
Rewrite Each Of The Following Linear
Differential Equations In Standard Form
Y'+p(t)y = G(t). Indicate
Rewrite Each Of The Following Linear Differential Equations In Standard Form Y'+p(t)y =
G(t). Indicate

Understanding how to transform linear differential equations into their standard form is fundamental
in solving and analyzing differential equations efficiently. The standard form of a first-order linear
differential equation is expressed as:

\[ Y' + p(t) y = G(t) \]

This form enables the application of various solution techniques, such as integrating factors, and
provides a clear structure for understanding the behavior of solutions. In this comprehensive guide,
we will explore what constitutes a linear differential equation, the importance of rewriting equations in
standard form, and detailed methods to perform this transformation. Additionally, practical examples
will be provided to solidify understanding.

---

Understanding Linear Differential Equations

Definition of a First-Order Linear Differential Equation

A first-order linear differential equation involves a function \( y(t) \), its derivative \( y'(t) \), and
functions of \( t \). The general form is:

\[ \frac{dy}{dt} + p(t) y = G(t) \]

where:
- \( y(t) \) is the unknown function of \( t \),
- \( p(t) \) and \( G(t) \) are given functions of \( t \),
- and the derivative \( y' \) represents the rate of change of \( y \).

This form is linear because the dependent variable \( y \) and its derivative \( y' \) appear to the first
power and are not multiplied together.

Examples of Linear Differential Equations
- \( y' + 3t y = \sin t \)
- \( y' - 5 y = e^{2t} \)
- \( y' + \frac{1}{t} y = \ln t \)



Understanding the structure of these equations is crucial for transforming any given differential
equation into the standard form.

---

Importance of Rewriting in Standard Form

Rewriting differential equations in the standard form offers several advantages:
- Simplifies solving procedures: The integrating factor method is straightforward when the equation is
in this form.
- Clarifies the structure: It explicitly shows the coefficient \( p(t) \) and the nonhomogeneous part \(
G(t) \), helping analyze the nature of solutions.
- Facilitates classification: It allows quick identification of linearity and the applicability of solution
techniques.
- Enables automation: Computer algebra systems and algorithms typically expect equations in the
standard form for processing.

---

General Procedure to Rewrite Equations in Standard
Form

Transforming a differential equation into the standard form involves several systematic steps:

Step 1: Write the Differential Equation Clearly
- Ensure the equation is expressed explicitly with \( y' \) on one side.
- Identify all terms involving \( y \) and \( y' \).

Step 2: Isolate \( y' \) (if not already)
- If \( y' \) isn’t isolated, rearrange the equation to have all terms involving \( y' \) on one side and the
rest on the other.

Step 3: Divide through by the coefficient of \( y' \) (usually 1,
but not always)
- When the coefficient of \( y' \) is not 1, divide every term by this coefficient to normalize the
equation.



Step 4: Express in the form \( y' + p(t) y = G(t) \)
- Collect the terms involving \( y \) to one side.
- Ensure the equation fits the standard format.

Step 5: Identify \( p(t) \) and \( G(t) \)
- After rewriting, explicitly state the functions \( p(t) \) and \( G(t) \).

---

Examples of Rewriting Differential Equations in
Standard Form

Example 1: Rewriting a Non-Standard Linear Differential
Equation

Given Equation:

\[ 2 t y' + y = \cos t \]

Step-by-step transformation:

- Step 1: The equation involves \( y' \) multiplied by \( 2 t \). It’s not yet in standard form.
- Step 2: Divide through by \( 2 t \):

\[ y' + \frac{1}{2 t} y = \frac{\cos t}{2 t} \]

- Step 3: Now, the equation is in standard form:

\[ y' + p(t) y = G(t) \]

where:

\[ p(t) = \frac{1}{2 t}, \quad G(t) = \frac{\cos t}{2 t} \]

---

Example 2: Rewriting a Differential Equation with Variable
Coefficients

Given Equation:



\[ y' - \frac{3}{t} y = t^2 \]

Transformation:

- The coefficient of \( y' \) is 1, so no division needed.
- The equation is already in the form:

\[ y' + p(t) y = G(t) \]

with:

\[ p(t) = -\frac{3}{t}, \quad G(t) = t^2 \]

This demonstrates the importance of recognizing when an equation is already in standard form.

---

Special Cases and Considerations

Equations with Zero Coefficient for \( y' \)
- These are not first-order and require different approaches.
- For equations where \( y' \) is missing, the equation is algebraic or of higher order.

Equations with Nonlinear Terms
- Equations involving \( y^2 \), \( y y' \), or other nonlinearities are not linear and cannot be directly
transformed into the standard linear form.

