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Introduction

Understanding the behavior of a hydrogen atom in its ground state is fundamental to
grasping atomic physics and quantum mechanics. The hydrogen atom, being the simplest
atom with only one proton and one electron, serves as a model system to study atomic
structure, energy levels, and spectral lines. In this article, we will explore the detailed steps
involved in analyzing a hydrogen atom in its ground state, covering concepts such as
atomic models, quantum numbers, energy calculations, and spectral transitions. This
comprehensive guide aims to help students learn effectively for their exams.

---

1. Basic Concepts of the Hydrogen Atom

1.1 Atomic Structure

- The hydrogen atom consists of a single proton nucleus surrounded by one electron.
- The electron's behavior is governed by quantum mechanics, described by wavefunctions
and quantum numbers.

1.2 Ground State Definition

- The ground state refers to the lowest energy configuration of an atom.
- For hydrogen, this corresponds to the electron occupying the lowest energy orbital, which
is the 1s orbital.

---

2. Quantum Mechanical Model of the Hydrogen Atom

2.1 Schrödinger Equation for Hydrogen

The behavior of the electron is described by the Schrödinger equation:

\[
\hat{H} \psi = E \psi
\]

where:



- \(\hat{H}\) is the Hamiltonian operator,
- \(\psi\) is the wavefunction,
- \(E\) is the energy eigenvalue.

2.2 Hamiltonian for Hydrogen

The Hamiltonian in the case of a hydrogen atom (ignoring relativistic effects) is:

\[
\hat{H} = -\frac{\hbar^2}{2m} \nabla^2 - \frac{ke^2}{r}
\]

where:

- \(\hbar\) is the reduced Planck's constant,
- \(m\) is the electron mass,
- \(k\) is Coulomb's constant (\(8.9875 \times 10^9 \, \text{Nm}^2/\text{C}^2\)),
- \(e\) is the elementary charge,
- \(r\) is the radial distance from the nucleus.

---

3. Quantum Numbers and Electron Configuration in Ground State

3.1 Principal Quantum Number (n)

- For the ground state, \(n=1\).

3.2 Azimuthal Quantum Number (l)

- For the 1s orbital, \(l=0\).

3.3 Magnetic Quantum Number (m_l)

- For \(l=0\), \(m_l=0\).

3.4 Spin Quantum Number (m_s)

- Electron spin can be either \(+\frac{1}{2}\) or \(-\frac{1}{2}\). For the ground state, one
electron with spin \(+\frac{1}{2}\) is considered.

Summary of quantum numbers in ground state:

| Quantum Number | Value | Meaning |
|------------------|-------------|-----------------------------------------|
| \(n\) | 1 | Principal energy level |
| \(l\) | 0 | Orbital angular momentum quantum number |
| \(m_l\) | 0 | Magnetic quantum number |
| \(m_s\) | \(+\frac{1}{2}\) or \(-\frac{1}{2}\) | Spin quantum number |

---



4. Energy of the Ground State

4.1 Energy Level Formula

The energy levels of the hydrogen atom are given by the Bohr model and quantum
mechanics:

\[
E_n = - \frac{13.6\, \text{eV}}{n^2}
\]

- For \(n=1\):

\[
E_1 = -13.6\, \text{eV}
\]

This negative sign indicates the bound state of the electron.

4.2 Explanation of the Energy Value

- The energy \(-13.6\, \text{eV}\) represents the minimum energy needed to ionize the
hydrogen atom from its ground state.
- The energy is quantized; the electron cannot have energies between these levels.

---

5. Wavefunction of the Ground State

5.1 Hydrogen 1s Orbital Wavefunction

The wavefunction \(\psi_{1s}\) for the hydrogen 1s orbital is expressed as:

\[
\psi_{1s}(r) = \frac{1}{\sqrt{\pi a_0^3}} e^{-r/a_0}
\]

where:

- \(a_0\) is the Bohr radius (\(a_0 \approx 0.529 \times 10^{-10}\, \text{m}\)),
- \(r\) is the radial distance from the nucleus.

