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Introduction

In the realm of field theory and algebra, understanding the extensions of
fields and their degrees is fundamental. When we explore extensions involving
prime numbers, especially in the context of algebraic number theory, the
concepts become both intricate and fascinating. This article aims to
rigorously analyze the extension generated by a prime number \( P \) over
another prime number \( Q \), specifically focusing on proving that the field
extension \( \mathbb{Q}[P] \) over \( \mathbb{Q} \) has degree four.

We begin by establishing the necessary background, including the definitions
of field extensions, minimal polynomials, and the significance of prime
numbers in algebraic extensions. Subsequently, we delve into the core proof,
elucidating why the extension degree is four, and explore related concepts
such as algebraic independence, the structure of the extension, and
implications in broader algebraic contexts.

Understanding the degree of a field extension is critical because it measures
the dimension of the larger field as a vector space over the smaller field.
When this degree is four, it indicates a quadratic extension layered with
another quadratic extension or a single degree four extension. Recognizing
the structure of such extensions is vital for applications in algebraic
number theory, Galois theory, and polynomial factorization.

In this detailed analysis, we will:

- Define the setting and assumptions regarding the primes \( P \) and \( Q
\).
- Examine the properties of the field \( \mathbb{Q}[P] \) generated by the
prime \( P \).
- Determine the minimal polynomial of \( P \) over \( \mathbb{Q} \).
- Prove that the extension degree is four.
- Provide relevant examples and implications of this result.

By the conclusion, readers will have a comprehensive understanding of the
algebraic structure underpinning these prime-generated extensions and the
reasoning behind the degree being four.



Background and Preliminaries

Field Extensions and Degree

A field extension is a pair of fields \( E \supseteq F \), where \( F \) is a
subfield of \( E \). The extension degree, denoted \( [E : F] \), is the
dimension of \( E \) considered as a vector space over \( F \).

- If \( E \) is generated over \( F \) by an element \( \alpha \), i.e., \( E
= F(\alpha) \), then \( \alpha \) is algebraic over \( F \), and the degree
\( [F(\alpha) : F] \) equals the degree of the minimal polynomial of \(
\alpha \).

- The minimal polynomial of \( \alpha \) over \( F \) is the monic polynomial
of least degree with coefficients in \( F \) such that \( \alpha \) is a
root.

Understanding these concepts is essential when analyzing extensions involving
algebraic elements like prime numbers.

Prime Numbers in Algebraic Extensions

Prime numbers \( P \) and \( Q \) in the context of algebraic extensions are
often considered as elements algebraic over \( \mathbb{Q} \). For example, if
\( P \) is a root of an irreducible polynomial over \( \mathbb{Q} \), then \(
P \) is algebraic, and the degree of the minimal polynomial determines the
degree of the extension \( \mathbb{Q}[P] \).

In particular, the field \( \mathbb{Q}[P] \) is the smallest field containing
\( \mathbb{Q} \) and \( P \).

---

Problem Setup and Assumptions

To analyze the extension \( \mathbb{Q}[P] \) over \( \mathbb{Q} \) and
establish that it is degree four, we need to clarify the assumptions and
context:

1. \( P \) and \( Q \) are two distinct prime numbers, meaning they are prime
in the usual integer sense, with \( P \neq Q \).

2. The primes \( P \) and \( Q \) are considered as elements of \( \mathbb{Q}
\), which are rational numbers \( \frac{a}{b} \) with \( a, b \in \mathbb{Z}



\), \( b \neq 0 \). Since primes are integers, the primes \( P \) and \( Q \)
are naturally elements of \( \mathbb{Z} \subset \mathbb{Q} \).

3. The problem involves considering the field extension generated by \( P \),
i.e., \( \mathbb{Q}[P] \), where \( P \) is algebraic over \( \mathbb{Q} \).
Given that \( P \) is a prime number, it is algebraic over \( \mathbb{Q} \),
with minimal polynomial \( x - P \), which is linear, thus extension degree
1.

4. To achieve an extension of degree 4, the problem likely involves
considering additional algebraic elements related to \( P \) and \( Q \),
such as roots of certain polynomials, or adjoining roots of unity or other
algebraic elements related to \( P \) and \( Q \).

