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Understanding the properties of elements within groups is a fundamental aspect of group
theory, a core branch of abstract algebra. When dealing with Abelian groups—groups
where the operation is commutative—the behavior of elements and their orders can be
particularly well-understood and elegantly characterized. This article explores what can be
said about the order of elements A and B in an Abelian group, given that their respective
orders are M and N.

Introduction to Abelian Groups and Element Orders

What Is an Abelian Group?

An Abelian group (also called a commutative group) is a set G equipped with a binary
operation (usually denoted as +) satisfying the following axioms:

- Closure: For all a, b ∈ G, the result of a + b is also in G.
- Associativity: For all a, b, c ∈ G, (a + b) + c = a + (b + c).
- Identity Element: There exists an element 0 ∈ G such that for all a ∈ G, a + 0 = a.
- Inverse Elements: For each a ∈ G, there exists an element -a ∈ G such that a + (-a) = 0.
- Commutativity: For all a, b ∈ G, a + b = b + a.

Because of the commutative property, many structural properties of Abelian groups are
easier to analyze compared to non-Abelian groups.

Element Orders in Groups

The order of an element a in a group G, denoted |a|, is defined as the smallest positive
integer n such that:

a^n = 0 (or the identity element e, depending on additive or multiplicative notation).

If no such positive integer exists, then a is said to have infinite order.

In the context of finite groups, the order of an element always divides the order of the
group, thanks to Lagrange's theorem.

The Relationship Between Element Orders and Group Structure

Given an Abelian group G of finite order, and elements A and B with orders M and N
respectively, the following questions naturally arise:



- What can be said about the order of the element A + B?
- How do the orders M and N influence the order of combined elements?
- Under what conditions is the order of A + B related to M and N?

Answering these questions involves understanding the concepts of least common multiple
(lcm) and greatest common divisor (gcd), as well as properties of cyclic subgroups.

Key Theorems and Properties

The Order of Sum of Elements in an Abelian Group

In any Abelian group, the order of the sum of two elements A and B can be bounded or
characterized based on their individual orders.

Theorem:
Let G be an Abelian group, and A, B ∈ G with |A| = M and |B| = N. Then:

- The order of A + B, denoted |A + B|, divides the least common multiple of M and N, i.e.,
|A + B| | lcm(M, N).

- The order |A + B| also divides any common multiple of M and N.

Implication:
The order of the sum A + B is a divisor of lcm(M, N). In particular, if M and N are coprime,
then:

|A + B| = M N.

When Is the Order of A + B Equal to lcm(M, N)?

In the case where A and B generate cyclic subgroups that intersect trivially (meaning their
intersection is just the identity), the order of A + B equals the least common multiple of
their individual orders.

Example:
Suppose A and B are elements of a finite Abelian group G such that:

- |A| = 3
- |B| = 4
- The subgroups generated by A and B intersect only at the identity.

Then:

|A + B| = lcm(3, 4) = 12.

The Special Case When M and N Are Coprime

If M and N are coprime (gcd(M, N) = 1), then:

- The elements A and B generate cyclic subgroups of orders M and N respectively.
- The element A + B has order equal to M N.



This is analogous to the Chinese Remainder Theorem, where the combined structure
behaves like a direct product of cyclic groups.

Subgroups Generated by Elements A and B

The subgroup generated by A and B, denoted ⟨A, B⟩, is crucial in understanding the
combined orders:

- If G is finite and Abelian, then ⟨A, B⟩ is a finite Abelian subgroup.
- The order of this subgroup divides the product M N.

Note:
The order of the subgroup ⟨A, B⟩ can be less than M N if A and B generate overlapping
cyclic subgroups.

The Structure of Abelian Groups and Decomposition

Fundamental Theorem of Finite Abelian Groups

Any finite Abelian group G can be expressed as a direct product of cyclic groups of prime
power order:

G ≅ Z_{p1^{k1}} × Z_{p2^{k2}} × ... × Z_{pn^{kn}}.

