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Understanding the nature of decimal representations of fractions is a fundamental aspect of number
theory and algebra. Specifically, analyzing when a rational number like \(\frac{A} {B}\)—where \(A\)
and \(B\) are integers—can be expressed as a negative, repeating decimal between 0 and -1 involves
exploring properties of rational numbers, their decimal expansions, and the conditions that produce
repeating decimals within specific intervals. This article provides a comprehensive overview of the
criteria that determine when \(\frac{A}{B}\) can be written as such a decimal, along with relevant
mathematical background, step-by-step reasoning, and practical examples.

Understanding Rational Numbers and Decimal
Expansions

What Are Rational Numbers?

- Rational numbers are numbers that can be expressed as the quotient of two integers, with a non-
zero denominator.

- Formally, a rational number is \(\frac{A}{B}\), where \(A, B \in \mathbb{Z}\) and \(B \neq 0\).

- Rational numbers include integers, fractions, and terminating or repeating decimals.

Decimal Expansions of Rational Numbers

- Every rational number can be represented as a decimal expansion that either terminates or repeats
periodically.

- Terminating decimals are finite; repeating decimals have a repeating pattern of digits after some
point.

- For example:

-\(\frac{1}{2} = 0.5\) (terminating)

-\(\frac{1}{3} = 0.\overline{3}\) (repeating)

-\(\frac{4}{7} = 0.\overline{571428}\) (repeating)



Conditions for Negative, Repeating Decimals Between 0
And -1

Identifying the Range of \(\frac{A}{B}\)

- The question focuses on negative fractions \(\frac{A}{B}\) that lie strictly between 0 and -1.
- This implies:

\[

-1 < \frac{A}{B} <0

\]

- For such fractions:

-\(A\) and \(B\) are integers.

-\(A/B)) is negative, so \(A\) and \(B\) have opposite signs.

- The absolute value of \(\frac{A}{B}\) is less than 1.

Sign Conditions for \(A\) and \(B\)

- Since \(\frac{A}{B}\) is negative and between 0 and -1:
-\(A < 0\) and \(B > 0\), or

-\(A > 0\) and \(B < 0\), but for the fraction to be between 0 and -1, the numerator should be
negative and denominator positive (or vice versa).

- The key takeaway:

\[

A\times B< 0

\]

and

\[

[\frac{A}{B}| <1

\]

Summary of Conditions:

-\(\frac{A}{B}\) is negative: \(A \times B < 0\).

- The magnitude is less than 1: \(|A| < |BJ\).

- The decimal expansion is repeating, which implies \(\frac{A} {B}\) is a rational number with a
denominator that, in lowest terms, contains prime factors other than 2 and 5 (since only fractions
with denominators composed solely of 2s and 5s terminate).

When Is \(\frac{A}{B}\) a Repeating Decimal Between
0 and -1?



Conditions for Repeating Decimals

- A rational number in lowest terms \(\frac{A} {B}\) has a repeating decimal expansion if and only if
the denominator \(B\) contains prime factors other than 2 and 5.
- If \(B\) factors into only 2s and 5s, the decimal terminates.

Ensuring the Decimal Is Between 0 and -1

- Since \(\frac{A}{B}\) is negative and greater than -1, its decimal expansion will look like:

\[

-0.\text{(repeating digits)}

\]

- The decimal part (the repeating digits) is positive, and the overall value is negative but greater
than \(-1\).

Expressing \(\frac{A}{B}\) as a Negative, Repeating Decimal

- To write \(\frac{A}{B}\) as such a decimal, follow these steps:

Step 1: Determine the sign
- Ensure \(A\) and \(B\) satisfy \(A \times B < 0\).
- For simplicity, assume \(A < 0\) and \(B > 0\).

Step 2: Simplify the fraction
- Reduce \(\frac{A}{B}\) to lowest terms: \(\frac{A'}{B'}\).
- This helps identify the nature of the decimal expansion.

Step 3: Analyze the denominator \(B"\)
- Factor \(B'\) into primes.
- If \(B"\) contains primes other than 2 and 5, the decimal expansion is repeating.