5.2 Probability Density

The probability density \( |\psi_{1s}|^2 \) gives the likelihood of finding the electron at a
distance \(r\):

\[
|\psi_{1s}(r)|^2 = \frac{1}{\pi a_0^3} e^{-2r/a_0}
\]



The maximum probability occurs near \(r=0\), indicating the electron is most likely to be
close to the nucleus in the ground state.

---

6. Spectral Lines and Transitions

6.1 Absorption and Emission

- When an electron transitions between energy levels, it absorbs or emits energy in the
form of photons.
- The energy of the photon corresponds to the difference between the initial and final
states:

\[
\Delta E = E_{final} - E_{initial}
\]

6.2 Lyman Series (Transition to \(n=1\))

- The hydrogen atom's emission spectrum in the ultraviolet range is called the Lyman
series, involving transitions from higher levels (\(n \geq 2\)) to \(n=1\).
- The wavelength of emitted photons can be calculated using the Rydberg formula (see
below).

---

7. Rydberg Formula and Spectral Lines

7.1 Rydberg Equation

The wavelength \(\lambda\) of spectral lines is given by:

\[
\frac{1}{\lambda} = R \left( \frac{1}{n_1^2} - \frac{1}{n_2^2} \right)
\]

where:

- \(R = 1.097 \times 10^7\, \text{m}^{-1}\) is the Rydberg constant,
- \(n_1\) and \(n_2\) are integers with \(n_2 > n_1\).

7.2 Example: Transition from \(n=2\) to \(n=1\)

\[
\frac{1}{\lambda} = R \left( 1 - \frac{1}{4} \right) = R \times \frac{3}{4}
\]

\[
\lambda = \frac{4}{3 R}
\]



which yields the wavelength of the Lyman-alpha line.

---

8. Significance of the Ground State

8.1 Stability

- The ground state is the most stable state of the hydrogen atom.
- Electrons tend to occupy the lowest available energy level.

8.2 Excitations and Ionization

- When energy is supplied (e.g., heat, light), electrons can be excited to higher energy
levels.
- If enough energy is supplied, electrons can escape the atom entirely, leading to ionization.

---

9. Practical Applications and Importance

9.1 Spectroscopy

- Studying the spectral lines of hydrogen helps in understanding stellar compositions and
physical conditions.

9.2 Quantum Mechanics

- The hydrogen atom serves as a fundamental model for quantum mechanics, illustrating
concepts like quantization, wavefunctions, and energy levels.

9.3 Technological Advancements

- Insights from hydrogen spectral studies have contributed to the development of lasers,
quantum computing, and atomic clocks.

---

10. Summary of Full Steps to Analyze a Hydrogen Atom in Ground State

1. Identify the ground state configuration: Electron in \(n=1, l=0, m_l=0, m_s=\pm
\frac{1}{2}\).
2. Calculate the energy: Use \(E_1 = -13.6\, \text{eV}\).
3. Write the wavefunction: Use the 1s orbital wavefunction.
4. Determine probability density: Calculate \( |\psi_{1s}|^2 \).
5. Understand spectral transitions: Use the Rydberg formula to find wavelengths for
transitions involving the ground state.
6. Recognize stability: Ground state as the most stable configuration.
7. Apply concepts to real-world scenarios: Spectroscopy, astrophysics, quantum mechanics.

---



Conclusion

Analyzing a hydrogen atom in its ground state involves understanding its quantum
numbers, energy levels, wavefunctions, and spectral properties. By following the detailed
steps outlined above, students can develop a clear and comprehensive understanding of
atomic structure, essential for excelling in physics and chemistry exams. Remember,
mastering these concepts requires practice with calculations, visualizations of
wavefunctions, and understanding the physical significance of each quantum number and
spectral line.

---
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Frequently Asked Questions

What are the steps to calculate the energy of a
hydrogen atom in its ground state?
First, use the Bohr model formula: E = -13.6 eV / n², where n=1 for the ground state. So, E
= -13.6 eV / 1² = -13.6 eV. This gives the energy of the hydrogen atom in its ground state.

How do I determine the radius of the hydrogen atom in
its ground state?
Use the Bohr radius formula: r = n² × a₀, where a₀ is the Bohr radius (~0.529 Å) and n=1
for the ground state. Therefore, r = 1² × 0.529 Å = 0.529 Å.