This decomposition allows us to analyze elements component-wise and understand their
orders more intuitively.

Decomposition of Elements and Their Orders

Given the decomposition, an element A in G can be viewed as a tuple:

A = (A_1, A_2, ..., A_n),

where each component A_i belongs to Z_{p_i^{k_i}}.

The order of A is then the least common multiple of the orders of its components:

|A| = lcm(|A_1|, |A_2|, ..., |A_n|).

Similarly for B.

Implications for the Sum A + B

The order of A + B depends on the orders of their components:

|A + B| = lcm(|A_1 + B_1|, |A_2 + B_2|, ..., |A_n + B_n|).

Because the group is a direct product, the problem reduces to analyzing the sum in each
component cyclic group.

Practical Examples and Applications



Example 1: Elements in a Cyclic Group

Suppose G ≅ Z_{12}, the cyclic group of order 12.

Let:

- A be an element of order 4.
- B be an element of order 6.

In Z_{12}, elements of order 4 are those congruent to 3, 6, 9 mod 12, and elements of
order 6 are those congruent to 2, 4, 8, 10 mod 12.

Calculating the sum:

- The sum of A and B will have order dividing lcm(4, 6) = 12.
- Depending on the specific elements, the order of A + B can be 12 or a divisor such as 6,
4, or 2.

Example 2: Direct Product of Cyclic Groups

Let G ≅ Z_3 × Z_4.

- A = (a, 0), with |a| = 3.
- B = (0, b), with |b| = 4.

Then:

- |A| = 3.
- |B| = 4.

The element A + B = (a, b). Its order:

|A + B| = lcm(|a|, |b|) = lcm(3, 4) = 12.

Here, the order of the sum equals the product of the individual orders, due to coprimality.

Summary and Key Takeaways

- In an Abelian group, the order of the sum of two elements A and B is always a divisor of
the least common multiple of their individual orders.

- If the orders M and N are coprime, then the order of A + B is exactly M N.

- The subgroup generated by A and B has order dividing the product M N; its exact order
depends on the intersection of the subgroups generated by A and B.

- Understanding the structure of the group, especially via decomposition into cyclic
subgroups, provides powerful tools to analyze element orders.

- These principles are fundamental in classifying finite Abelian groups, analyzing their
elements, and understanding their subgroup structures.



Conclusion

The study of the orders of elements in Abelian groups is a cornerstone of group theory,
with wide-ranging applications in mathematics and related fields such as cryptography,
coding theory, and algebraic topology. The key insights revolve around the relationships
between individual element orders, subgroup structures, and the overall group structure.
Recognizing how the least common multiple and greatest common divisor influence these
orders enables mathematicians to predict and classify the behavior of elements within
Abelian groups effectively.

---

For further reading:
- "Abstract Algebra" by David S. Dummit and Richard M. Foote
- "A Course in Group Theory" by John F. Humphreys
- Articles on the classification of finite Abelian groups and their applications

Frequently Asked Questions

In an Abelian group, if A and B are elements of orders
M and N respectively, what is the possible order of their
product AB?
The order of the product AB divides the least common multiple (LCM) of M and N, i.e.,
order(AB) divides lcm(M, N).

If A and B commute in an Abelian group, how does this
affect the order of their product?
Since the group is Abelian, A and B commute, which allows the order of AB to be related
to the orders of A and B, often leading to the order of AB dividing the product or LCM of M
and N.

Can the order of the product AB be equal to the LCM of
M and N?
Yes, in some cases, especially when A and B are elements of cyclic subgroups that
generate a cyclic subgroup, the order of AB can be exactly the LCM of M and N.

What constraints exist on the orders of elements A and
B in an Abelian group of finite order?
The orders M and N of elements A and B must divide the order of the entire group, and
their interactions are governed by properties like the structure of the group and the
Chinese Remainder Theorem.