Higher-Order Differential Equations
- For second or higher-order equations, the standard form involves derivatives of higher order, such
as:

\[ y'' + p_1(t) y' + p_2(t) y = G(t) \]

- Rewriting involves similar steps but with higher derivatives.

---

Applications of Standard Form in Solving Differential
Equations



The process of rewriting facilitates several solution methods:

1. Integrating Factor Method
- Applicable directly when the equation is in the form \( y' + p(t) y = G(t) \).
- The integrating factor \( \mu(t) \) is:

\[ \mu(t) = e^{\int p(t) dt} \]

- Multiplying through by \( \mu(t) \) simplifies the equation to an exact differential.

2. Variation of Parameters
- Used to find particular solutions when \( G(t) \neq 0 \).

3. Qualitative Analysis
- The standard form helps analyze the stability and behavior of solutions, especially in applications
like physics, engineering, and biology.

---

Summary and Best Practices

- Always start by clearly writing the differential equation.
- Isolate \( y' \) to one side if necessary.
- Divide through by the leading coefficient of \( y' \) to normalize.
- Collect like terms to match the form \( y' + p(t) y = G(t) \).
- Identify the functions \( p(t) \) and \( G(t) \) explicitly.
- Verify the transformation by checking if the original equation is equivalent to the standard form.

---

Conclusion

Transforming linear differential equations into their standard form \( y' + p(t) y = G(t) \) is an essential
skill for mathematicians, engineers, and scientists working with differential equations. This process
simplifies the solution process, aids in understanding the qualitative behavior of solutions, and
provides a structured approach to tackling complex problems. Practice with diverse equations
enhances intuition and proficiency, making it easier to recognize when and how to apply solution
techniques effectively.

---
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Frequently Asked Questions

What is the standard form of a linear differential equation?
The standard form of a linear differential equation is written as Y' + p(t)Y = G(t), where Y' is the
derivative of Y with respect to t, p(t) is a function of t, and G(t) is a nonhomogeneous term.

How do you rewrite a differential equation like y'' + 3y' - 4y =
0 in standard form?
First, express the highest derivative as Y' (if Y = y), then write the equation in the form Y' + p(t)Y =
G(t). For example, if y'' + 3y' - 4y = 0, set Y = y', so Y' = y'', and rewrite accordingly.

What is the process to convert a second-order linear
differential equation into the standard form?
To convert a second-order linear differential equation into standard form, identify the highest
derivative, express it as Y', and then divide the entire equation by the coefficient of the highest
derivative if necessary, arranging it into Y' + p(t)Y = G(t).

Can you give an example of rewriting a differential equation
into standard form?
For example, convert 2y' + y = t into standard form by dividing through by 2: y' + (1/2)y = t/2, which
is now in the form Y' + p(t)Y = G(t).

Why is rewriting linear differential equations into standard
form important?
Rewriting equations into standard form simplifies the process of solving them, especially when using
integrating factors, and helps in systematically applying solution methods for linear differential
equations.

Additional Resources
Rewrite Each Of The Following Linear Differential Equations In Standard Form Y'+p(t)y = G(t). Indicate
is a fundamental concept in differential equations that plays a crucial role in understanding and
solving first-order linear differential equations. This process involves transforming a given differential
equation into a canonical form, which simplifies analysis, solution derivation, and application across
various scientific and engineering fields. Mastering the rewriting process enables mathematicians,
engineers, and scientists to approach complex differential equations with clarity and precision. In this



comprehensive review, we will explore the significance, methods, and practical considerations
involved in rewriting linear differential equations into their standard form.

---

Understanding the Standard Form of Linear Differential
Equations

Definition and Significance
A first-order linear differential equation is generally expressed as:

\[ y' + p(t) y = G(t) \]

where:
- \( y' \) denotes the derivative of \( y \) with respect to \( t \),
- \( p(t) \) is a continuous function representing the coefficient of \( y \),
- \( G(t) \) is a known function acting as the nonhomogeneous term.

Rewriting an arbitrary linear differential equation into this standard form is critical because it provides
a structured framework for applying solution techniques such as integrating factors, variation of
parameters, or other methods. The standard form explicitly isolates the derivative \( y' \) and
arranges the equation to facilitate straightforward integration.

The importance of the standard form lies in its universality; once an equation is expressed as \( y' +
p(t) y = G(t) \), it becomes easier to:
- Identify whether the equation is homogeneous or nonhomogeneous,
- Apply the integrating factor method directly,
- Understand the behavior of solutions based on the functions \( p(t) \) and \( G(t) \).

