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Understanding the fundamental concepts of group theory is essential for anyone delving into abstract
algebra. Among these concepts, homomorphisms serve as the structural bridges connecting different
groups, allowing mathematicians to analyze and compare their properties systematically. A key
property of homomorphisms is how they relate the identities of the source and target groups. In
particular, it is a standard result that a homomorphism maps the identity element of the first group to
the identity element of the second group. This article explores this important theorem in detail,
providing a comprehensive proof and discussing its significance within the broader context of group
theory.

Introduction to Group Homomorphisms

Before diving into the proof, it is crucial to understand what a homomorphism is and why it is
fundamental in the study of groups.

Definition of a Group

A group is a set G equipped with a binary operation (usually denoted as ) satisfying the following
axioms:

- Closure: For all a, b in G, the result of a b is also in G.

- Associativity: Foralla, b, cin G, (ab) c=a (b ¢).

- Identity Element: There exists an element e in G such that forallain G,ea=ae = a.

- Inverse Element: For each a in G, there exists an element a-*in Gsuchthataa*=a'a=-e.

Definition of a Homomorphism

Given two groups Gi and Gz, a homomorphism is a function ¢: G1 = G: satisfying:
- Operation Preservation: For all a, b in G, ¢(a 1 b) = ¢(a) 2 ¢(b),
where 1 and 2 denote the group operations in G1 and Gz, respectively.

This property ensures that the structure of the first group is respected under ¢, making
homomorphisms the natural maps for comparing group structures.



Statement of the Theorem

Theorem:
Let ¢: G1 = G2 be a group homomorphism. Then, @ maps the identity element of G: to the identity
element of Ga.

Formally, if e1 is the identity in G1 and ez is the identity in Gz, then:

\[p(e 1) =e 2\]

Significance of the Theorem

This theorem plays a critical role in understanding the structure-preserving nature of
homomorphisms. It ensures that identities, which are foundational to the definition of a group, are
maintained under the homomorphism. This property is essential for:

- Defining kernel and image of homomorphisms.

- Characterizing isomorphisms (bijective homomorphisms).

- Analyzing subgroup structures and factor groups.

- Establishing the fundamental theorems in group theory.

Proof of the Theorem

The proof leverages the properties of homomorphisms and the identity elements in groups.

Step-by-Step Proof

Given:

- ¢: G1 = G2 is a homomorphism.

- e1 € G1is the identity element in Gu.
- €2 € Gz is the identity element in G..

To Prove:
- p(e1) = ea.

Proof:
1. Start with the identity property in Gi:

For any element a in Ga,



\[
el {1}a=a.
\]

2. Apply the homomorphism ¢ to both sides:

\[
oe 1 {1} a) = 9(a).
\]

3. Use the operation preservation property of ¢:

\[

o(e_1) _{2} o(a) = ¢(a).

\]

Since ¢ is a homomorphism, the image of the product is the product of the images.

4. Note that the above holds for all a € Gu:

\[

ole_1) _{2} o(a) = ¢(a).

\]

This suggests that @(e1) acts as a left identity for the image of ¢.
5. Similarly, consider the identity property in Gi1 from the right:

\[
a_ {l}el=ay,
\]

and applying ¢:

\[

p(a_{1} e_1) = o(a).
\]

Using operation preservation:

\[
o(a) _{2} ¢(e_1) = o(a).
\]

This indicates that @(e1) acts as a right identity for the image of ¢.
6. Combine the above results:
- From step 4:

\[
o(e_1) _{2} o(a) = o(a),



\]
- From step 5:

\[
o(a) _{2} o(e_1) = o(a),
\]

for all ¢(a) in the image of ¢.

7. Since ¢(a) can be any element in the image of ¢, and the image is a subset of Gz, ¢(e1) acts as an
identity element on this subset.

8. But in Gz, the identity element ez is unique.
- To see that ¢(e1) must be ez, observe that for all a in Gu:

\[
o(e_1) _{2} o(a) = ¢(a),
\]
\[
o(a) _{2} o(e_1) = ¢(a).
\]

- Since for all g(a) in the image, ¢(e1) behaves like an identity element in Gz, and identities are
unique, it follows that:

\[
ole 1) =e 2.
\]

Hence, the identity element of Gi is mapped to the identity element of G2 by any group
homomorphism.

Implications and Applications of the Theorem

Understanding that homomorphisms map identities to identities is fundamental for many results in
group theory.

1. Kernel of a Homomorphism

The kernel of ¢, denoted as:

\[
\ker 9 =\{ g\in G_1\mid 9(g) = e_2\},
\]

is @ normal subgroup of Gi1. The fact that ¢(e1) = ez ensures that the kernel contains the identity



element of Gi, which is crucial for its subgroup structure.