What is the significance of the energy level n=1 in a
hydrogen atom's ground state?
The energy level n=1 represents the lowest energy state of the hydrogen atom, where the
electron is closest to the nucleus. It is the most stable state, and any transition from this
level to a higher level requires energy absorption.

How can I find the wavelength of the photon emitted
when a hydrogen atom transitions from n=2 to n=1?
Calculate the energy difference: ΔE = E₂ - E₁ = (-13.6 eV / 2²) - (-13.6 eV / 1²) = -3.4 eV +
13.6 eV = 10.2 eV. Then, use λ = hc / ΔE, converting ΔE to joules. With h = 6.626×10⁻³⁴ Js,
c = 3×10⁸ m/s, and ΔE ≈ 1.634×10⁻¹⁸ J, λ ≈ 121.6 nm.



Why is it important to show full steps when solving
problems about the hydrogen atom's ground state?
Showing full steps ensures you understand each part of the calculation, helps identify any
mistakes, and demonstrates your reasoning process clearly, which is essential for learning
and exam grading.

Additional Resources
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Understanding the hydrogen atom in its ground state is fundamental to grasping quantum
mechanics, atomic structure, and the principles that govern microscopic particles. For
students preparing for exams, a detailed, step-by-step approach is essential to master the
concepts thoroughly. This article aims to guide you through the entire process, breaking
down complex ideas into manageable parts, illustrating calculations, and highlighting key
features to help you learn effectively.

---

Introduction to the Hydrogen Atom in Its Ground
State

The hydrogen atom, being the simplest atom with only one proton and one electron, serves
as the foundational model in atomic physics. Its ground state refers to the lowest energy
configuration that the electron can occupy. Understanding this state involves delving into
quantum numbers, wavefunctions, energy levels, and associated physical properties.

Key features of the ground state:
- The principal quantum number \( n = 1 \)
- The azimuthal quantum number \( l = 0 \)
- The magnetic quantum number \( m_l = 0 \)
- The spin quantum number \( m_s = \pm \frac{1}{2} \)

The ground state is characterized by minimal energy and maximal stability, making it the
starting point for understanding atomic spectra and electron behavior.

---

Step 1: Understanding the Quantum Numbers
and Their Significance



To analyze the hydrogen atom, it’s crucial to understand the four quantum numbers that
define the electron's state:

Principal Quantum Number (\( n \))
- Defines the energy level and size of the orbital
- For the ground state, \( n = 1 \)
- The energy of the hydrogen atom in the ground state is given by:
\[
E_1 = - \frac{13.6\, \text{eV}}{n^2} = -13.6\, \text{eV}
\]
(since \( n=1 \))

Azimuthal Quantum Number (\( l \))
- Defines the shape of the orbital
- For \( n=1 \), \( l=0 \), corresponding to an s-orbital

Magnetic Quantum Number (\( m_l \))
- Defines the orientation of the orbital in space
- For \( l=0 \), \( m_l=0 \)

Spin Quantum Number (\( m_s \))
- Defines the intrinsic spin of the electron
- Can be \( +\frac{1}{2} \) or \( -\frac{1}{2} \)

Summary: The ground state electron in hydrogen occupies the \( 1s \) orbital, characterized
by \( n=1, l=0, m_l=0 \), with spin up or down.

---

Step 2: Wavefunctions of the Ground State

The Schrödinger equation provides the wavefunction \( \psi \) of the electron, which
contains all information about its position and energy.

Hydrogenic Wavefunction in the Ground State
The normalized wavefunction for the ground state (1s orbital) is:

\[
\psi_{1s} (r) = \frac{1}{\sqrt{\pi a_0^3}} e^{-r/a_0}



\]

where:
- \( r \) is the radial distance from the nucleus
- \( a_0 \) is the Bohr radius, approximately \( 0.529 \times 10^{-10} \) meters

Features:
- Spherically symmetric (depends only on \( r \))
- The probability density \( |\psi_{1s}|^2 \) describes the likelihood of finding the electron at
a distance \( r \):

\[
|\psi_{1s}(r)|^2 = \frac{1}{\pi a_0^3} e^{-2r/a_0}
\]

Advantages of the wavefunction approach:
- Allows calculation of expectation values (average position, momentum, etc.)
- Connects quantum states with measurable physical quantities

---

Step 3: Calculating the Energy of the Ground
State

The energy levels in a hydrogen atom are derived from solving the Schrödinger equation.

