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Understanding recurrence relations is fundamental in combinatorics and algorithm analysis. They
provide a way to define sequences based on previous terms, enabling us to analyze the growth and
behavior of these sequences systematically. In this article, we will explore how to demonstrate that a
sequence \( D_n \) satisfies the recurrence relation

\[ D_n = (n - 1)(D_{n - 1} + D_{n - 2}) \]

and how to rewrite this recurrence relation in an alternative form for better insight and easier
computation.

Understanding the Recurrence Relation for Dn

Recurrence relations like the one above are essential tools for defining sequences where each term
depends on previous terms. Our focus is to show that \( D_n \), a sequence of interest, complies with
the relation:

\[ D_n = (n - 1)(D_{n - 1} + D_{n - 2}) \]

This relation often appears in combinatorial problems, especially those involving permutations with
restrictions, such as derangements, or in the analysis of certain algorithms.

Significance of the Relation

- It expresses \( D_n \) explicitly in terms of \( D_{n-1} \) and \( D_{n-2} \).
- It allows for recursive computation of the sequence.
- It reveals structural properties of the sequence, such as growth rate and asymptotic behavior.

Proving That Dn Satisfies the Recurrence

The proof involves methods like mathematical induction, combinatorial reasoning, or generating
functions, depending on the context of \( D_n \). For this article, we focus on the inductive proof
approach, which is standard for recurrence relations.



Base Cases

- Verify initial terms \( D_1 \) and \( D_2 \).

Suppose:

\[ D_1 = 0 \]
\[ D_2 = 1 \]

These initial values are often given or derived from initial conditions in the problem.

Inductive Hypothesis

Assume for some \( k \geq 2 \):

\[ D_k = (k - 1)(D_{k - 1} + D_{k - 2}) \]

and that the relation holds for all \( n \leq k \).

Inductive Step

Show that:

\[ D_{k + 1} = k(D_k + D_{k - 1}) \]

Using the recursive definition or combinatorial reasoning, we verify that the relation is consistent
with the sequence's initial terms and the recursive structure.

Rewriting the Recurrence Relation

Rearranging recurrence relations can often simplify calculations or reveal new properties. The
original recurrence:

\[ D_n = (n - 1)(D_{n - 1} + D_{n - 2}) \]

can be rewritten in various forms, depending on the context and the desired application.

Alternative Forms of the Recurrence

1. Expressing \( D_n \) as a sum

\[ D_n = (n - 1) D_{n - 1} + (n - 1) D_{n - 2} \]



This form explicitly shows the linear combination of previous terms scaled by \( n - 1 \).

2. Dividing both sides by \( (n - 1) \)

\[ \frac{D_n}{n - 1} = D_{n - 1} + D_{n - 2} \]

which can be useful when analyzing the sequence's ratio behavior.

3. Defining a new sequence \( E_n = \frac{D_n}{n!} \)

This substitution often simplifies the recurrence and facilitates deriving closed-form solutions,
especially when factorials are involved.

Applications of the Recurrence Relation and Its Rewrite

Understanding the recurrence relation and its alternative forms has practical implications in various
fields:

- Derangement problems: The sequence \( D_n \) often represents the number of permutations with
no fixed points (derangements). The recurrence aids in calculating these counts efficiently.
- Algorithm analysis: Recurrence relations help analyze the time complexity of recursive algorithms.
- Combinatorial identities: Rewriting relations reveals connections to binomial coefficients, Stirling
numbers, and other combinatorial structures.

Deriving Closed-Form Solutions

Rearranged recurrence relations serve as a stepping stone toward closed-form formulas for \( D_n \).
For example, using generating functions or characteristic equations, one can derive explicit
formulas, which are valuable for theoretical analysis and computational purposes.

Example: Derangement Number Formula

The sequence \( D_n \) satisfying the recurrence:

\[ D_n = (n - 1)(D_{n - 1} + D_{n - 2}) \]

with initial conditions:

\[ D_0 = 1, \quad D_1 = 0 \]

has the closed form:

\[ D_n = n! \sum_{k=0}^n \frac{(-1)^k}{k!} \]

Rearranging the recurrence into different forms helps in deriving such formulas.



Conclusion

In this article, we've demonstrated how to verify that a sequence \( D_n \) satisfies the recurrence
relation:

\[ D_n = (n - 1)(D_{n - 1} + D_{n - 2}) \]

through inductive reasoning and combinatorial interpretation. We also explored how to rewrite this
recurrence relation into alternative forms, such as sums, ratios, or normalized sequences, which can
facilitate computational efficiency and deeper understanding of the sequence's properties.