Step 4: Confirm the magnitude
- Check that \(|A'|/|B'| < 1V).
- Since \(\frac{A}{B}\) is between 0 and -1, this condition naturally holds if \(|A'| < |B'|\).

Step 5: Express as decimal
- Perform long division or use known methods to find the decimal expansion.
- Confirm that the decimal is negative and repeats periodically.

Practical Examples and Illustrations

Example 1: \(\frac{-3}{4}\)

- Simplify: Already in lowest terms.



- Denominator prime factors: 2”2 (since 4 = 2°2).
- Since denominator factors only include 2s, the decimal terminates: \(-0.75\).
- Not repeating; so exclude this example for repeating decimals.

Example 2: \(\frac{-1}{3}\)

- Simplify: in lowest terms.

- Prime factors of denominator: 3 (not 2 or 5).

- Decimal expansion: \(-0.\overline{3}\)

- Between 0 and -1: yes.

- The decimal is negative and repeating, satisfying the conditions.

Example 3: \(\frac{-7}{11}\)

- Simplify: in lowest terms.

- Denominator prime factors: 11 (not 2 or 5).
- Decimal expansion: \(-0.\overline{63}\)

- Lies between 0 and -1, and repeats.

Example 4: \(\frac{-2}{25}\)

- Simplify: in lowest terms.

- Denominator prime factors: 5°2.

- Decimal expansion: \(-0.08\) (terminating).

- Since it terminates, it’s not repeating, so exclude for this context.

Summary of Key Conditions for \(\frac{A}{B}\) to Be a
Negative, Repeating Decimal Between 0 And -1

- Sign Condition:
\(\frac{A} {B}\) must be negative, so \(A \times B < 0\).

- Range Condition:
\(-1 < \frac{A}{B} < 0\).

- Prime Factorization Condition:
After reduction to lowest terms, the denominator \(B'\) must contain at least one prime factor other

than 2 or 5 to produce a repeating decimal.

- Magnitude Condition:
The absolute value \(|A'|/|B'|\) must be less than 1, ensuring the decimal is between 0 and -1.

- Decimal Representation:



The decimal expansion of \(\frac{A}{B}\) will be of the form \(-0.\overline{d}\), where \(d\) is a
repeating pattern of digits.

Additional Insights and Tips for Identifying Suitable
Fractions

- Reducing Fractions: Always simplify \(\frac{A} {B}\) to lowest terms before analyzing the decimal
expansion.

- Prime Factorization: Use prime factorization to determine whether the decimal terminates or
repeats.

- Verifying Range: Check the value of \(\frac{A}{B}\) to ensure it is between -1 and 0.

- Conversion to Decimal: Use long division or calculator methods to express the decimal form
precisely, confirming the repeating pattern.

Conclusion

Determining when a fraction \(\frac{A} {B}\) can be written as a negative, repeating decimal
between 0 and -

Frequently Asked Questions

When can the fraction A/B be written as a negative, repeating
decimal between 0 and -1?

A/B can be written as a negative, repeating decimal between 0 and -1 when A/B is negative (i.e., A
and B have opposite signs), and the absolute value of A/B is a proper fraction between 0 and 1
(meaning |A| < |B]). In other words, A and B must have opposite signs, and |A/B| < 1.

What conditions on integers A and B ensure that A/B is a
negative, repeating decimal between 0 and -1?

The conditions are: A and B are integers with opposite signs (one positive, one negative), and the
absolute value of A divided by B is less than 1 (JA| < |B|). This guarantees A/B is negative and its
magnitude is between 0 and 1, resulting in a negative, repeating decimal between 0 and -1.

Can any negative fraction between 0 and -1 be expressed as a



repeating decimal?

Yes, any negative fraction between 0 and -1 can be expressed as a repeating decimal, provided the
fraction is in simplest form and its denominator (after reduction) has prime factors other than 2 and
5, which ensures it has a repeating decimal expansion.

Why do some fractions with denominators not ending in 2 or 5
produce repeating decimals?

