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Understanding the behavior of infinite series is fundamental in advanced
calculus and mathematical analysis. The question of whether the sum of two
convergent series with positive terms guarantees certain properties about
their combined behavior is both interesting and essential. In this article,
we will explore this statement thoroughly, providing a detailed proof or
disproof, discussing related concepts, and examining the implications in
mathematical analysis. We will also optimize the content for SEO to ensure
clarity and accessibility for learners and professionals alike.

Introduction to Series and Convergence

Before delving into the statement itself, it is important to review key
concepts related to series and convergence.

What Is an Infinite Series?

An infinite series is the sum of an infinite sequence of terms:

\ [

\sum_{n=1}"{\infty} a_n

\]

where each \(a_n\) is a term in the sequence. The series converges if the
sequence of partial sums:

\ [

S N = \sum_{n=1}"N a_n

\]

approaches a finite limit as \ (N \to \infty\).

Positive Terms and Their Significance

A series \(\sum a_n\) has positive terms if each \(a_n > 0\). Such series are
monotone increasing in their partial sums, and their convergence properties
are often easier to analyze due to the absence of cancellation effects.

Convergence of Series with Positive Terms

A key theorem states that for a series \ (\sum a_n\) with \(a_n > 0\):
— If the partial sums are bounded above, the series converges.
- If the partial sums tend to infinity, the series diverges.



Statement Under Investigation

The statement we are analyzing is:

> "Prove or disprove the following statement: If \(A_n\) and \(B_n\) are both
convergent series with positive terms, then..."

While the full statement is not explicitly provided in the prompt, a common
interpretation in mathematical analysis is:

> "If \(A_n = \sum a_n\) and \(B_n = \sum b_n\) are both convergent series
with positive terms, then their sum \(A_n + B_n\) is also convergent."

Alternatively, the statement could involve other operations, but the most
typical and straightforward hypothesis involves the sum of two convergent
series with positive terms.

In this article, we will focus on the following key question:

Does the sum of two convergent series with positive terms necessarily
converge, and what are the implications?

Analyzing the Convergence of Series with
Positive Terms

Fundamental Theorem for Series with Positive Terms

A well-known result in analysis is:

- If \(\sum a_n\) and \ (\sum b_n\) are both series with positive terms that
converge, then their sum \ (\sum (a_n + b_n)\) also converges.

This follows from the properties of finite sums and the linearity of limits:

\ [

\sum_{n=1}"\infty (a_n + b_n) = \left (\sum_{n=1}"\infty a_n\right) +
\left (\sum_{n=1}"\infty b_n\right)

\1

Since both \(\sum a_n\) and \ (\sum b_n\) are convergent (finite sums), their
sum is also finite, and the series \(\sum (a_n + b_n)\) converges.

Proof of the Sum of Two Convergent Series with
Positive Terms

Let's formalize this:

Given:

- \(\sum_{n=1}"\infty a_n = A\), with \(a_n > 0\),

- N (\sum_{n=1}"\infty b_n = B\), with \(b_n > 0\),
- Both \ (A, B\) are finite real numbers (since the series converge).



To Prove:
- N\ (\sum_{n=1}"\infty (a_n + b_n)\) converges, and its sum is \ (A + B\).

Proof:

1. Partial Sums:

Define the partial sums:

\ [

S_N = \sum_{n=1}"N a_n, \quad T_N = \sum_{n=1}"N b_n

\1]

2. Sum of Partial Sums:

The partial sum of the combined series is:

\ [

U_N = \sum_{n=1}"N (a_n + b_n) = S N + T_N

\]

3. Limit of Partial Sums:

Since \ (\sum a_n\) converges to \(A\), \(\lim_{N \to \infty} S_N = A\).
T_N = B\).

Similarly, \(\lim_{N \to \infty}

Therefore:

\ [

\lim_{N \to \infty} U_N = \lim {N \to \infty} (S_N + T_N) = A + B
\]

4. Conclusion:
Because the limit exists and is finite, the series \(\sum (a_n + b_n)\)
converges, with sum \ (A + B\).

Hence, the statement is true.

Implications and Related Results

Linearity of Series and Convergence

The key property used in the proof is the linearity of limits, which states:

— The limit of the sum of two convergent sequences is the sum of their
limits.

This property holds for any series with positive terms, as the positivity
ensures the partial sums are monotone increasing and bounded, guaranteeing
convergence.

Comparison Test for Series

Another important concept is the comparison test:

If \ (0 \leq a_n \leq b_n\) for all \(n\), and \(\sum b_n\) converges, then
\ (\sum a_n\) converges.

This test, however, is more about establishing convergence rather than
combining series.



Counterexamples to Disprove the Statement (If
Any)

Given the straightforward proof above, the statement holds true for series
with positive terms. But what if the terms are not positive? Could there be a
counterexample?

Example:

Suppose \ (\sum a_n\) and \ (\sum b_n\) are both convergent but have some
negative terms. Their sum might behave differently — but since our focus 1is
on positive terms, this does not apply.