Therefore, a common and meaningful interpretation in the context of algebraic
number theory is:

- The field extension \( \mathbb{Q}(\sqrt[P]{Q}) \), where \( \sqrt[P]{Q} \)
is a primitive \( P \)-th root of \( Q \), or vice versa.
- Alternatively, the extension generated by adjoining roots of certain
polynomials related to \( P \) and \( Q \).

In this article, we will proceed under the assumption that the extension is
generated by an algebraic element related to \( P \) and \( Q \) such that
the degree over \( \mathbb{Q} \) is four.

---

Constructing the Extension and Its Minimal
Polynomial

Choosing the Algebraic Element \( \alpha \)

Suppose we consider the element \( \alpha = \sqrt[P]{Q} \), i.e., the real \(
P \)-th root of \( Q \). Since \( P \) and \( Q \) are primes, \( Q \) is an
integer, and \( \alpha \) is algebraic over \( \mathbb{Q} \).

The minimal polynomial of \( \alpha \) over \( \mathbb{Q} \) is:

\[
x^{P} - Q = 0
\]

This polynomial is:

- Irreducible over \( \mathbb{Q} \) if and only if \( Q \) is not a perfect



\( P \)-th power in \( \mathbb{Q} \).

- Degree \( P \) over \( \mathbb{Q} \).

However, this yields an extension degree \( P \), which is prime, not four,
unless \( P=4 \), which is impossible since 4 is not prime.

Therefore, to obtain an extension degree of 4, we need to consider more
complex algebraic elements, such as adjoining both \( P \)-th roots and
related roots, or considering the splitting field of certain polynomials.

---

Extension Generated by a Bi-Quadratic Polynomial

A standard approach to obtain an extension of degree four is to consider
quadratic extensions:

- For example, the field \( \mathbb{Q}(\sqrt{a}, \sqrt{b}) \), where \( a, b
\in \mathbb{Q} \), with \( a \) and \( b \) not squares in \( \mathbb{Q} \).

- The degree of this extension over \( \mathbb{Q} \) is:

- 1 if both are squares.
- 2 if only one is a square.
- 4 if both are non-squares and \( \sqrt{a} \notin \mathbb{Q}(\sqrt{b}) \).

To link this with primes \( P \) and \( Q \):

- Let’s assume \( P \equiv 3 \pmod{4} \) and \( Q \equiv 3 \pmod{4} \), to
ensure certain properties about quadratic fields.

- Consider the field \( \mathbb{Q}(\sqrt{P}, \sqrt{Q}) \). Its degree over \(
\mathbb{Q} \) is 4 if:

- Neither \( \sqrt{P} \) nor \( \sqrt{Q} \) is in \( \mathbb{Q} \),
- and \( \sqrt{\frac{Q}{P}} \notin \mathbb{Q} \).

Thus, the extension \( \mathbb{Q}(\sqrt{P}, \sqrt{Q}) \) over \( \mathbb{Q}
\) has degree 4.

---

Proving the Degree Is Four



Step 1: Show that \( \mathbb{Q}(\sqrt{P}, \sqrt{Q})
\) Has Degree At Most Four

- Since \( \mathbb{Q} \subseteq \mathbb{Q}(\sqrt{P}) \subseteq
\mathbb{Q}(\sqrt{P}, \sqrt{

Frequently Asked Questions

What is the significance of the extension Q[P] over
Q when P and Q are distinct prime numbers?
The extension Q[P] typically refers to the field generated by the prime P
over Q. When P and Q are primes, the structure of this extension, including
its degree, depends on whether P divides the order of roots of unity or
related algebraic elements. In this context, it is often used to analyze the
degree of field extensions generated by adjoining roots of primes.

How do we prove that Q[P] is a degree four extension
over Q when P and Q are distinct primes?
The proof involves examining the minimal polynomial of an algebraic element
related to P over Q. For example, if P is a prime and we consider a primitive
P-th root of unity, the degree of the cyclotomic extension Q(ζ_P) over Q is
φ(P) = P - 1. To get a degree four extension, P must be such that the minimal
polynomial of the element generating the extension has degree four, which
occurs under specific conditions related to P and Q. In the case where P and
Q are primes with P ≠ Q, and the extension is constructed via certain
algebraic elements, the degree can be shown to be four by analyzing the
minimal polynomial's degree.

Can you give an example of primes P and Q where Q[P]
forms a degree four extension over Q?
Yes, for example, if P = 5 and Q is a prime such that the field extension
generated by adjoining certain algebraic elements related to P results in
degree four, then Q[P] can be a degree four extension over Q. Specifically,
if P = 5 and the extension is constructed via adjoining a root of a quartic
polynomial with coefficients in Q, then the extension degree is four. The
exact choice of Q depends on the construction, but the key is the minimal
polynomial's degree being four.

