understanding whether the
composition of two functions can be injective even if the first function
\(F\) is not. The question is:

> Is it possible for \(F\) to be non-injective while \(G \circ F\) is
injective?

To answer this, we need to analyze the roles of \(F\) and \(G\) in the
composition, considering the properties that can lead to the overall
injectivity of \(G \circ F\).

Fundamental Theoretical Insights

The key concepts to explore are:

- The relationship between the injectivity of \(F\), \(G\), and their
composition.

- The conditions under which \(G \circ F\) is injective.

- Counterexamples and logical deductions.

When Is the Composition \(G \circ F\) Injective?
For \(G \circ F\) to be one-to-one, the following must hold:
\ [

\text{For all } x 1, x 2 \in A, \quad \text{if } G(F(x 1)) = G(F(x 2)),
\text{ then } x 1 = x_ 2.



\]

This implies that:

\ [
G \text{ is injective on the set } F(A),
\1

and

\ [

F \text{ must be such that } F(x 1) \neq F(x 2) \text{ whenever } x 1 \neq
X 2,

\]

or, if \(F\) is not injective, then the "collapsing" points must not affect
the injectivity of \(G \circ F\).

In essence:

- \(G\) must be injective on the image of \(F\).
- \(F\) need not be injective globally, but must be injective on the subset
of the domain that contributes to the composition.

Implications for \(F\) Not Being One-to-one

If \(F\) is not injective, it means there exist at least two distinct
elements \(x 1, x 2 \in A\) such that:

\ [
F(x 1) = F(x 2).
\1]

Now, for \(G \circ F\) to be injective, it must be that:

\ [
G(F(x_1)) = G(F(x_2)),
\]

which is trivially true because \(F(x 1) = F(x 2)\). However, this would
mean:

\ [
(G \circ F)(x 1) = (G \circ F)(x 2),
\1

but since \(x 1 \neq x 2\), the composition would not be injective unless the
images are somehow "collapsed" in a way that does not violate the injectivity
of the overall composition.



But is this possible?

The Critical Observation:

- For \(G \circ F\) to be injective, the preimages under \(F\) that map to
the same point must be not mapped to the same point by \(G\) unless the
original points are the same.

- If \(F\) is not injective, then it merges different elements into the same
image. For the composition to remain injective, \(G\) would have to separate
these merged points in a way that preserves injectivity, which is impossible
because \(G\) operates on the image of \(F\), which already contains the
"merging" information.

Therefore:

- If \(F\) is not injective, then \(G \circ F\) cannot be injective unless
\(G\) is not well-defined or the composition is trivial in some degenerate
way (e.g., constant functions). But a constant function cannot be injective.

Formal Justification: Why It Is Not Possible

To formalize this, consider the following theorem:

Theorem:
Let \(F: A \to B\) and \(G: B \to C\) be functions. If \(G \circ F\) is
injective, then:

1. \(F\) must be injective, or
2. \(G\) must be injective on the image of \(F\).

Proof:
Suppose \(G \circ F\) is injective. Then, for any \(x 1, x 2 \in A\):

\[
(G \circ F)(x 1) = (G \circ F)(x 2) \implies x 1 = x 2.
\]

Now, consider two cases:

- Case 1: \(F(x_ 1) \neq F(x 2)\).

Since \(G(F(x 1)) = G(F(x 2))\) would imply \(x 1 = x 2\), but \(F(x 1) \neq
F(x 2)\), this violates the injectivity of \(G \circ F\). Therefore, for the
composition to be injective, distinct inputs must not be mapped to the same
output by \(F\), i.e., \(F\) must be injective.

- Case 2: \(F(x 1) = F
(

Then, \(G(F(x 1)) =G )J\). Since \(G \circ F\) 1is injective, this can



only happen if \(x 1 = x 2\). But this contradicts the assumption that \(x 1
\neq x 2\). Therefore, the only way for this to happen without contradiction
is if such pairs do not exist, i.e., \(F\) is injective.

Conclusion:

- IT \(G \circ F\) is one-to-one, then \(F\) must be one-to-one.
- Therefore, it is impossible for \(F\) to be not one-to-one while \(G \circ
F\) is one-to-one.

Supporting Examples and Counterexamples

While the theoretical analysis strongly suggests the impossibility, examining
specific examples can solidify understanding.

Example 1: Impossible Scenario

Suppose \(F: \mathbb{R} \to \mathbb{R}\) is defined as:
\ [

F(x) = x*2,

\1

which is not injective because:

\ [

F(2) = 4, \quad F(-2) = 4,

\1

but \(2 \neq -2\).