---

Process of Rewriting to Standard Form

Step-by-Step Approach
The general method to rewrite a linear differential equation into the standard form involves the
following steps:

1. Identify the Given Equation: Start with the original differential equation, which may have various
forms, such as:
\[
a(t) y' + b(t) y = c(t),
\]



or more complex arrangements.

2. Divide Through by the Leading Coefficient: To isolate \( y' \), divide the entire equation by the
coefficient of \( y' \), assuming it is non-zero:
\[
\frac{a(t)}{a(t)} y' + \frac{b(t)}{a(t)} y = \frac{c(t)}{a(t)}.
\]
This results in:
\[
y' + p(t) y = G(t),
\]
where:
\[
p(t) = \frac{b(t)}{a(t)}, \quad G(t) = \frac{c(t)}{a(t)}.
\]

3. Express in Standard Form: Ensure the equation is neatly written as:
\[
y' + p(t) y = G(t).
\]
This is the canonical form for linear differential equations.

4. Check Continuity and Domain: Confirm that \( p(t) \) and \( G(t) \) are continuous functions over the
interval of interest, ensuring the validity of subsequent solution methods.

---

Indicating the Rewriting Process

Example 1: Rewriting a Basic Equation
Suppose we are given:
\[
2 t y' + 3 y = 4 t^2,
\]
and need to rewrite it in standard form.

Solution:
- Divide through by \( 2t \) (assuming \( t \neq 0 \)):
\[
y' + \frac{3}{2t} y = 2 t.
\]
- Now, the equation is in standard form:
\[
y' + p(t) y = G(t),
\]
with \( p(t) = \frac{3}{2t} \) and \( G(t) = 2 t \).



Indication:
The process involves dividing the entire equation by the coefficient of \( y' \) (here, \( 2t \)), which
standardizes the equation for solution approaches.

---

Example 2: Rewriting a More Complex Equation
Consider:
\[
e^{t} y' + \sin t \, y = t^2,
\]
and the goal is to express this in the standard form.

Solution:
- Divide entire equation by \( e^{t} \):
\[
y' + \frac{\sin t}{e^{t}} y = \frac{t^2}{e^{t}}.
\]
- The resulting standard form is:
\[
y' + p(t) y = G(t),
\]
with \( p(t) = \frac{\sin t}{e^{t}} \) and \( G(t) = \frac{t^2}{e^{t}} \).

Indication:
Dividing through by \( e^{t} \) simplifies the equation, revealing the explicit functions \( p(t) \) and \(
G(t) \), which are essential for applying integrating factors.

---

Features, Pros, and Cons of Rewriting Linear
Differential Equations

Features
- Simplifies the process of solving differential equations.
- Reveals the structure needed for standard solution methods.
- Clarifies the role of the coefficient functions \( p(t) \) and \( G(t) \).
- Facilitates the use of integrating factors.

Pros
- Streamlines Solution Methods: Once in standard form, applying techniques like integrating factors
becomes straightforward.



- Universal Framework: Standard form applies to a wide range of problems, making it a versatile tool.
- Enhanced Understanding: Clear representation aids in qualitative analysis of solutions.
- Preparation for Numerical Methods: Standard form is often required for computer-based solvers.

Cons
- Preprocessing Requirement: Initial equations may be complex, requiring algebraic manipulation.
- Potential for Errors: Dividing by zero or improper manipulation can lead to mistakes.
- Limited to First-Order Linear Equations: Does not directly extend to nonlinear or higher-order
equations.
- Assumption of Continuity: Requires functions \( p(t) \) and \( G(t) \) to be continuous for solutions to
be valid.

---

Practical Considerations and Tips

- Check the Leading Coefficient: Always verify that the coefficient of \( y' \) is non-zero before division.
- Maintain Domain Restrictions: Be mindful of values where division might be undefined (e.g., \( t = 0
\) in division by \( t \) or \( e^{t} \)).
- Simplify Carefully: Simplify \( p(t) \) and \( G(t) \) as much as possible to facilitate solution.
- Use Substitutions if Necessary: In some cases, substitution can make rewriting easier, especially
with complex functions.

---

Conclusion

Rewriting linear differential equations into the standard form \( y' + p(t) y = G(t) \) is an indispensable
skill for anyone working with differential equations. This process not only simplifies the equations but
also paves the way for applying a suite of solution techniques, particularly the integrating factor
method. By understanding the step-by-step approach, recognizing the importance of the functions
involved, and being aware of potential pitfalls, practitioners can efficiently transform and solve a
broad class of problems. Whether dealing with simple equations or complex scenarios, mastering this
rewriting process enhances analytical capabilities and deepens comprehension of the behavior of
differential equations across various scientific domains.
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