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Introduction

In the fascinating world of number theory and combinatorial mathematics, problems involving the
representation of integers using limited coin denominations are both classic and intriguing. They not
only challenge our understanding of divisibility and linear combinations but also have practical
implications in areas such as currency systems, algorithm design, and optimization.

Imagine you have an unlimited supply of two types of coins: one worth 2022 dollars and another
worth \(2022k + 1\) dollars, where \(k\) is a positive integer. The question arises: what integers can be
formed using these coins? More specifically, can you represent every integer beyond a certain point?
If so, what is the smallest integer from which all larger integers can be formed? This problem invites
us to explore the structure of linear combinations and the concept of the Frobenius number, a
fundamental topic in the theory of coin problems.

In this article, we delve into this problem in detail, providing a comprehensive understanding of the
underlying mathematics, deriving formulas, and illustrating the solution process. Whether you're a

student, mathematician, or enthusiast, this exploration will deepen your appreciation for the elegance
of number theory and its applications.

Understanding the Problem
The Scenario
You are given two types of coins:

- Type A: worth 2022 dollars
- Type B: worth \(2022k + 1\) dollars

with the condition that \(k\) is a positive integer (\(k \geq 1\)). The coins are available in unlimited
quantities, and the goal is to analyze which integers can be expressed as non-negative integer
combinations of these two coin types.

The Mathematical Formulation

Any amount \(N\) that can be formed using the coins can be written as:

\[



N = a \times 2022 + b \times (2022k + 1)
\]

where \(a, b \geq 0\) are integers.
Our primary objective:
- To determine which integers \(N\) can be expressed in this form.

- To find the smallest positive integer \(N\) that cannot be expressed as such, known as the Frobenius
number.

Key Concepts

Coin Problem and Frobenius Number

The problem described is a classic instance of the Frobenius coin problem, which states:

> Given two positive integers \(x\) and \(y\) that are coprime, the largest integer that cannot be
expressed as a non-negative integer combination of \(x\) and \(y\) is known as the Frobenius number,
denoted \(g(x, y)\).

For two coprime positive integers, the Frobenius number is given by:

\[

g(x, y) = xy-x-y

\]

Note: The formula applies only when \(\gcd(x, y) = 1\).

Applying the Concept to Our Problem

In our problem:

-\(x = 2022\)
-\(y = 2022k + 1\)

We need to:
1. Verify if \(x\) and \(y\) are coprime.

2. If they are coprime, then the Frobenius number can be computed directly.
3. Interpret the result to understand which integers are representable.

Determining the GCD of 2022 and \(2022k + 1\)
Step 1: Compute \(\gcd(2022, 2022k + 1)\)

Apply the Euclidean Algorithm:



\[
\gcd(2022, 2022k + 1) = \gcd(2022, (2022k + 1) - 2022 \times k)

\]

Simplify:

\[

\gcd(2022, 1)
\]

since:

\[
(2022k + 1) - 2022k =1
\]

Thus,

\[
\gcd(2022, 2022k + 1) =\gcd(2022,1) =1
\]

Conclusion: For all positive integers \(k\), 2022 and \(2022k + 1\) are coprime.

Calculating the Frobenius Number
Step 2: Use the Frobenius Number Formula
Since \(\gcd(2022, 2022k + 1) = 1\), the Frobenius number is:

\[
9(2022, 2022k + 1) = 2022 \times (2022k + 1) - 2022 - (2022k + 1)

\]
Simplify:

\[
= 2022 \times (2022k + 1) - 2022 - 2022k - 1

\]

\[
= (2022 \times 2022k + 2022) - 2022 - 2022k - 1

\]
\[
= 202272 k + 2022 - 2022 - 2022k - 1
\]

\[



= 202272 k- 2022k -1
\]

Factor the expression:

\[
g =k (202272-2022)-1
\]

Compute \(202272 - 2022\):

\[
202272 - 2022 = 2022 (2022 - 1) = 2022 \times 2021

\]
Thus,

\[
9(2022, 2022k + 1) = k \times 2022 \times 2021 - 1
\]

Final Formula:

\[
\boxed{
\text{Frobenius number } g(k) = 2022 \times 2021 \times k - 1

}
\]

This number represents the largest integer that cannot be expressed as a non-negative combination
of coins worth 2022 and \(2022k + 1\).

Interpreting the Result

Which integers can be formed?

- All integers greater than the Frobenius number \(g(k)\) can be expressed as a combination of the
two coin types.

- The integers less than or equal to \(g(k)\) may or may not be representable, with \(g(k)\) itself being
not representable.