How does the greatest common divisor (GCD) of M and
N influence the order of A, B, and their product?
The GCD of M and N can influence the order of the product, especially in cases where
elements have common factors; for example, if M and N are coprime, the orders of A and
B can combine to produce an element of order MN.

Is it possible for the order of AB to be less than both M
and N?
Yes, in some cases, the order of AB can be less than M and N, particularly if A and B
satisfy specific relations or if their subgroups intersect nontrivially.

What role does the structure theorem for finite Abelian
groups play in understanding the order of elements A
and B?
The structure theorem decomposes finite Abelian groups into direct sums of cyclic groups,
enabling precise determination of possible orders of elements and their products based on
the group's decomposition.

If the group is cyclic, what can be said about the orders
of elements A, B, and their product?
In a cyclic Abelian group, the order of any element divides the group's order, and the
order of the product AB is determined by the sum of the exponents corresponding to A and
B, often related to their orders via the LCM.

Additional Resources
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Understanding the properties of elements within algebraic structures forms a cornerstone
of modern abstract algebra, and the study of abelian groups—also known as commutative
groups—offers rich insights into their internal symmetry and structure. When we consider
two elements, A and B, belonging to an abelian group with specific orders M and N,
respectively, a natural and fundamental question arises: what can be said about the order
of their product, \(A \cdot B\)? This question is not only theoretically intriguing but also
has practical implications in areas such as cryptography, coding theory, and the
classification of finite groups.

This article aims to comprehensively analyze the relationship between the orders of
elements A and B in an abelian group, focusing on the possible orders of their product \(A
\cdot B\). We will explore the foundational definitions, delve into the properties of abelian
groups, and examine the theorems governing the order of combined elements, supported



by illustrative examples and detailed explanations.

---

Fundamental Definitions and Concepts

Before engaging with the core question, it is essential to establish precise definitions and
understand the basic concepts involved in the discussion.

Order of an Element

In a group \(G\), the order of an element \(A\), denoted as \(\operatorname{ord}(A)\), is the
smallest positive integer \(k\) such that:

\[
A^{k} = e,
\]

where \(e\) is the identity element of the group. If no such positive integer exists, the
element is said to have infinite order.

In abelian groups, since the group operation is commutative, the order of elements and
their combinations exhibit properties that facilitate analysis.

Abelian Groups

An abelian group is a group \(G\) where for all \(A, B \in G\),

\[
A \cdot B = B \cdot A.
\]

This commutativity simplifies the interaction between elements, especially when
considering powers and products of elements. Abelian groups can be finite or infinite, and
their structure is well-understood thanks to the Fundamental Theorem of Finite Abelian
Groups, which states that every finite abelian group decomposes into a direct product of
cyclic groups.

---

Basic Properties of Element Orders in Abelian



Groups

The behavior of element orders, especially when combining elements, hinges on some core
properties:

- Order of a power: For any element \(A\), \(\operatorname{ord}(A^{k}) =
\frac{\operatorname{ord}(A)}{\gcd(\operatorname{ord}(A), k)}\).
- Order of a product: In an abelian group, the order of the product \(A \cdot B\) can be
related to the orders of \(A\) and \(B\) but is not simply their least common multiple or
greatest common divisor unless specific conditions are met.

These properties serve as the foundation for understanding how the orders relate when
elements are combined.

---

Theoretical Insights into the Order of \(A \cdot B\)

The primary focus is on analyzing \(\operatorname{ord}(A \cdot B)\) given
\(\operatorname{ord}(A) = M\) and \(\operatorname{ord}(B) = N\). Since the group is
abelian, the order of the product can be examined via the properties of cyclic subgroups
generated by \(A\) and \(B\).

Key Theorem: Orders of Elements in Finite Abelian
Groups

Theorem:
Let \(A, B\) be elements of an abelian group \(G\) with \(\operatorname{ord}(A) = M\),
\(\operatorname{ord}(B) = N\). Then:

\[
\operatorname{ord}(A \cdot B) \mid \operatorname{lcm}(M, N),
\]

meaning the order of the product divides the least common multiple of \(M\) and \(N\).