In conclusion:

- For series with positive terms, the sum of two convergent series must also
converge.

— The proof relies on the properties of limits and the linearity of
summation.

Summary and Final Thoughts

In summary, the statement:

> "If \(A_n\) and \(B_n\) are both convergent series with positive terms,
then their sum \(A_n + B_n\) 1s also convergent."

is true. The proof hinges on the fundamental properties of limits and the
linearity of summation. The positivity of the terms simplifies convergence
analysis, ensuring that the partial sums are monotone increasing and bounded,
which guarantees convergence.

Key Takeaways:

- The sum of two convergent series with positive terms converges to the sum
of their individual limits.

— The linearity of limits is essential in establishing this result.

— Positivity ensures that partial sums are monotone and bounded, simplifying
convergence proofs.

SEO Keywords:

— Convergent series with positive terms
— Sum of convergent series

- Infinite series convergence

- Series with positive terms proof

- Mathematical analysis of series

— Linearity of limits

— Convergence tests in calculus

For students and professionals, understanding this property is fundamental in
mathematical analysis, probability theory, and many applied fields where
series play a crucial role.



If you have further questions or need more in-depth analysis, feel free to
ask!

Frequently Asked Questions

Does the convergence of two positive-term series AR
and B imply the convergence of their product series

A2 B[Z?

Not necessarily. The convergence of AR and B[ individually does not guarantee
that the series formed by their term-wise products converges. For example, if
both Al and B[ decay slowly, their product may not sum to a finite value.

Can the sum of two convergent positive-term series A
and B diverge when combined in some manner?

If you consider the sum of the two series, AQ + BMH, it will also converge
since the sum of two convergent series with positive terms converges.
However, certain manipulations like their product or other operations need
separate analysis.

Is the statement 'If two series with positive terms
are convergent, then their Cauchy product is also
convergent' true?

Yes. The Cauchy product of two absolutely convergent series with positive
terms converges, and in this case, since the terms are positive, the series
are absolutely convergent, thus their Cauchy product converges.

What is a counterexample that disproves the statement
that the product of two positive-term convergent
series must also converge?

Since the product series of two positive convergent series with positive
terms generally converges (by absolute convergence), a counterexample is not
straightforward. However, if the terms are not positive or if the series are
only conditionally convergent, then convergence of the product can fail. For
positive terms, the statement generally holds.

Does the convergence of AR and B[ imply the
convergence of their sum A + BF?

Yes. The sum of two convergent series with positive terms also converges, as
both are finite sums, and their sum remains finite.

If A and Bf are both positive and convergent, does
the product series A} B[ necessarily converge?

Yes, because the product of two absolutely convergent series (which positive-—
term series are) also converges, typically by the Cauchy product test.



What is the key property that determines the
convergence of the product of two series with
positive terms?

The key property is absolute convergence. Since positive terms imply absolute
convergence, the product series also converges, often by the Cauchy product
theorem.

Additional Resources
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When examining the fascinating world of infinite series, one of the
fundamental questions that often arises is related to the behavior of series
when combined or manipulated. The statement under consideration — "If \ (A_n\)
and \ (B_n\) are both convergent series with positive terms, then ..." —
touches on a core aspect of series theory, specifically the implications for
sum, convergence, and the relationship between the series. In this
comprehensive review, we will explore the wvalidity of this statement, analyze
its underlying principles, and discuss the various scenarios where it holds
or fails.

Understanding Series and Convergence

Before delving into the statement itself, it is essential to understand the
fundamental concepts involved: what constitutes a series, what it means for a
series to converge, and the significance of positivity in the terms of the
series.

What Is a Series?

A series is the sum of the terms of a sequence. Formally, given a sequence
\ (\{a_n\}\), the series is expressed as:

\ [

S = \sum_{n=1}"{\infty} a_n

\1

The partial sums \(S_N = \sum_{n=1}"{N} a_n\) approximate the series, and the

behavior of \(S_N\) as \ (N \rightarrow \infty\) determines whether the series
converges or diverges.

Convergence of Series

A series \ (\sum_{n=1}"{\infty} a_n\) converges if the sequence of partial
sums \ (\{S_N\1}\) converges to a finite limit. That 1is,



\ [
\lim_{N \to \infty} S_N = S < \infty
\1

If this limit exists and is finite, the series is said to be convergent;
otherwise, it diverges.

Positive Terms and Their Significance

When a series has positive terms, i.e., \(a_n > 0\) for all \(n\), certain
properties follow:

- The sequence of partial sums \ (\{S_N\}\) is increasing.

- Divergence or convergence can be checked via comparison tests or the
integral test.

— Positivity simplifies some convergence tests but introduces particular
constraints, especially related to the sum behavior.

Examining the Statement: "If \(A_n\) and
\ (B_n\) are both convergent series with
positive terms..."

The core question revolves around the implications of having two convergent
positive-term series, \(A_n\) and \(B_n\). The statement's completeness is
crucial; typically, such statements concern properties like the sum of these
series, their product, or other operations.

