Plot The Spectrum Of A PAM Wave Produced
By The Modulating Signalm(t) =
Amcos(2fmt) Assuming Frequency

Plot The Spectrum Of A PAM Wave Produced By The Modulating Signalm(t) = Amcos(2fmt)
Assuming Frequency

Introduction

Pulse Amplitude Modulation (PAM) is a fundamental modulation technique widely used in digital
communication systems and signal processing. Understanding the spectral characteristics of PAM
signals is crucial for designing efficient communication systems, avoiding interference, and
optimizing bandwidth usage. This article provides an in-depth analysis of how to plot the spectrum of
a PAM wave generated by a specific modulating signal, namely \( s(t) = A m \cos(2\pif m t) ),
assuming a given carrier frequency.

Understanding Pulse Amplitude Modulation (PAM)
What is PAM?

Pulse Amplitude Modulation involves varying the amplitude of a series of pulses in proportion to the
amplitude of the modulating signal. The basic idea is to convert a continuous analog signal into a
series of pulses whose amplitudes encode the information.

Basic Components of a PAM Signal

- Sampling/Carrier Signal: Typically a train of pulses, often rectangular.

- Modulating Signal: The information-bearing signal, in this case, \( s(t) = A m \cos(2\pi f m t) \).

- Amplitude Variation: The pulse amplitudes are scaled according to the instantaneous value of the
modulating signal.

Mathematical Formulation of PAM Signal

Assuming a periodic pulse train with period \( T'\) (or fundamental frequency \( f ¢ = 1/T\)), the
PAM signal can be mathematically expressed as:

\[
x(t) = \sum {n=-\infty} " {\infty} p(t - nT) \cdot \left[ A m \cos(2\pi f m nT) \right]
\]

Where:



-\( p(t) \) is the pulse shape (e.g., rectangular pulse).
-\( A m) is the amplitude of the modulating signal.
-\(f m) is the modulating frequency.

In many cases, the pulse shape \( p(t) \) is a rectangular pulse of width \( T p\), and the pulse train is
sampled at discrete intervals.

Spectrum of the PAM Wave
Basic Spectrum Components
The spectrum of a PAM wave is a combination of:

1. The Spectrum of the Pulse Train: Discrete spectral lines at multiples of the carrier frequency.
2. The Spectrum of the Modulating Signal: Continuous frequency content centered around the
baseband frequencies \( \pm f m\).

3. The Modulation Effect: The spectral envelope is shaped by the Fourier transform of the pulse
shape, often resulting in a sinc function.

Step-by-Step Approach to Plot the Spectrum
1. Define the Pulse Shape
For simplicity, assume a rectangular pulse of width \( T p\). Its Fourier transform is:

\[
P(f) = T p\cdot \text{sinc}(f T p)
\]

where:

\[

\text{sinc}(x) = \frac{\sin(\pi x) } {\pi x}

\]

2. Express the PAM Signal in Frequency Domain

Using Fourier series and Fourier transforms, the spectrum of \( x(t) \) can be expressed as:

\[
X(f) = \sum_{k=-\infty} "~ {\infty} c k \cdot P(f - kf c)
\]

where:

-\( c_k ) are the Fourier series coefficients related to the modulation signal.
-\(f c) is the carrier frequency (or pulse repetition frequency).



Since the modulating signal is \( s(t) = A m \cos(2\pi f m t) \), its Fourier transform is two delta
functions at \(\pm f m \):

\[

S(f) = \frac{A m}{2} [\delta(f - f m) + \delta(f + f m)]
\]

3. Modulation Effect on Spectrum

The spectrum of the modulated PAM wave will contain spectral lines at:

- Harmonics of the pulse repetition frequency \( kf c ).
- Sidebands around these harmonics at \(\pm f m \).

The overall spectrum is a series of sinc-shaped envelopes centered at multiples of \( f c ), with
sidebands spaced at \( f m \).

Practical Steps to Plot the Spectrum

Step 1: Choose System Parameters

- Pulse width \( T p\): Defines the pulse shape.

- Pulse repetition frequency \( f c \): Determines the spacing of spectral lines.
- Modulating frequency \( f m \): The frequency of the modulating signal.

- Carrier frequency (if any): Can be assumed or set to a specific value.

Step 2: Calculate Fourier Transform of the Pulse

Compute \( P(f) = T p \cdot \text{sinc}(f T p) \).