Because fractions with denominators that have prime factors other than 2 or 5 cannot be simplified
into terminating decimals, resulting in a repeating decimal expansion. For example, 1/3 or 1/7
produce repeating decimals.

How can we determine if a negative fraction A/B between 0
and -1 has a repeating decimal expansion?

Check if, after simplification, the denominator B has prime factors other than 2 and 5. If it does, then
A/B has a repeating decimal expansion. Additionally, ensure A and B have opposite signs and |A| <
|B| to be between 0 and -1.

Is it necessary for A/B to be in simplest form to determine if it
is a negative, repeating decimal?

Yes, simplifying A/B to its lowest terms is essential because the prime factorization of the
denominator determines whether the decimal expansion terminates or repeats. Repeating decimals
occur when the denominator has prime factors other than 2 and 5 after simplification.

Can negative fractions with denominators of 2 or 5 produce
repeating decimals between 0 and -1?

No. Fractions with denominators of only 2 and/or 5 (after reduction) produce terminating decimals,
not repeating ones. To have a negative, repeating decimal between 0 and -1, the denominator must
include other prime factors.

Additional Resources
Understanding When A/B Can Be Expressed as a Negative, Repeating Decimal Between 0 and -1

When exploring the fascinating world of rational numbers, one of the most intriguing aspects is their
decimal representations. Certain fractions, especially those involving integers, can be expressed as
either terminating or repeating decimals. This article delves into a specific and interesting question
within this domain: "When can A/B, where A and B are integers, be written as a negative, repeating
decimal between 0 and -1?"

This question touches on fundamental concepts in number theory and decimal expansions, and
understanding it requires a detailed exploration of the properties of rational numbers, their decimal
representations, and the conditions under which certain decimals appear.



Fundamental Concepts: Rational Numbers and Decimal
Expansions

Before diving into the specifics of negative, repeating decimals between 0 and -1, it's essential to
revisit the basics of rational numbers and their decimal representations.

What Are Rational Numbers?

A rational number is any number that can be expressed as the quotient of two integers, where the
denominator is not zero. Formally, a rational number is expressed as:

\[

\frac{A}{B}

\]

where A and B are integers, and B # 0.

Key properties:

- Rational numbers include integers, fractions, and terminating or repeating decimals.
- Every rational number's decimal expansion either terminates or repeats periodically.

Decimal Expansions of Rational Numbers

The decimal expansion of a rational number has two main types:

1. Terminating decimals: These are decimals that end after a finite number of digits. For example,
\(\frac{1}{2} = 0.5)).

2. Repeating decimals: These are decimals where a sequence of digits repeats infinitely. For
example, \(\frac{1}{3} = 0.\overline{3}\), where the overline indicates the repeating digit or
sequence.

Key insight:

- A rational number in lowest terms has a terminating decimal expansion if and only if the prime
factors of its denominator (after simplification) are 2 and/or 5.

- If the denominator contains any prime factors other than 2 or 5, the decimal expansion repeats
periodically.



Exploring the Sign and Magnitude of A/B

Our primary focus is on the decimal value of the fraction \(\frac{A}{B}\), especially when it is
negative and between 0 and -1.

When is A/B Negative?

The sign of a fraction \(\frac{A}{B}\):

- Is negative if and only if A and B have opposite signs.
- Is positive if both A and B are positive or both are negative.

Since we're interested in negative fractions, the condition simplifies to:

\[
A\times B < 0
\]

meaning one of them is positive, and the other is negative.

When is A/B Between 0 and -1?

For a negative fraction to be between 0 and -1, it must satisfy:

\[
-1 < \frac{A}{B} <0
\]

which implies:

-\(\frac{A}{B}\) is less than zero (negative).
-\(\frac{A}{B}\) is greater than -1.

Expressed in terms of A and B:

\[
-1 < \frac{A}{B} <0
\]

Multiplying all parts by \(B\), considering the sign of B:
-If\(B > 0\):
\[

-1 \timesB<A<0
\]



-If\(B < 0\):

\[
0<A<-B

\]

Since we're focused on \(\frac{A}{B}\) being negative, and between 0 and -1, the more
straightforward case is when B > 0 and A < 0.