What algebraic tools are typically used to prove
that a field extension has degree four?
Proving that a field extension has degree four involves analyzing the minimal



polynomial of the generating element over Q, determining its degree, and
verifying its irreducibility. Tools used include Eisenstein's criterion,
factorization of polynomials over Q, Galois theory, and properties of
cyclotomic and Kummer extensions. These tools help establish the degree and
the structure of the extension.

What is the importance of the distinctness of primes
P and Q in the proof?
The distinctness of primes P and Q ensures that the algebraic structures
involved are non-trivial and that certain ramification properties hold. It
prevents overlaps in the fields generated, avoids degenerate cases, and
guarantees that the extension's degree can be precisely determined. This
distinction is crucial for establishing the degree four result and applying
relevant algebraic number theory techniques.

Additional Resources
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---

Introduction

In the fascinating realm of algebra, the study of field extensions offers
profound insights into the structure of algebraic numbers and their
symmetries. Among these, the extension generated by adjoining roots of primes
holds particular significance, connecting prime numbers with polynomial
equations and their roots. Today, we delve into a specific scenario: given
two distinct primes \( P \) and \( Q \), we aim to examine the nature of the
extension \( Q[P] \), which is the smallest field containing both \( Q \) and
\( P \). Our goal is to prove that this extension is of degree four over \( Q
\) and to understand the algebraic structure underpinning this fact.

This exploration involves deep concepts such as minimal polynomials, field
degrees, and the interplay of prime numbers within field extensions. Through
a systematic approach, we will uncover why adjoining the \( P \)-th root of
an element related to \( Q \) leads precisely to a degree four extension over
\( Q \). Along the way, illustrative examples and detailed reasoning will
illuminate the core principles at play, making this sophisticated topic
accessible to those with a foundational understanding of algebraic
structures.

---

Understanding Field Extensions and Prime Numbers

What Is a Field Extension?



At the core of our discussion lies the concept of a field extension. A field
extension \( E/F \) is a larger field \( E \) containing a smaller field \( F
\) such that the operations of addition and multiplication in \( F \) are
preserved. For example, the field of rational numbers \( \mathbb{Q} \) can be
extended by adjoining algebraic elements, such as roots of polynomials with
rational coefficients, leading to richer fields that reveal more about
algebraic structures.

The degree of a field extension \( E/F \), denoted \( [E : F] \), measures
the dimension of \( E \) viewed as a vector space over \( F \). When
adjoining algebraic elements (roots of polynomials), this degree corresponds
to the degree of the minimal polynomial of the element over \( F \).

Primes and Their Role in Extensions

Prime numbers are fundamental building blocks in number theory, and their
properties deeply influence algebraic structures. When considering field
extensions generated by roots of prime-related elements, their prime nature
often constrains the polynomials involved, their reducibility, and the
degrees of the extensions.

In our scenario, the primes \( P \) and \( Q \) are distinct, which ensures
certain algebraic independence that will be crucial to establishing the
degree of the extension.

---

The Setup: The Fields \( Q \), \( Q[P] \), and the Extension

Defining the Fields

Let us formalize the setting:

- \( Q \) is a field containing the rational numbers \( \mathbb{Q} \). For
convenience, we can think of \( Q = \mathbb{Q} \) unless specified otherwise.
- \( P \) and \( Q \) are two distinct prime numbers, which can be viewed as
integers, but more generally, as primes in some field.

The field \( Q[P] \) is constructed by adjoining an algebraic element related
to \( P \) to \( Q \). Typically, this involves adjoining a primitive \( P
\)-th root of unity or a \( P \)-th root of an element related to \( Q \).

The Nature of \( Q[P] \)

Given the primes \( P \) and \( Q \), the extension \( Q[P] \) can be
interpreted as:

\[
Q[P] = Q(\alpha)
\]



where \( \alpha \) is an algebraic element such as a \( P \)-th root of some
element in \( Q \). The choice of \( \alpha \) ensures that the extension
captures the algebraic complexity associated with \( P \) and \( Q \).

If \( \alpha \) is a root of some polynomial over \( Q \), then the degree of
the extension \( [Q(\alpha) : Q] \) equals the degree of the minimal
polynomial of \( \alpha \) over \( Q \).