Step 3: Generate Harmonics

For each harmonic \( k), plot the shifted spectrum \( P(f - kf c) \).

Step 4: Incorporate Modulation Sidebands

Around each harmonic, include sidebands at \( \pm f m \), resulting in spectral lines at:
\[

f=kfc\pmfm

\]

The amplitude of these sidebands depends on the Fourier coefficients related to the modulating
signal.

Step 5: Plot the Spectrum

- Use a suitable range of frequencies covering the main spectral components.
- Plot the sinc-shaped envelopes centered at harmonic frequencies.



- Mark the sidebands at \( \pm f m \) around each harmonic.

Example: Plotting the Spectrum for Given Parameters

Suppose:

-\(T_p = 1 \text{ ms} ),

-\(f ¢ =1 \text{kHz} \),

-\(f m = 200 \text{ Hz} ),
\(Am=1\).

The steps involve:

1. Calculating \( P(f) \),
2. Plotting sinc functions centered at multiples of 1 kHz,
3. Adding sidebands at \( \pm 200 \text{ Hz} \) around those centers.

Visual Interpretation of the Spectrum
Key Features

- The spectrum features a comb of sinc-shaped envelopes at harmonic frequencies.

- Sidebands appear around each harmonic, spaced by the modulating frequency \( f m\).

- The bandwidth of the spectrum is determined by the pulse width \( T p\), with narrower pulses
resulting in wider sinc functions.

- The spectral lines' amplitudes decrease with increasing frequency, following the sinc envelope.

Applications and Significance

- Bandwidth Efficiency: Understanding the spectrum helps optimize the bandwidth used by PAM
signals.

- Filter Design: Proper filters can be designed to select useful spectral components and reject noise
or interference.

- Signal Analysis: Spectrum analysis aids in diagnosing system performance and identifying spectral
overlaps.

Conclusion

Plotting the spectrum of a PAM wave generated by a modulating signal \( s(t) = A m \cos(2\pi f m t)
\) involves understanding the interplay between pulse shaping, harmonic generation, and sideband
formation. By analyzing the Fourier transforms and spectral components, engineers can visualize
how the signal's frequency content distributes across the spectrum, facilitating efficient system
design and analysis. Whether for digital communication, radar, or audio processing, mastering the



spectral characteristics of PAM signals is fundamental in modern signal processing.

Additional Tips for Accurate Spectrum Plotting

- Use software tools such as MATLAB, Python (with NumPy and Matplotlib), or similar to perform
Fourier transforms and generate plots.

- Ensure the frequency range covers all significant spectral components.

- Normalize the spectrum for better visualization.

- Consider the effects of non-ideal pulse shapes and sampling effects for real-world scenarios.
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By understanding these principles and following the outlined steps, you can effectively plot and
analyze the spectrum of a PAM wave produced by a sinusoidal modulating signal, enabling better
system design and signal interpretation.

Frequently Asked Questions

What is the spectrum of a PAM wave produced by the
modulating signal m(t) = Am cos(2ufm t)?

The spectrum consists of discrete spectral lines at multiples of the modulating frequency fm, with
amplitudes proportional to the Fourier coefficients of the pulse train, resulting in a series of
harmonic components centered around the carrier frequency.

How does the modulation frequency fm affect the spectrum of
the PAM wave?

Increasing fm causes the spectral lines to shift further apart, spreading the spectrum, while
decreasing fm condenses the spectrum, making the spectral lines closer together.

What role does the pulse amplitude Am play in the spectrum
of the PAM signal?

The amplitude Am influences the magnitude of the spectral components; larger Am results in higher
amplitude spectral lines, affecting the overall power distribution across the spectrum.



How are the spectral components of a PAM wave related to the
Fourier series of the modulating signal?

The spectral components correspond to the Fourier series coefficients of the pulse train modulating
the carrier, where each harmonic's amplitude is determined by these coefficients.

What is the effect of increasing the pulse width of the PAM
signal on its spectrum?

Increasing the pulse width broadens the time-domain pulse, which in turn narrows the spectral lines
and concentrates energy into fewer frequency components, reducing spectral bandwidth.

Can the spectrum of the PAM wave be continuous? Why or why
not?

No, because PAM is generated from a periodic pulse train, its spectrum consists of discrete
harmonic lines; a continuous spectrum would require non-periodic or random modulation.