For clarity, we interpret the statement as:

"Given two series \ (\sum a_n\) and \(\sum b_n\), both with positive terms and
both convergent, what can be said about their sum, product, or other
combinations?"

In particular, the fundamental question is whether the convergence of these
two positive-term series implies convergence of their sum or other related
series.

Key Properties and Theorems Involving
Convergent Series with Positive Terms

Understanding the properties of series with positive terms guides us toward
evaluating the statement.



Sum of Two Convergent Series with Positive Terms

If \(\sum a_n\) and \ (\sum b_n\) are both convergent with positive terms,
then:

\ [

\text{Sum of the two series} = \sum (a_n + b_n)

\]

Since both \ (\sum a_n\) and \ (\sum b_n\) are convergent, their sum converges
as well:

\ [

\sum_{n=1}"{\infty} (a_n + b_n) = \left( \sum_{n=1}"{\infty} a_n \right) +
\left ( \sum_{n=1}"{\infty} b_n \right) = A + B

\1

where \ (A, B\) are finite numbers. This is a straightforward result based on
the linearity of summation.

Pros:

— The sum of two convergent series with positive terms is always convergent.
— The sum's limit is simply the sum of the individual limits.

Cons:

— The positivity ensures the partial sums are increasing but does not affect
the convergence behavior beyond that.

Features:

— Linear combination of convergent series preserves convergence.
— The sum of the series with positive terms remains positive.

Product of Two Series with Positive Terms

The product of two series involves the Cauchy product:

\ [

\left ( \sum_{n=1}"{\infty} a_n \right) \times \left ( \sum_{n=1}"{\infty} b_n
\right) = \sum_{n=2}"{\infty} c_n,

\]

where

c_n = \sum_<{k=1}"{n-1} a_k b_{n-k}

This product series converges if both original series are absolutely
convergent, which is always true for series with positive terms because:

\ [



\sum a_n < \infty, \quad \sum b_n < \infty
\1

implies both are absolutely convergent (since all terms are positive).
Pros:

— The Cauchy product converges if both series are absolutely convergent.
— The product series is meaningful and converges to the product of the sums:

\ [

\left ( \sum_{n=1}"{\infty} a_n \right) \times \left ( \sum_{n=1}"{\infty} b_n
\right) = \text{ (product of sums)}

\1

Cons:

— If either series is only conditionally convergent (which can't happen here
since positivity implies absolute convergence), the product may not converge.

Features:

- Absolute convergence ensures the product series converges.
— Positivity simplifies convergence analysis.

Counterexamples and Limitations

While the above properties seem straightforward, it's vital to recognize
potential pitfalls or misconceptions that can arise in related contexts.

Disproving the Implied Statement: Do Both Series Need
to Converge for Their Sum or Product to Converge?

The core of the statement is that both series are convergent with positive
terms. The question is whether this implies anything beyond that, such as the
convergence of other series derived from them.

Counterexample:

Suppose \ (A_n\) and \(B_n\) are both convergent series with positive terms:

\
\

(A_n = \frac{1}{n"2}\), which converges (since \ (\sum 1/n”2\) converges).
(B_n \frac{1}{n"3}\), which also converges.

Their sums:

\ [

A = \sum_{n=1}"\infty \frac{1}{n"2} = \frac{\pi~2}{6} \quad \text{and} \quad
B = \sum_{n=1}"\infty \frac{1}{n"3}

\1

are finite.



The sum \ (A + B\) converges to \(\frac{\pi”®2}{6} + B\). The product series,
via the Cauchy product, converges to \ (A \times B\).

However, if we consider the series:

C_n=amnbn= \frac{1l}{n"2} \times \frac{l}{n"3} = \frac{l}{n"5}

which converges, but does this tell us anything about the convergence of
series involving, say, \(\sgrt{a_n}\) or \(\sgrt{b_n}\)?

Key Point:

- The convergence of \(\sum a_n\) and \ (\sum b_n\) with positive terms does

not necessarily imply the convergence of series like \ (\sum \sqgrt{a_n}\) or
\ (\sum \sgrt{b_n}\), which could diverge.

Main Conclusion: Is the Statement True or
False?

Based on the above analysis, the core question reduces to:

"Given that \(\sum a_n\) and \(\sum b_n\) are both convergent series with
positive terms, what can we conclude?"

The answer is:

— The sum \ (\sum (a_n + b_n)\) always converges, and its sum is \ (A + B\).

— The product series (Cauchy product) converges to the product \ (AB\).

- Any series involving the original terms, such as \ (\sum \sgrt{a_n}\), may
not necessarily converge, and their convergence depends on the specific decay

rate of \(a_n\) and \ (b_n\).

Therefore, the initial statement as it is can be proved true, assuming the
statement intends to claim that:

— The sum of two convergent series with positive terms is convergent.
— The product of two such series converges.

If the statement implies anything more (e.g., about other operations or
properties), it may not hold universally.

Final Remarks and Practical Implications

In conclusion
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