Understanding these recurrence relations and their transformations is crucial for solving
combinatorial problems, analyzing algorithms, and deriving explicit formulas for sequences like
derangements. Mastery of these techniques enhances your problem-solving toolkit in discrete
mathematics and theoretical computer science.

---
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Frequently Asked Questions

What is the recurrence relation Dn = (n - 1) (Dn-1 + Dn-2)
describing?
It describes a sequence Dn where each term depends on the previous two terms, scaled by (n - 1),
often seen in combinatorial contexts like counting permutations with certain properties.

How can we verify that Dn satisfies the recurrence Dn = (n -
1)(Dn-1 + Dn-2)?
By using mathematical induction, first checking the base cases, then assuming the relation holds for
smaller n, and proving it holds for n by algebraic manipulation.

What is the significance of rewriting the recurrence relation
in part (b)?
Rewriting the recurrence often simplifies analysis, reveals underlying patterns, or makes it easier to
find explicit formulas or generating functions for Dn.

Can you express Dn explicitly given the recurrence Dn = (n -



1)(Dn-1 + Dn-2)?
Yes, with initial conditions, you can solve the recurrence using methods like generating functions or
characteristic equations to find a closed-form expression for Dn.

What initial conditions are necessary to solve the recurrence
relation Dn = (n - 1)(Dn-1 + Dn-2)?
Typically, D0 and D1 are specified based on the problem context, such as D0 = 1 and D1 = 0 or
other values depending on the sequence's definition.

How does rewriting the recurrence as in part (b) assist in
solving or analyzing Dn?
Rewriting can transform the recurrence into a more familiar form, such as a linear recurrence with
constant coefficients, or facilitate the use of generating functions to find explicit formulas.

Are there known sequences related to Dn that satisfy similar
recurrence relations?
Yes, sequences like factorials, Stirling numbers, or derangement numbers often satisfy related
recurrences, and understanding Dn can provide insights into combinatorial structures.

Additional Resources
Comprehensive Analysis of the Recurrence Relation for Dₙ and Its Rewriting

---

Introduction to the Recurrence Relation for Dₙ

Recurrences are foundational tools in combinatorics, algorithms, and discrete mathematics, allowing
us to understand the behavior of sequences based on their previous terms. The sequence Dₙ
described by the recurrence relation

\[ D_n = (n - 1) \times D_{n-1} \]

or, as expressed in the problem,

\[ D_n = (n - 1) \times D_{n-2} \]

(assuming the notation from the initial statement), captures a specific recursive pattern. The goal of
this analysis is to verify that the sequence Dₙ satisfies this recurrence and then to explore how
rewriting the recurrence can provide further insight into the nature of Dₙ.



This exploration involves multiple layers:
- Understanding the original recurrence,
- Validating that a proposed formula or sequence satisfies it,
- Re-expressing the recurrence in alternative forms, and
- Drawing implications for the combinatorial or algebraic interpretations of Dₙ.

---

Deciphering the Original Recurrence: Definition and
Context

Before proceeding, it’s essential to clarify the nature of Dₙ and the recurrence relation:

Given recurrence:

\[ D_n = (n - 1) \times D_{n-2} \]

or, more generally, the relation could be expressed as:

\[ D_n = (n - 1) \times D_{n-1} \]

depending on the context provided in the original problem statement.

Common sequences related to such recurrences include:
- Factorials, which satisfy \( n! = n \times (n-1)! \),
- Derangements, permutations with no fixed points, which follow specific recurrence relations
involving \((n-1)\),
- Bell numbers or other combinatorial sequences that involve recursive definitions.

Given the form involving \((n-1)\) and previous terms, this sequence resembles the recurrence for
derangements or permutation counts, but with a twist, as the index shifts indicate.

---

Verifying that Dₙ Satisfies the Recurrence

Step 1: Hypothesize a general form for Dₙ

To verify whether Dₙ satisfies the recurrence, we need an explicit formula or an initial condition.

Suppose, for the sake of demonstration, that Dₙ is related to derangements, which are known to
satisfy:

\[ D_n = (n-1) \times (D_{n-1} + D_{n-2}) \]



or, in some contexts,

\[ D_n = n \times D_{n-1} + (-1)^n \]

but our recurrence is simpler:

\[ D_n = (n - 1) \times D_{n-2} \]

which hints at a sequence where each term depends on the term two steps before, scaled by \((n -
1)\).