Now, define \(G: \mathbb{R} \to \mathbb{R}\) as:
\ [

G(y) =y,

\1]

which is injective.

The composition:

\ [
(G \circ F)(x) = x™2



Frequently Asked Questions

Can the composition G o F be one-to-one if F 1s not
one-to-one?
No, if F is not one-to-one, then G o F cannot be one-to-one, because a lack

of injectivity in F means multiple elements can map to the same point, which
G o F preserves or amplifies, preventing it from being injective.

Is it possible for F to not be one-to-one but G o F
to still be one-to-one?

Generally, no. If F is not one-to-one, then G o F cannot be one-to-one unless
G 'corrects' the non-injectivity in a very specific way, which is typically
not possible. Therefore, G o F being one-to-one implies F must be one-to-one.

If F is not one-to-one but G o F is one-to-one, does
that imply G is one-to-one?

Not necessarily. G could map different images of F to the same point if F is
not injective, but G ° F remains injective because F's non-injectivity is
"hidden' or canceled out somehow. However, this is highly unlikely in

general, and usually G would need to be one-to-one for the composition to be
one-to-one.

What are the necessary conditions for G o F to be
one-to-one if F is not?

For G o F to be one-to-one when F is not, G must be constant on the image of
F, which prevents G o F from being injective. Thus, it's generally impossible
unless F is injective or G is carefully defined, which is rarely the case.

Can you provide an example where F is not one-to-
one, G is one-to-one, but G o F is not one-to-one?

Yes. Suppose F maps multiple elements to the same point (not one-to-one), but
G is one-to-one. Since F's non-injectivity is preserved through the
composition, G ° F will also not be one-to-one because different inputs to F
map to the same point, and G preserves that distinction. Actually, in this
case, G ° F would not be one-to-one because F is not injective, regardless of
G's injectivity.

What is the main conclusion regarding the
relationship between the injectivity of F and G o F?

The main conclusion is that for the composition G ° F to be one-to-one, F



must be one-to-one. The injectivity of G alone does not compensate for the
non-injectivity of F; both functions' properties influence the composition's
behavior.

Additional Resources
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Introduction

In the realm of mathematics, particularly in the study of functions and their
properties, the concepts of injectivity (one-to-one functions) and
composition play pivotal roles. Understanding how these properties interact
under composition is fundamental in many areas such as algebra, analysis, and
topology. A common question that arises in this context is:

"Is it possible for a function \(F\) to not be one-to-one (not injective),
yet the composition \(G \circ F\) is one-to-one?"

This question delves into the relationship between individual functions and
their compositions, challenging intuitions about the preservation or loss of
injectivity through composition.

This article aims to thoroughly analyze this question, providing a rigorous

justification for whether such a scenario can exist, supported by formal
mathematical reasoning, illustrative examples, and theoretical insights.

Fundamental Definitions and Concepts

Before exploring the question, it is essential to clarify the key concepts
involved.

1. Injective (One-to-one) Function

A function \(f: A \to B\) is injective if, for all \(x, y \in A\),
\ [

f(x) = f(y) \implies x =vy.

\1]

In words, different inputs produce different outputs; no two distinct
elements are mapped to the same element.

2. Composition of Functions



Given functions \(F: A \to B\) and \(G: B \to C\), their composition \(G
\circ F: A \to C\) is defined as:

\ [

(G \circ F)(x) = G(F(x))
\1]

for all \(x \in A\).

3. The Question Restated

- Is \(F\) necessarily injective if \(G \circ F\) is injective?

- Can \(F\) be non-injective while \(G \circ F\) remains injective?

The Crux of the Issue: Can a Non-Injective \(F\) Yield an Injective \(G \circ
F\)?

To analyze this, consider the implications of the properties involved.

Theoretical Analysis

1. The Necessary Conditions for \(G \circ F\) to be Injective
Suppose \(F: A \to B\), \(G: B \to C\), and that:

\ [

G \circ F: A \to C

\1]

is injective.

OQur goal: Determine whether \(F\) must be injective under these conditions.

2. Intuitive Reasoning

- If \(G \circ F\) is injective, then for any \(x, y \in A\),
\

G(F(x)) = G(F(y)) \implies x = vy.

\1]

- Now, examine what this implies about \(F\):

- If \(F(x) = F(y)\) for some \(x \neq y\), then,



\ [

G(F(x)) = G(F(y))

\1

which, given the injectivity of \(G \circ F\), would imply:

\ [

X =Y,

\1

a contradiction unless \(x = y\).