---

The Core Theorem: \( Q[P] \) Is a Degree Four Extension Over \( Q \)

Statement of the Result

Theorem: Let \( P \) and \( Q \) be two distinct prime numbers. The field
extension \( Q[P] \) generated by adjoining a \( P \)-th root of \( Q \) (or
related element) to \( Q \) has degree four over \( Q \). That is,

\[
[Q[P] : Q] = 4
\]

Underlying Intuition

This result hinges on the properties of roots of unity and the minimal
polynomial of the adjoining element. When adjoining a \( P \)-th root of an
element \( q \) in \( Q \), the minimal polynomial is often of degree
dividing \( P \), but the structure of the extension depends heavily on
whether certain roots of unity are contained within the field.

In particular, for primes \( P \neq Q \), the extension often involves
adjoining both a \( P \)-th root of \( Q \) and a primitive \( P \)-th root
of unity, which together generate a degree four extension in specific cases.

---

Detailed Proof: Establishing the Degree of the Extension

Step 1: Clarify the Construction of \( Q[P] \)

Suppose \( q \in Q \) is a non-zero element, and we consider adjoining a \( P
\)-th root of \( q \), denoted \( \sqrt[P]{q} \), to \( Q \). The field
extension is:

\[
Q(\sqrt[P]{q})
\]

The minimal polynomial of \( \sqrt[P]{q} \) over \( Q \) is \( x^P - q \).
The degree of this polynomial is \( P \) if it is irreducible over \( Q \).



However, whether \( x^P - q \) is reducible depends on whether \( q \) is a
\( P \)-th power in \( Q \). Since \( P \) is prime and \( q \) is in \( Q
\), irreducibility occurs if and only if \( q \) is not a \( P \)-th power in
\( Q \). For simplicity, assume \( q \) is not a \( P \)-th power, ensuring
the minimal polynomial has degree \( P \).

Step 2: Incorporate Roots of Unity

To fully understand the extension, we need to consider whether \( Q \)
contains primitive \( P \)-th roots of unity, denoted \( \zeta_P \). The
structure of the extension depends on this:

- Case 1: \( \zeta_P \in Q \). The extension \( Q(\sqrt[P]{q}) \) has degree
\( P \).
- Case 2: \( \zeta_P \notin Q \). The extension involves adjoining \( \zeta_P
\), leading to a larger extension.

Assuming the latter (more interesting) case, the Kummer theory applies. It
states that if \( Q \) contains no \( P \)-th roots of unity, then adjoining
\( \sqrt[P]{q} \) and \( \zeta_P \) generates an extension of degree \( P
\times (P-1) \).

Step 3: The Specific Scenario Leading to Degree Four

Our focus is on a particular case where the combined extension has degree
four. This occurs under the following assumptions:

- \( P \neq Q \) are primes.
- \( Q \) does not contain \( \zeta_P \).
- The element \( q \) chosen in \( Q \) is such that adjoining \( \sqrt[P]{q}
\) and the relevant roots of unity results in an extension of degree four.

In this context, the minimal polynomial of the adjoining element over \( Q \)
has degree four, which implies:

\[
[Q[P] : Q] = 4
\]

Step 4: Formal Proof

Claim: The extension \( Q[P] = Q(\sqrt[P]{q}, \zeta_P) \) has degree four
over \( Q \).

Proof:

1. Adjoining \( \zeta_P \): Since \( Q \) does not contain \( \zeta_P \),
adjoining \( \zeta_P \) increases the degree by a factor of \( \phi(P) = P-1
\). However, for particular primes, \( P=2 \) or \( P=3 \), this degree can
be small, but in our scenario, the extension simplifies to degree four.



2. Adjoining \( \sqrt[P]{q} \): The minimal polynomial is \( x^P - q \).
Under the assumption that \( q \) is not a \( P \)-th power in \( Q \), this
polynomial is irreducible over \( Q \), giving degree \( P \).

3. Combined Extension: If \( \zeta_P \) is not in \( Q \), then the extension
\( Q(\sqrt[P]{q}, \zeta_P) \) has degree \( P \times \phi(P) \). But in the
case where \( P=2 \), \( \phi(2)=1 \), and the extension degree reduces to 2,
which is consistent with degree four when considering the combined structure
of roots.

4. Special Case for Degree Four: Suppose \( P
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