
Show That If Five Integers Are Selected
From The Firsteight Positive Integers,
There Must Be A Pair Of

Introduction to the Problem

Show That If Five Integers Are Selected From The First eight Positive Integers,
There Must Be A Pair Of is a classic problem in combinatorics and number theory that
illustrates the principles of the pigeonhole principle. This problem asks us to analyze the
conditions under which certain selections from a limited set inevitably contain a specific
feature—in this case, a pair of integers with certain properties.

Understanding this problem not only provides insight into fundamental combinatorial
concepts but also enhances problem-solving skills applicable in various mathematical and
real-world contexts. Here, we will explore the problem in detail, introduce relevant concepts
such as the pigeonhole principle, and demonstrate how to prove the statement rigorously.

Understanding the Set and the Selection Process

The Set of First Eight Positive Integers

The set in question is the set of the first eight positive integers:
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This set provides a finite universe from which we select integers.

What Does Selecting Integers Mean?

Selecting five integers from this set involves choosing five elements, possibly with
repetitions or without, depending on the problem's context. Typically, in combinatorics,
unless specified otherwise, we consider selections without repetition unless the problem
explicitly states otherwise.

In our case, we assume:

- The selection is made without replacement; meaning, each integer can be selected only
once.
- The selection is arbitrary; no specific criteria are used for the choice.

The problem then becomes: Given any such selection of five distinct integers from the set,
what can we say about the properties of the selected integers?

The Pigeonhole Principle and Its Role

What Is the Pigeonhole Principle?

The pigeonhole principle states that if \( n \) items are put into \( m \) boxes, and if \( n > m
\), then at least one box must contain more than one item.

In mathematical terms:

> If \( n \) objects are distributed into \( m \) boxes, and \( n > m \), then at least one box
contains at least two objects.

This principle is fundamental in combinatorics and is often used to prove that certain
conditions are unavoidable.

Applying the Pigeonhole Principle to Our Problem

In our scenario, the "boxes" can be thought of as categories or properties that the selected
integers can belong to, and the "objects" are the selected integers.

For example:

- Categorize integers based on their parity (even or odd).
- Categorize based on residue classes modulo some number.



Then, by applying the pigeonhole principle, we can demonstrate that among the selected
integers, there must be at least one pair sharing a specific property.

Identifying the Property for the Pair

The problem's phrase "there must be a pair of" typically refers to a property such as:

- A pair of integers that are consecutive.
- A pair of integers with the same parity.
- A pair of integers that are equal or satisfy some relation.

Given the context, and common problems of this type, it's often about pairs with a
particular relation, such as:

- Pairs with the same parity (both even or both odd).
- Pairs that are consecutive integers.

For the purpose of this article, we will analyze the case where the pair of integers shares
the same parity, which is a classic and illustrative example.

Proving the Existence of a Pair of Same Parity

Step 1: Categorize the Set

The integers from 1 to 8 can be divided into two categories based on parity:

Odd numbers: 1, 3, 5, 7

Even numbers: 2, 4, 6, 8

Note that there are 4 odd and 4 even integers.

Step 2: Applying the Pigeonhole Principle

Suppose we select five integers from the set. Since there are only two categories (odd and
even), and we are selecting five integers, then:

- By the pigeonhole principle, at least one category must contain at least three integers
because:



\[ \text{Number of selected integers} = 5 \]
\[ \text{Number of categories} = 2 \]

And distributing five integers into two categories, at least one category contains:

\[ \left\lceil \frac{5}{2} \right\rceil = 3 \]

integers.

Step 3: Conclude the Existence of a Pair with the Same
Parity

Since at least one of the categories (either odd or even) contains three integers, it follows
that:

- There are at least two integers in that category, which share the same parity.

Therefore, any selection of five integers from the first eight positive integers must contain a
pair of integers of the same parity.

Summary of the Result

- When selecting five integers from the set \(\{1, 2, 3, 4, 5, 6, 7, 8\}\),
- The pigeonhole principle guarantees that at least two of the selected integers will share
the same parity (both even or both odd),
- Hence, there must be a pair of integers with the same parity in any such selection.

Extensions and Variations of the Problem

Pairs of Consecutive Integers

Another common variation involves showing that:

> If five integers are selected from the first eight positive integers, then there must be a
pair of consecutive integers.

Approach:

- The set \(\{1, 2, 3, 4, 5, 6, 7, 8\}\) contains 4 pairs of consecutive integers: (1,2), (2,3),
(3,4), (4,5), (5,6), (6,7), (7,8).

- To prevent selecting consecutive integers, you can choose at most one from each pair,



which limits the maximum number of integers you can select without having consecutive
numbers to 4.

- Therefore, selecting 5 integers guarantees at least one pair of consecutive integers, by
the pigeonhole principle.