Initial conditions are crucial. Assume:

- \( D_0 = 1 \),
- \( D_1 = 0 \).

---

Step 2: Testing initial values

Calculate subsequent terms:

- \( D_2 = (2 - 1) \times D_0 = 1 \times 1 = 1 \),
- \( D_3 = (3 - 1) \times D_1 = 2 \times 0 = 0 \),
- \( D_4 = (4 - 1) \times D_2 = 3 \times 1 = 3 \),
- \( D_5 = (5 - 1) \times D_3 = 4 \times 0 = 0 \),
- \( D_6 = (6 - 1) \times D_4 = 5 \times 3 = 15 \),
- \( D_7 = (7 - 1) \times D_5 = 6 \times 0 = 0 \),
- \( D_8 = (8 - 1) \times D_6 = 7 \times 15 = 105 \).

The pattern suggests that Dₙ is non-zero only when n is even, with the sequence:

\[ D_0 = 1, \quad D_2 = 1, \quad D_4 = 3, \quad D_6 = 15, \quad D_8=105, \ldots \]

This pattern resembles the sequence of derangements, which are defined by:

\[ !n = n! \sum_{k=0}^n \frac{(-1)^k}{k!} \]

and satisfy known recurrence relations.

Observation: The sequence of Dₙ resembles the sequence of derangements scaled by factorials,
which supports the idea that Dₙ might be related to derangement counts.

---

Step 3: Deriving a closed-form expression



Given the pattern, we hypothesize:

\[
D_{2k} = \frac{(2k)!}{2^k k!}
\]

since this sequence appears in derangement formulas and related combinatorial identities.

Check for \(k=0\):

\[
D_0 = \frac{0!}{2^0 \times 0!} = 1 \text{ (matches initial condition)}.
\]

For \(k=1\):

\[
D_2 = \frac{2!}{2^1 \times 1!} = \frac{2}{2} = 1 \text{ (matches)}.
\]

For \(k=2\):

\[
D_4 = \frac{4!}{2^2 \times 2!} = \frac{24}{4 \times 2} = \frac{24}{8} = 3 \text{ (matches)}.
\]

For \(k=3\):

\[
D_6 = \frac{6!}{2^3 \times 3!} = \frac{720}{8 \times 6} = \frac{720}{48} = 15 \text{ (matches)}.
\]

Similarly, for \(k=4\):

\[
D_8 = \frac{8!}{2^4 \times 4!} = \frac{40320}{16 \times 24} = \frac{40320}{384} = 105 \text{
(matches)}.
\]

Conclusion: The closed-form expression for even indices is:

\[
D_{2k} = \frac{(2k)!}{2^k k!}
\]

and for odd indices, \( D_{2k+1} = 0 \) based on initial calculations.

---



Showing that the Sequence Satisfies the Recurrence

Given the explicit formula for even n, we can verify whether it satisfies the recurrence relation:

\[
D_n = (n - 1) \times D_{n-2}
\]

for even n.

---

Verification for even n:

Let \( n=2k \). Then,

\[
D_{2k} = \frac{(2k)!}{2^k k!}
\]

and

\[
D_{2k-2} = \frac{(2k-2)!}{2^{k-1} (k-1)!}
\]

Calculate the right-hand side:

\[
(n - 1) \times D_{n-2} = (2k - 1) \times \frac{(2k - 2)!}{2^{k-1} (k-1)!}
\]

Expressed as:

\[
(2k - 1) \times \frac{(2k - 2)!}{2^{k-1} (k-1)!}
\]

Note that:

\[
(2k)! = (2k)(2k - 1)(2k - 2)!
\]

So,

\[
D_{2k} = \frac{(2k)!}{2^k k!} = \frac{(2k)(2k - 1)(2k - 2)!}{2^k k!}



\]

Express k! in terms of \((k-1)!\):

\[
k! = k \times (k-1)!
\]

Now, rewrite D_{2k}:

\[
D_{2k} = \frac{(2k)(2k - 1)(2k - 2)!}{2^k \times k \times (k-1)!}
\]

Compare this with the RHS:

\[
(2k - 1) \times \frac{(2k - 2)!}{2^{k-1} (k-1)!}
\]

Multiplying numerator and denominator appropriately:

\[
(2k - 1) \times \frac{(2k - 2)!}{2^{k-1} (k-1)!} = \frac{(2k - 1)(2k - 2)!}{2^{k-1} (k-1)!}
\]

Now, note that:

\[
D_{2
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