2. Isomorphisms and Structure Preservation

An isomorphism is a bijective homomorphism. Since identities map to identities, this guarantees that
isomorphic groups share the same identity element, preserving the entire algebraic structure.

3. Homomorphism Properties in Group Extensions

The behavior of identities under homomorphisms facilitates the construction of quotient groups and
the analysis of group extensions, which are central themes in advanced algebra.

4. Morphisms in Category Theory

In the categorical context, the notion that identities are preserved under morphisms
(homomorphisms) aligns with the broader principle that structure-preserving maps respect identity
objects.

Conclusion

The property that a group homomorphism maps the identity element of the domain to the identity
element of the codomain is more than a technical detail; it is a cornerstone of the structure-
preserving nature of these maps. The proof relies on the fundamental properties of groups and the
defining characteristic of homomorphisms—operation preservation. Recognizing that ¢(e1) = ez
ensures that the essential identity structure remains intact under homomorphisms, enabling
mathematicians to analyze, classify, and relate groups systematically. This understanding underpins
many advanced concepts in algebra and highlights the elegance and consistency inherent in the
theory of groups.
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Frequently Asked Questions

What is a homomorphism between two groups G1 and G2?

A homomorphism between groups G1 and G2 is a function f: G1 - G2 such that for all elements a, b
in G1, f(ab) = f(a)f(b).



Why does a group homomorphism map the identity element
of G1 to an element related to the identity in G2?

Because a homomorphism preserves the group operation, applying it to the identity element of G1
and using the property f(el) = f(el-el) = f(el)f(el) implies that f(el) must be the identity in G2.

How can we prove that the identity of G1 is mapped to the
identity in G2 under a homomorphism?

We observe that f(el)-f(el) = f(el-el) = f(el). This implies f(el) is idempotent. Since identities are
unique in groups, f(el) must be the identity element in G2.

Is it always true that a homomorphism maps the identity of
G1 to the identity of G2?

Yes, by the properties of group homomorphisms, the identity element of G1 is always mapped to the
identity element of G2.

What role does the identity element play in establishing that
a homomorphism preserves structure?

The identity element ensures that the homomorphism maintains the identity property, which is
fundamental to preserving the group's algebraic structure during the mapping.

Can you provide a formal proof that f(el) = e2 for a
homomorphism f: G1 -» G2?

Yes. Since f is a homomorphism, f(el)-f(el) = f(el-el) = f(el). This implies f(el) is idempotent. The
only idempotent element in a group is the identity, so f(el) = e2.

Additional Resources

Let Be A Homomorphism Between Groups G: and G:z. Prove That The Identity of G: Is
Mapped to the Identity of G..

Introduction

In the realm of abstract algebra, group theory stands as a fundamental pillar, underpinning various
mathematical disciplines and offering insights into symmetries, algebraic structures, and
transformations. Central to the study of groups are the concepts of homomorphisms, which serve as
the algebraic bridges connecting different groups, preserving their structure in a meaningful way.

This article delves into the nature of homomorphisms between groups G: and Gz, with particular focus
on a pivotal property: the image of the identity element of G1 under a homomorphism is the identity



element of Gz. This property is not only crucial for understanding the behavior of homomorphisms but
also foundational in establishing the structure-preserving nature of these mappings.

Through detailed explanations, formal proofs, and contextual insights, we aim to elucidate why the

identity element’s mapping property holds — a cornerstone concept in group theory — and explore its
implications for the broader understanding of algebraic structures.

Understanding Group Homomorphisms
What is a Group?

Before exploring homomorphisms, it is essential to recall what constitutes a group. A group G is a set
equipped with an operation (often denoted as ) satisfying four axioms:

1. Closure: For all a, b in G, the result of the operation a b is also in G.

2. Associativity: Foralla, b, cin G, (ab) c=a (b c).

3. Identity Element: There exists an element e in G such that foreveryainG,ea=ae =a.

4. Inverse Elements: For each a in G, there exists an element a-*in Gsuchthataa*=ata=-e.
Defining Homomorphisms

A homomorphism is a structure-preserving map between two groups. Formally:

> Let G:1 and Gz be groups with operations 1 and 2 respectively. A function ¢: G1 -» Gz is called a group
homomorphism if for all a, b in Ga:

> ¢(a 1 b) = ¢(a) 2 ¢(b).
This property ensures that the operation's structure in Gi1 is mirrored in G2 under the mapping ¢.

Homomorphisms are essential because they allow us to transfer properties and structures from one
group to another, facilitating classification and analysis.

The Fundamental Property of Homomorphisms: Mapping the Identity
Statement of the Theorem

One of the most important and intuitive properties of homomorphisms is that:
> The identity element of G1 is mapped to the identity element of Ga.
Formally, if : G1 =» Gz is a group homomorphism, then:

> g(e1) = ez,

where e1 is the identity in G1, and ez is the identity in Ga.