- Therefore, the only way for \(G \circ F\) to be injective is if distinct
elements in \(A\) map to distinct elements in the image of \(F\), i.e., \(F\)
itself must be injective.

This reasoning suggests that the injectivity of \(G \circ F\) imposes
injectivity on \(F\), regardless of the properties of \(G\).

Formal Proof
Claim: If \(G \circ F\) is injective, then \(F\) must be injective.
Proof:

Suppose, for contradiction, that \(F\) is not injective. Then, there exist
\(x, y \in A\), with \(x \neq y\), but:

\ [
F(x) = F(y).
\]

Now, consider:

\ [
(G \circ F)(x) = G(F(x)) = G(F(y)) = (G \circ F)(y).
\1

Since \(x \neq y\), and \(G \circ F\) is assumed to be injective, this
implies:

\ [
X =y,
\]

a contradiction.

Therefore, our assumption that \(F\) is not injective must be false, and so:



\ [

\boxed{

\text{If } G \circ F \text{ is injective, then } F \text{ is necessarily
injective.}

}

\1

Implication of the Theorem
The above proof conclusively shows that:

> It is impossible for \(F\) to be non-injective while \(G \circ F\) remains
injective.

In other words, the injectivity of the composition \(G \circ F\) guarantees
the injectivity of \(F\).

Addressing the Original Question

Given the formal proof, the question reduces to:

"Can \(F\) be non-one-to-one and yet \(G \circ F\) be one-to-one?"
Answer:

No, it is not possible.

The property of injectivity is preserved through composition only if the

function being composed first, \(F\), is itself injective. Therefore, if \(G
\circ F\) is one-to-one, then \(F\) must be one-to-one.

Additional Insights and Edge Cases

While the above reasoning is rigorous for functions between sets, some might
wonder about special cases or different contexts.

1. When \(G\) is not injective

One might suspect that \(G\) could be non-injective, and yet \(G \circ F\) is
injective. But this does not help because:

- If \(F\) is not injective, then there exist \(x \neq y\) with \(F(x) =
F(y)\).

- Applying \(G\):



\ [
(G \circ F)(x)
\1

G(F(x)), \quad (G \circ F)(y) = G(F(y)).

- Since \(F(x) F(y)\), it follows:
\ [
(G \circ F)(x)
\1]

G(F(x)) = G(F(y)) = (G \circ F)(y),

but \(x \neq y\), which would cause \(G \circ F\) to be non-injective.

Hence, the injectivity of \(G \circ F\) forces \(F\) to be injective,
regardless of whether \(G\) is injective or not.

Practical Examples
To cement this understanding, consider the following illustrative examples.
Example 1: Impossible Scenario

- Let \(A = \{1, 2\}\), \(B = \{a, b\}\), \(C = \{X, Y\}\).
- Define \(F: A \to B\):

\ I

F(1) = a, \quad F(2) = a,

\1]

which is not injective.

- Define \(G: B \to C\):

\ [

G(a) = X, \quad G(b) =Y.

\1]

- Then:

\ [
(G \circ F)(1) = G(a) = X, \quad (G \circ F)(2) = G(a) = X.
\1]

- The composition is not injective because both inputs map to the same
output, yet the original \(F\) was non-injective.

This conforms with the earlier proof: non-injective \(F\) leads to non-
injective \ (G \circ F\).



Example 2: Injective Composition Only When \(F\) is Injective
- Let \(A = \{1, 2\}\), \(B = \{a, b\}\), \(C = \{X, Y\}\).
- Define \(F: A \to B\):

\ [

F(1) = a, \quad F(2) = b,
\1

which is injective.

- Define \(G: B \to C\):

\ [
G(a) = X, \quad G(b) =Y,
\]

which is injective.
- The composition:

\ [
(G \circ F)(1) = X, \quad (G \circ F)(2) =Y,
\1]

which is injective.

Final Synthesis and Conclusion

The comprehensive examination above confirms a fundamental principle in the
theory of functions:

> The composition \(G \circ F\) can only be injective if \(F\) itself is
injective.

This conclusion holds universally, regardless of the properties of \(G\). The
intuition is clear: for two different inputs \(x \neq y\) to produce
different outputs after composition, \(F\) must assign different images to
\(x\) and \(y\). If \(F\) maps distinct elements to the same image, then the
composition necessarily collapses these distinctions unless \(G\) somehow
"separates" these images—an impossibility, since \(G\) acts after \(F\).

Therefore, the answer to the initial question is definitively:

It is not possible for \(F\
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