Proof Sketch:
Since \(A^{M} = e\) and \(B^{N} = e\), the element \(A \cdot B\) satisfies:

\[
(A \cdot B)^{k} = A^{k} \cdot B^{k}.
\]

To have \((A \cdot B)^{k} = e\), both \(A^{k} = e\) and \(B^{k} = e\). This implies:



\[
k \text{ is a multiple of } M \quad \text{and} \quad k \text{ is a multiple of } N.
\]

Therefore, the minimal such \(k\) is \(\operatorname{lcm}(M, N)\), and the order of \(A
\cdot B\) divides this least common multiple.

---

Possible Values of \(\operatorname{ord}(A \cdot B)\)

While the order of the product divides \(\operatorname{lcm}(M, N)\), it is not necessarily
equal to it. The actual order depends on the relationship between \(A\) and \(B\),
particularly whether they generate the same cyclic subgroup or are independent.

Important observations:

- If \(A\) and \(B\) generate the same cyclic subgroup:
Then \(A\) and \(B\) are powers of each other, and \(\operatorname{ord}(A \cdot B)\)
equals \(\operatorname{ord}(A) = M\).

- If \(A\) and \(B\) generate different subgroups but commute (which they do, in abelian
groups), the order of \(A \cdot B\) can be any divisor of \(\operatorname{lcm}(M, N)\), with
the maximum being \(\operatorname{lcm}(M, N)\).

Examples:

1. Maximum order case:

Suppose \(A\) and \(B\) are chosen such that their orders are coprime, i.e., \(\gcd(M, N) =
1\). Then:

\[
\operatorname{ord}(A \cdot B) = M \cdot N = \operatorname{lcm}(M, N),
\]

because in this case, the elements generate independent cyclic subgroups, and their
product attains the maximum possible order.

2. Minimal order case:

If \(A = B\), then:

\[
\operatorname{ord}(A \cdot B) = \operatorname{ord}(A^{2}) = \frac{M}{\gcd(M, 2)}.
\]

For example, if \(A = B\) and \(\operatorname{ord}(A) = M\), then the order of \(A \cdot B
= A^{2}\) depends on whether \(M\) is even or odd.



---

Special Cases and Structural Considerations

While the general theorem provides bounds and divisibility relations, special cases and
group structure significantly influence the actual order of the product.

Case 1: Cyclic Groups

In cyclic groups, the analysis simplifies considerably:

- For a cyclic group \(G \cong \mathbb{Z}_n\), every element corresponds to an integer
modulo \(n\), and the order of an element \(a\) (represented by an integer \(k\)) is \(n /
\gcd(n, k)\).

- Given two elements \(a, b \in \mathbb{Z}_n\), their product corresponds to addition
modulo \(n\).

- The order of the sum \(a + b\) is:

\[
\operatorname{ord}(a + b) = \frac{n}{\gcd(n, a + b)}.
\]

- The relationship between \(\operatorname{ord}(a)\), \(\operatorname{ord}(b)\), and
\(\operatorname{ord}(a + b)\) depends on the specific elements.

Implication: In cyclic groups, the order of the sum (or product, in additive notation) can be
directly computed, and it's often less than or equal to the least common multiple of the
individual orders.

Case 2: Direct Product of Cyclic Groups

Finite abelian groups are often expressed as direct products:

\[
G \cong \mathbb{Z}_{m_1} \times \mathbb{Z}_{m_2} \times \cdots \times
\mathbb{Z}_{m_k}.
\]

In such groups, elements are tuples, and their orders are the least common multiple of the
orders of their components.

- For elements \(A = (a_1, a_2, \ldots, a_k)\) and \(B = (b_1, b_2, \ldots, b_k)\), their orders
are:



\[
\operatorname{ord}(A) = \operatorname{lcm}(\operatorname{ord}(a_1),
\operatorname{ord}(a_2), \ldots),
\]
\[
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