Practical Examples

Let's explore specific cases for different values of \(k\):

Example 1: \(k = 1\)

\[
g(1) = 2022 \times 2021 \times 1 - 1 = 2022 \times 2021 - 1



\]

Calculating:

\[
2022 \times 2021 = (2000 + 22) \times 2021
\]

Break down:

\[

= 2000 \times 2021 + 22 \times 2021

\]

\[

= 2000 \times 2021 + 22 \times 2021

\]

Calculate each term:

-\(2000 \times 2021 = 4,042,000 + 42,000 = 4,084,000\)
-\(22 \times 2021 = 44,462\)

Sum:

\[
4,084,000 + 44,462 = 4,128,462

\]

Subtract 1:

\[
g9(1) = 4,128,461
\]

Interpretation: The largest integer that cannot be formed using coins worth 2022 and 2023 is
4,128,461. All integers greater than this can be expressed as some combination.

Example 2: \(k = 2\)

\[

g(2) = 2022 \times 2021 \times 2 - 1 = 2 \times 2022 \times 2021 - 1
\]

Calculate:

\[

2 \times 4,128,462 = 8,256,924
\]



Subtract 1:
\[

9(2) = 8,256,923
\]

Additional Insights
Density of Representable Numbers

Since the two coin denominations are coprime, the set of representable integers is all sufficiently
large integers, specifically those greater than the Frobenius number.

- The count of non-representable positive integers is finite and equals \(\frac{(x-1)(y-1)}{2}\), where
\(x\) and \(y\) are the coin denominations.

- For our case, the total number of non-representable integers is:

\[

\frac{(2022 - 1)(2022k + 1 - 1)}{2} = \frac{2021 \times 2022k} {2}

\]

which grows with \(k\).

Practical Implications

- For large \(k\), the Frobenius number becomes enormous, meaning many integers cannot be
represented by the given coins.

- However, beyond the Frobenius number, representation becomes universal, which is critical in
currency design and resource allocation.

Conclusion
In this comprehensive analysis, we've demonstrated that:

- The two coin denominations, 2022 and \(2022k + 1

Frequently Asked Questions

What is the main problem involving unlimited coins worth
2022 dollars and 2022k + 1 dollars?

The problem is to determine whether it is possible to make a certain amount of money using
unlimited coins of these two denominations, and if so, how.



How does the value of K influence the coin denominations?

K determines the second denomination's value, which is 2022k + 1 dollars, affecting the combinations
possible for forming different amounts.

What mathematical concept is used to solve such coin
combination problems?

Number theory, specifically the concept of the greatest common divisor (GCD), is used to determine if
a certain amount can be formed from the given coin denominations.

How do you check if an amount can be formed using unlimited
coins of 2022 and 2022k + 1 dollars?

You verify whether the target amount is a linear combination of 2022 and 2022k + 1, which is
possible if and only if the GCD of these two denominations divides the target amount.

What is the GCD of 2022 and 2022k + 1?

Since 2022 and 2022k + 1 are consecutive integers when considering their difference, their GCD is 1,
meaning they are coprime.

Given that the GCD is 1, what amounts can be formed using
these coins?

Any sufficiently large amount can be formed, according to the Frobenius coin problem, because
coprime denominations can generate all large enough integers.

What is the Frobenius number for the coin denominations
2022 and 2022k + 1?

The Frobenius number, which is the largest amount that cannot be formed, is 2022 (2022k + 1) -
2022 - (2022k + 1).

Can all amounts greater than the Frobenius number be
formed with these coins?

Yes, all amounts exceeding the Frobenius number can be expressed as a combination of the two coin
denominations.

How does unlimited coin supply simplify the problem?

Unlimited coins allow for any non-negative integer combination of the denominations, making it easier
to determine whether a target amount is achievable based on the GCD and Frobenius number.



Additional Resources

Coins and Combinatorics: Unlocking the Mysteries of Infinite Possibilities

Introduction

In the fascinating realm of number theory and combinatorics, problems involving infinite resources
and strategic choices often lead to intriguing insights and elegant solutions. Imagine a scenario where
you have unlimited coins of two specific denominations: 2022 dollars and 2022k + 1 dollars, where k
is a positive integer. This setup isn't just a theoretical curiosity; it echoes classic problems like the
coin problem or Frobenius coin problem, but with a modern twist involving an infinite supply.

In this article, we will explore the depths of this problem, analyze its implications, and uncover the
mathematical principles that govern the possibilities of forming various sums using these coins.
Whether you're a mathematician, a student, or simply a curious mind, this comprehensive guide aims
to shed light on the intricate dance between infinite resources and number theory.

Understanding the Problem
At its core, the problem can be summarized as follows:

> Given:

> - An unlimited number of coins worth 2022 dollars each.

> - An unlimited number of coins worth 2022k + 1 dollars each, where k is a positive integer.
>

> Question:

> - What sums can be formed using these coins?

> - Are there any amounts that cannot be formed? If so, what are they?

> - How does the value of k influence the set of achievable sums?

This problem essentially asks us to analyze the representability of integers as linear combinations of
two coin denominations, with the twist of having an infinite supply.

Coin Problems in Number Theory: A Primer

Before diving into the specific problem, it's essential to understand some foundational concepts
related to coin problems.

The Frobenius Coin Problem

The classical Frobenius coin problem asks: Given two positive, coprime integers a and b, what is the
largest integer that cannot be expressed as a non-negative integer combination of a and b?