How does the assumption of a sinusoidal modulating signal
m(t) = Am cos(2nfm t) simplify the spectral analysis?

This assumption allows the use of Fourier series expansion, making it straightforward to identify and
compute the spectral lines at harmonics of fm, simplifying the spectral analysis.

What happens to the spectrum if the modulation frequency fm
is doubled?

Doubling fm doubles the spacing between spectral lines, effectively expanding the spectrum and
increasing the bandwidth of the PAM signal.

How is the spectrum of a PAM wave used in practical
communication systems?

Understanding the spectrum helps in designing filters, avoiding interference, and optimizing
bandwidth usage in communication systems employing PAM modulation.

Additional Resources

Plotting the Spectrum of a PAM Wave Produced by the Modulating Signal m(t) = Am cos(2mfnt)
Assuming Frequency

Understanding the spectral characteristics of pulse amplitude modulation (PAM) signals is
fundamental in the field of communication systems. When the modulating signal is a simple cosine
wave, such as m(t) = Am cos(2nfwt), the resulting PAM wave exhibits a spectrum that is rich in
harmonic components. This detailed review explores the process of plotting this spectrum,



elucidates the underlying principles, and highlights the significance of each aspect involved.

Introduction to Pulse Amplitude Modulation (PAM)

Before delving into spectral analysis, it is essential to grasp the fundamentals of PAM.

What is PAM?

- PAM is a modulation technique where the amplitude of a series of pulses is varied in proportion to
the instantaneous amplitude of the modulating signal.

- The baseband message signal, m(t), influences the height of each pulse in a sequence, which
occurs at a fixed sampling rate.

Components of a PAM Signal

- Pulse generator: Creates a train of pulses, often rectangular in shape, with a fixed pulse width.
- Modulating signal (m(t)): Determines the amplitude variations of the pulses.

- Sample-and-hold circuitry (in practical implementations): Samples m(t) at discrete intervals and
holds the value until the next sampling instant.

Mathematical Representation of the PAM Signal with a
Cosine Modulating Signal

The PAM waveform produced by m(t) = Am cos(2nfmt) can be mathematically expressed as:
\[ p(t) = \sum_{n=-\infty} ~{\infty} A n\cdot p {pulse}(t - nT s)\]

Where:

-\(A n=m(nT s) = Am \cos(2\pi f m n T s)\) is the amplitude of the nth pulse.
-\(p_{pulse}(t) ) is the pulse shape, often rectangular.

-\( T s)) is the sampling period, and \( f s = 1/T s) is the sampling frequency.
Alternatively, the overall PAM signal can be expressed as:

\[ p(t) = \left[ Am \cos(2\pi f m t) \right] \times \sum_{n=-\infty} ~ {\infty} p {pulse}(t - nT s)\]

This representation indicates that the pulse amplitudes are modulated in time by the cosine wave,



effectively producing a pulse train whose amplitudes are a cosine function.

Spectral Analysis of PAM Signals: Basic Principles

The spectral content of the PAM wave stems from two primary factors:

- The spectral characteristics of the pulse train itself (the carrier component).
- The spectral features introduced by the modulation of pulse amplitudes by m(t).

Fourier Series and Fourier Transform Fundamentals

- The Fourier series decomposes periodic signals into sums of harmonic sinusoidal components.

- For non-periodic signals, the Fourier transform provides a continuous spectrum.

- The spectral representation of the PAM signal is obtained by analyzing the Fourier components of
both the pulse train and the modulating signal.

Key Points in Spectrum Formation

- The pulse train, being a periodic train of rectangular pulses, exhibits a comb-like spectrum with
harmonics spaced at multiples of the fundamental frequency \( 1/T s\).

- Modulating the pulse amplitudes by a cosine wave introduces sidebands and modifies the spectral
envelope.

- The spectrum of the PAM signal is a convolution of the spectra of the pulse train and the
modulating signal.

Mathematical Derivation of the Spectrum

To understand the spectral structure of p(t), consider the following derivation:

Spectrum of the Pulse Train

- The pulse train, consisting of rectangular pulses of width \( T {pulse} \), has a Fourier series
expansion:

\[ P_{train}(t) = \sum_{k=-\infty}~{\infty} C ke~ {j 2\pi k f st} \]

- The Fourier coefficients \( C k) for a rectangular pulse train are:



\[ C k =\frac{T {pulse}}{T s} \cdot \text{sinc} \left( k \frac{\pi T {pulse}}{T s} \right) \]

- The spectrum contains discrete lines at multiples of the sampling frequency \( f s\).