Conditions for A/B to be a Negative, Repeating Decimal
Between 0 and -1

Given the above, the question reduces to: Under what conditions can \(\frac{A} {B}\), with \(A < 0\)
and \(B > 0\), be expressed as a negative, repeating decimal between 0 and -1?

Let's examine this systematically.

1. Sign Conditions

-\(A < 0\), \(B > 0\), so that \(\frac{A}{B}\) is negative.
- The value must satisfy:

\[
-1 < \frac{A}{B} <0
\]

- Equivalently, the absolute value:

\[
0 < |\frac{A}{B}| <1
\]

which simplifies to:

\[
0 <\frac{|A|}{B} <1
\]

This means:

\[
|A] < B
\]



and

\[
Al >0
\]

2. Decimal Representation: Repeating or Terminating?

The next critical aspect is whether \(\frac{A} {B}\) can be expressed as a repeating decimal. Recall:

- Rational numbers with denominators having prime factors other than 2 and 5 have non-
terminating, repeating decimals.
- Rational numbers with denominators composed solely of 2's and/or 5's have terminating decimals.

Since the question specifies a repeating decimal, the fraction's denominator (after simplification)
must contain prime factors other than 2 and 5.

Therefore:

\[
\text{gcd}(A, B) = 1 \quad \text{(fraction in lowest terms)}

\]
and

\[
\text{denominator } B \quad \text{has at least one prime factor other than 2 or 5}

\]

3. Constructing an Example

To illustrate, consider the fraction:

\[
\frac{A}{B} = -\frac{1}{3} \approx -0.\overline{3}
\]

which lies between -1 and 0, and is a repeating decimal.

-\(A =-1}),

-\(B = 3)),

-\(\frac{A}{B} = -0.\overline{3}\),

- magnitude \(= \frac{1}{3}\), which is less than 1.



Another example:

\[
\frac{A}{B} = -\frac{2}{7} \approx -0.\overline{285714}
\]

which also:

- Is negative,

- Is between 0 and -1,

- Has denominator 7 (prime factor other than 2 or 5),
- Is a repeating decimal.

Summary of Conditions for \(\frac{A}{B}\) to be a
Negative, Repeating Decimal Between 0 and -1

Based on the above analysis, the necessary and sufficient conditions are:

Sign and Magnitude Conditions

- A and B are integers with \(A < 0\), \(B > 0\).
- The absolute value of A divided by B is less than 1:

\[
|A] < B
\]

- The fraction is in lowest terms:

\[
\gcd(A, B) =1
\]

Prime Factor Conditions

- The denominator \(B\), after reduction, must contain at least one prime factor other than 2 or 5.
- This ensures the decimal expansion is non-terminating and repeating.

Additional Notes



- The numerator \(A\) can be any negative integer satisfying the magnitude condition.

- The fraction's decimal expansion will be a repeating decimal because the denominator includes
prime factors other than 2 and 5.

- The decimal will be negative, less than zero, but greater than -1, ensuring it lies between 0 and -1.

Practical Implications and Applications

Understanding these conditions is not just an academic exercise but has practical implications:

- Mathematical Computations: Recognizing when a rational number's decimal expansion is repeating
helps in approximate calculations and understanding numerical properties.

- Computer Science: Knowing whether a fraction translates to a repeating decimal is crucial in
floating-point arithmetic, data representation, and error analysis.

- Education: Clarifies misconceptions about decimal representations and their relation to the prime
factorization of denominators.

Conclusion

To summarize, the question "When can A/B be written as a negative, repeating decimal between 0
and -1?" hinges on the interplay between the sign, magnitude, and prime factorization of the
fraction's denominator:

- The fraction must be negative (\(A < 0\), \(B > 0\)), and its value must satisfy \(-1 < \frac{A}{B} <
0\).

- The fraction, in lowest terms, must have a denominator containing at least one prime factor other
than 2 or 5 to ensure a repeating decimal expansion.

- The numerator's magnitude must be less than the denominator to keep the value between -1 and 0.

By understanding these conditions, mathematicians and students alike can predict
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