- Key result: If a and b are coprime, then every integer larger than (a - 1)(b - 1) - 1 can be expressed
as a linear combination of a and b.



- Unreachable sums: The integers less than or equal to this Frobenius number are the "gaps" or
amounts that cannot be formed.

In our case, the problem involves infinite supplies, which simplifies certain aspects but also introduces
unique considerations.

Breaking Down the Denominations
Let’s analyze the two coin denominations:

1. Coin A: Worth 2022 dollars.
2. Coin B: Worth 2022k + 1 dollars.

Given that k is a positive integer, the denominations are:

- A: 2022
-B: 2022k +1

Are the Denominations Coprime?

A critical step in coin problems is assessing whether the two denominations are coprime (i.e., their
greatest common divisor, GCD, is 1).

Calculating GCD of 2022 and 2022k + 1:

\[
\gcd(2022, 2022k + 1)

\]

Using the properties of GCD:

\[
\gcd(2022, 2022k + 1) =\gcd(2022, (2022k + 1) - 2022 \times k) = \gcd(2022, 1)

\]

Because:

\[
(2022k + 1) - 2022 \times k =1

\]

And:

\[
\gcd(2022,1) =1
\]



Conclusion: The two denominations are coprime for any positive integer k.

This is a crucial insight because it guarantees that, beyond a certain point, all sufficiently large
amounts can be represented as a combination of these coins.

Implications of Coprimality
Since the denominations are coprime, the Frobenius theorem applies, meaning:

- There exists a largest amount that cannot be formed (the Frobenius number).
- All amounts greater than this Frobenius number can be formed using non-negative combinations of
the coins.

Determining the Frobenius Number
The Frobenius number g(a, b) for two coprime positive integers a and b is:

\[
g(a,b) =a\timesb-a-b
\]

Applying this to our denominations:

\[
9(2022, 2022k + 1) = 2022 \times (2022k + 1) - 2022 - (2022k + 1)

\]
Simplify step-by-step:

\[
g = 2022 \times (2022k + 1) - 2022 - 2022k - 1

\]

\[
= 2022 \times 2022k + 2022 \times 1 - 2022 - 2022k - 1

\]

\[
= 2022 \times 2022k + 2022 - 2022 - 2022k - 1

\]
\[
= 2022 \times 2022k - 2022k - 1
\]

Factor:



\[
= (2022 \times 2022k - 2022k) - 1 = 2022k (2022 -1) -1
\]

Since:

\[
2022 -1 =2021

\]

We have:

\[
\boxed{
\text{Frobenius number} = 2022k \times 2021 - 1

}
\]

What Does the Frobenius Number Signify?
- Any amount less than or equal to \(2022k \times 2021 - 1\) might not be representable.

- Any amount greater than this Frobenius number can be formed using some non-negative
combination of the coins.

Can All amounts greater than the Frobenius number be formed?

Given the coprimality and unlimited supply, the answer is yes. The standard Frobenius theorem
confirms that every integer greater than the Frobenius number can be expressed as:

\[
x \times 2022 + y \times (2022k + 1)
\l

for some non-negative integers x and y.

Characterizing the Set of Unreachable Sums

While all amounts above the Frobenius number are achievable, what about the amounts below or
equal to it? Is there a pattern or explicit characterization of the amounts that cannot be formed?

Exploring Small Values of k

To get a concrete sense, consider some specific values of k.



Case 1: \(k=1\)

- Denominations: 2022 and 2023.
- Frobenius number:

\[
2022 \times 2023 -1
\]

Calculations:

\[

2022 \times 2023 = (2022 \times 2000) + (2022 \times 23) = 4,044,000 + 46,506 = 4,090,506
\]

So,

\[

\text{Frobenius number} = 4,090,506 - 1 = 4,090,505
\]

This means:

- All amounts greater than 4,090,505 can be formed.
- Some amounts less than or equal to this might not be.

General Strategy to Express Sums

Since the denominations are coprime, and we have unlimited coins, the set of representable sums
beyond the Frobenius number is entire.

For amounts less than or equal to the Frobenius number, the representability depends on solving the
equation:

\[
n = x \times 2022 + y \times (2022k + 1)
\]

with x, y = 0, for a given integer n.

Modular Approach to Representation

To analyze whether a number n can be expressed as above, consider the equation modulo 2022:

\[
n \equiv y \times (2022k + 1) \pmod{2022}

\]



Since:

\[
2022k \equiv 0 \pmod{2022}
\]

then:

\[
(2022k + 1) \equiv 1 \pmod{2022}

\]

Thus:

\[
n\equiv y \times 1 \equiv y \pmod{2022}
\]

This implies:

\[
\boxed{
\text{For a given } n, \text{ the value of } y \text{ mod } 2022 \text{ must be } n\bmod 2022

}
\]

Sincey = 0, and:

\[

n\equiv y \pmod{2022}
\]

then:

\[
y = n\bmod 2022 + 2022 \times m
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