Spectrum of the Modulating Signal m(t)

- Given \( m(t) = Am \cos(2\pi f m t) ), its Fourier transform is:
\[ M(f) = \frac{Am} {2} \left[ \delta(f - f m) + \delta(f + f m) \right] \]

- The spectral content consists of two delta functions at \( \pm f m\).

Combining the Spectra

- The PAM signal \( p(t) \) can be viewed as the product of the pulse train and the modulating signal:
\[ p(t) = m(t) \times P_{train}(t) \]

- In the frequency domain, this corresponds to a convolution:

\[P(f) = (M P_{train})(f) \]

- The spectrum of the PAM wave is thus the sum over shifted spectra:

\[ P(f) = \frac{Am} {2} \left[ P {train}(f- f m) + P_{train}(f + f m) \right] \]

- Each spectral line of \( P_{train}(f) \) appears centered at \( \pm f m \), with the original harmonic
structure shifted accordingly.

Plotting the Spectrum: Step-by-Step Approach

Now that we understand the theoretical basis, let's detail how to practically plot the spectrum of the
PAM wave.

Step 1: Define Parameters

- Amplitude of the modulating signal \( Am \).

- Modulating frequency \( f m\).

- Sampling period \( T s\) and sampling frequency \( f s\).
- Pulse width \( T {pulse} \) and shape.

- Total duration or number of harmonics to include.



Step 2: Generate the Pulse Train Spectrum

- Calculate the Fourier coefficients \( C k') for the pulse shape.
- Select a sufficient number of harmonics \( K '\) to capture the spectral details.
- Plot the amplitude of each harmonic component at frequencies \( kf s\).

Step 3: Incorporate Modulating Signal Spectrum

- Shift the pulse train spectrum by \(\pm f m\) to account for the modulation.
- The resulting spectrum contains peaks at \(\pm f m \) plus multiples of \( f s ).

Step 4: Apply Modulation and Plot the Total Spectrum

- Superimpose the shifted spectra to visualize the sidebands.
- Use logarithmic scale (dB) for clarity if necessary.

Step 5: Use Fourier Transform for Numerical Validation

- Generate a time-domain PAM signal numerically.
- Apply Fast Fourier Transform (FFT) to observe the spectral content.
- Adjust the sampling parameters to ensure accurate resolution of spectral components.

Visual Features of the Spectrum

Understanding how the spectrum looks is crucial:

- Main Lobe: The central spectral component corresponding to the fundamental frequency of the
pulse train.

- Harmonics: Multiple discrete lines at integer multiples of the sampling frequency.

- Sidebands: Additional spectral lines spaced at \( f m \), appearing around the harmonics due to
modulation.

- Spectral Envelope: The overall shape dictated by the pulse shape's sinc function, which determines
the decay of harmonic amplitudes.



Effect of Modulation Parameters on Spectrum

The spectral characteristics are heavily influenced by modulation parameters:

- Modulating Frequency \( f m \):

- Higher \( f m\) results in sidebands farther from the carrier.

- The number of significant sidebands depends on the modulation index.
- Modulation Index \( \mu = \frac{Am}{A {max}} \):

- Determines the depth of amplitude variation.

- Larger \( \mu \) produces more prominent sidebands.

- Pulse Width \( T {pulse} \):

- Shorter pulses lead to a broader spectrum (more harmonic content).

- Longer pulses produce narrower spectra.

Practical Considerations and Applications

Analyzing the spectrum of PAM signals has practical implications:

- Communication System Design:

- Spectrum analysis helps in designing filters to eliminate unwanted sidebands.

- Ensures spectral efficiency and minimizes interference.

- Bandwidth Estimation:

- The spectral width indicates the required bandwidth for transmission.

- For a cosine modulating wave, sidebands can be predicted and allocated accordingly.
- Signal Detection and Demodulation:

- Knowledge of spectral components aids in designing effective demodulation schemes.

Conclusion

Plotting the spectrum of a PAM wave produced by a modulating signal \( m(t) = Am \cos(2\pif m t) \)
provides deep insights into the frequency domain behavior of the system. The spectral structure is
characterized by
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