Energy Formula
\[
E_n = - \frac{13.6\, \text{eV}}{n^2}
\]

For the ground state:

\[
\boxed{
E_1 = -13.6\, \text{eV}
}
\]

This negative value indicates a bound state; the electron's energy is less than that of a free
electron at rest (taken as zero).

Step-by-step calculation:
1. Identify \( n=1 \).



2. Substitute into the formula: \( E_1 = -13.6\, \text{eV} \).
3. The negative sign signifies a bound state; energy must be supplied to ionize the atom.

Additional note:
- The ionization energy for hydrogen in the ground state is 13.6 eV.

---

Step 4: Electron Probability Distribution

Understanding where the electron is likely to be found involves analyzing the radial
probability distribution:

\[
P(r) = 4\pi r^2 |\psi_{1s}(r)|^2
\]

Calculating \( P(r) \):

\[
P(r) = 4\pi r^2 \left( \frac{1}{\pi a_0^3} e^{-2r/a_0} \right) = \frac{4 r^2}{a_0^3}
e^{-2r/a_0}
\]

Key points:
- The maximum of \( P(r) \) occurs at \( r = a_0 \)
- The most probable radius for the electron in the ground state is approximately equal to
the Bohr radius

Implication:
The electron is most likely to be found at a distance \( r \approx a_0 \), but there's a
probability of finding it closer or farther, with decreasing likelihood.

---

Step 5: Expectation Values

Calculating expectation values helps understand the average behavior of the electron:

Average radius \( \langle r \rangle \)
\[
\langle r \rangle = \int_0^\infty r \times P(r) dr = \frac{3}{2} a_0 \approx 0.794 \times
10^{-10}\, \text{m}
\]



Average of \( r^2 \), \( \langle r^2 \rangle \)
\[
\langle r^2 \rangle = 3 a_0^2
\]

These values confirm that while the most probable radius is \( a_0 \), the average radius is
larger, accounting for the spread of the electron’s probable location.

---

Step 6: Features and Significance of the Ground
State

Features:

- Spherical symmetry: The wavefunction depends only on \( r \), leading to isotropic
probability distribution.
- Lowest energy state: The most stable configuration of the hydrogen atom.
- Simplest quantum number configuration: \( n=1, l=0, m_l=0 \).
- Energy value: \( -13.6\, \text{eV} \), which is fundamental in spectral analysis.

Significance:

- Serves as the baseline for understanding excited states and spectral lines.
- Forms the basis for Bohr’s model, quantum mechanics, and spectroscopy.
- Helps in understanding atomic stability and electron behavior.

---

Step 7: Transition to Excited States and Spectral
Lines

While the ground state is stable, electrons can absorb energy and transition to higher
energy levels, leading to emission spectra as they return to the ground state. This process
underpins the Balmer series and other spectral lines.

Key concepts:
- Quantized energy levels prevent electrons from spiraling into the nucleus.
- Transitions involve photon absorption or emission with energies equal to the difference
between levels:

\[
\Delta E = E_{n_f} - E_{n_i}
\]



Application:
- Understanding the ground state allows prediction of spectral lines and their wavelengths.

---

Conclusion and Tips for Your Exam

Mastering the hydrogen atom in its ground state requires understanding quantum numbers,
wavefunctions, energy calculations, and probability distributions. Here are some key tips:

- Learn the quantum numbers and their physical meanings thoroughly, as they form the
foundation of atomic structure.
- Practice deriving wavefunctions for the ground state and calculating probability densities.
- Memorize the energy formula and understand its derivation from the Schrödinger
equation.
- Use step-by-step calculations to reinforce understanding, especially for expectation
values.
- Visualize the probability distribution to better grasp where the electron is likely to be
found.
- Relate the concepts to spectral lines and transitions to see their physical significance.

---

Pros and Cons / Features Summary

Pros
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