This property ensures that the "neutral" element, which acts as the identity under the group



operation, is preserved in a specific way under the homomorphism, reinforcing the idea that
homomorphisms respect the algebraic structure.

Proving the Mapping of the Identity Element: Step-by-Step Analysis
Theorem Statement

Let G1 and Gz be groups with identity elements e1 and ez, respectively. If ¢: G1 =» Gz is a group
homomorphism, then:

> @(e1) = e2.

Proof Strategy

The proof hinges on the defining property of homomorphisms and the identity's unique role in the
group structure. The key idea is to leverage the homomorphism property applied to the identity
element.

Detailed Proof

1. Start with the identity in Gu:

By definition, for any element a in Gu:

\[

el {1}a=a {l}el=a.

\]

2. Apply the homomorphism to the identity combined with an arbitrary element:

Consider the element e1 in G1 and an arbitrary element a in Gi1. Using the homomorphism property:

\[

\phi(e_1 _{1} a) =\phi(e_1) _{2} \phi(a).
\]

3. Replace e11 a with a:

Since e1 is the identity in Gu:

\[

\phi(a) = \phi(e_1) _{2} \phi(a).
\]

4. Isolate @(e1):

The above equation suggests:

\[



\phi(e_1) {2} \phi(a) = \phi(a).
\]

For this to hold for all a in G1, ¢(e1) must act as an identity element in Gz regarding the operation .
5. Use the inverse in Gz:

Since Gz is a group, ez exists such that for any y in Gz:

\[

\e]_2 A{2}y=y_{2}e2=y.

Now, set y = @(a). From the previous step:
\[

\phi(e_1) {2} \phi(a) = \phi(a).

\]

This implies that \(\phi(e_1)\) is the identity element ez in Gz because it leaves every element
\(\phi(a)\) unchanged under the group operation.

6. Conclude the proof:

Since \(\phi(a)\) was arbitrary, and \(\phi(e_1)\) acts as the identity in Gz, it must be that:
\[

\boxed{\phi(e_ 1) =e 2.}

\]

This completes the proof, confirming that the identity element of the domain group maps to the
identity element of the codomain group under any group homomorphism.

Broader Implications and Significance

Preservation of Structure

This property underscores a core principle: homomorphisms are structure-preserving maps. They do
not distort the fundamental identity or invertibility properties of the groups involved. Ensuring that
the identity element maps to the identity maintains the integrity of the algebraic structure under the
transformation.

Consequences for Kernel and Image

Knowing that \(\phi(e_1) = e_2\) has significant consequences:

- Kernel of a homomorphism: The set of elements in G: that map to the identity in Gz, denoted as:

\[



\ker \phi =\{ a\in G_1 \mid \phi(a) = e 2\}.
\]

The kernel is a normal subgroup of Gi, and understanding that \(\phi(e_1) = e_2\) helps in analyzing
the kernel's properties.

- Isomorphisms: When a homomorphism is bijective (an isomorphism), the preservation of the identity
element confirms the structural equivalence between Gi and Ga.

Applications in Mathematical and Physical Contexts
The property plays a crucial role in various applications:

- Representation Theory: Homomorphisms map groups to matrix groups, preserving identities,
enabling analysis of group actions.

- Symmetry Operations: In physics, symmetry transformations form groups; homomorphisms relate
different symmetry groups, with the identity's mapping ensuring consistency.

- Algebraic Topology and Geometry: Covering maps and fundamental groups rely on homomorphisms
that preserve identities to maintain topological invariants.

Extending the Concept: Homomorphisms and Subgroups
Homomorphism Restrictions

The property that the identity maps to the identity allows for the restriction of homomorphisms to
subgroups, preserving identities within those subgroups.

Quotient Groups and Normal Subgroups

The kernel's structure as a normal subgroup, facilitated by the identity mapping property, enables the
construction of quotient groups, which are vital in classifying group structures and simplifying
complex algebraic systems.

Summary and Final Remarks

In summary, the fact that a homomorphism between groups maps the identity element of the domain
to the identity element of the codomain is a fundamental aspect of the algebraic structure. The proof
is straightforward yet profound, relying on the defining properties of groups and the nature of
homomorphisms.

This property ensures that homomorphisms are indeed structure-preserving maps, maintaining the
core features that define groups. It underpins many advanced concepts in algebra, including kernels,

normal subgroups, and quotient groups, and finds applications across mathematics and physics.

Understanding this property deepens our appreciation of group theory's elegance and its capacity to



model symmetry, invariance, and transformation across diverse scientific disciplines. It exemplifies
how foundational principles in abstract algebra act as building blocks for broader mathematical
frameworks and real-world applications.
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