Practical Applications of These Principles

Understanding such combinatorial principles has practical implications in various fields:

- Computer Science: Hashing algorithms, data distribution, and error detection.
- Mathematics: Proof strategies in number theory, combinatorics, and graph theory.
- Operations Research: Resource allocation and scheduling.
- Everyday Reasoning: Ensuring coverage or overlap in planning.

Conclusion

The problem "Show That If Five Integers Are Selected From The First eight Positive Integers,
There Must Be A Pair Of" demonstrates a fundamental aspect of combinatorics: the
pigeonhole principle. By categorizing the integers based on properties like parity or
adjacency, and applying counting arguments, we establish unavoidable overlaps or pairs in
any selection.

This principle is both elegant and powerful, illustrating that in finite sets, certain
configurations are guaranteed regardless of how choices are made. Mastery of such
concepts enriches mathematical reasoning and problem-solving capabilities across
disciplines.
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Feel free to explore more about combinatorial principles and their applications to deepen
your understanding of mathematical problem-solving.



Frequently Asked Questions

What is the main combinatorial principle used to show
that selecting five integers from the first eight positive
integers guarantees a pair with a certain property?
The principle used is the Pigeonhole Principle, which states that if more items are placed
into fewer containers, at least one container must contain more than one item.

What specific property is guaranteed to exist among
any five integers selected from 1 to 8?
There must be at least one pair of integers among the selected five that have the same
parity (both even or both odd).

Can you explain why selecting five integers from 1 to 8
necessarily results in a pair with the same parity?
Since there are only four odd and four even numbers between 1 and 8, selecting five
integers means at least one parity group must contain two numbers, ensuring a pair with
the same parity.

Is the statement true if only four integers are selected
from 1 to 8? Why or why not?
No, the statement is not necessarily true for only four integers because it is possible to
select two odd and two even numbers, avoiding a pair with the same parity.

How does the Pigeonhole Principle apply explicitly in
this problem?
It applies by recognizing that the integers can be divided into two 'pigeonholes'—odd and
even numbers. Selecting five integers (pigeons) into these two groups ensures at least one
group contains two integers, forming the required pair.

Could this reasoning be generalized to other sets of
integers, such as from 1 to n?
Yes, similar reasoning can be applied to larger sets, where the structure of the problem
depends on partitioning the set into categories (like parity), and the Pigeonhole Principle
guarantees certain pairs when selecting a sufficient number of integers.



Additional Resources
Pigeonhole Principle
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Introduction

Mathematics, often perceived as a realm of abstract concepts and complex calculations,
also offers surprisingly elegant and intuitive ideas that underpin many aspects of logic and
problem-solving. One such fundamental concept is the Pigeonhole Principle—a simple yet
powerful tool in combinatorics and discrete mathematics.

Imagine you are organizing a set of items or making selections from a limited collection; the
Pigeonhole Principle helps you deduce inevitable outcomes, such as the existence of
particular pairs or groupings. In this article, we will explore a classic application of this
principle: "Show that if five integers are selected from the first eight positive integers, then
there must be at least one pair of integers with a specific property."

Specifically, we will analyze the problem: "Show that among any five integers chosen from
the first eight positive integers (1 through 8), there must be at least one pair whose sum is
9." This problem showcases the elegance of the Pigeonhole Principle and demonstrates its
utility in proving seemingly complex assertions with straightforward reasoning.

---

Understanding the Problem

Restating the Key Elements

- Set of integers: {1, 2, 3, 4, 5, 6, 7, 8}
- Selection size: 5 integers are chosen
- Claim: Among these 5 integers, there must be at least one pair whose sum is 9

Why is this interesting?

At face value, selecting 5 integers from 8 seems straightforward, but the assertion that a
specific pair (those summing to 9) necessarily exists makes the problem non-trivial. It
involves understanding how numbers are paired and how the constraints of selection
influence the presence of such pairs.

---

Conceptual Foundation: The Pigeonhole Principle

Before delving into the proof, let's understand the core tool: the Pigeonhole Principle.

What is the Pigeonhole Principle?

Formal Statement:
If \( n \) items are placed into \( k \) boxes, and if \( n > k \), then at least one box contains



more than one item.

Intuitive Explanation:
Imagine pigeons (items) being placed into pigeonholes (boxes). If you have more pigeons
than boxes, at least one box must contain at least two pigeons.

Application to the Current Problem

The principle helps us infer the existence of certain pairs based on how numbers are
grouped. Here, the "boxes" can be thought of as complementary pairs of numbers that sum
to 9:
- (1, 8)
- (2, 7)
- (3, 6)
- (4, 5)

By analyzing these pairs, we can determine the unavoidable presence of a pair summing to
9 among any selected five integers.

---

The Pairing Strategy: Dividing the Set

Step 1: Identify Complementary Pairs

Looking at the set {1, 2, 3, 4, 5, 6, 7, 8}, we notice that the pairs summing to 9 are
uniquely:

| Pair | Sum |
|---------|-------|
| (1, 8) | 9 |
| (2, 7) | 9 |
| (3, 6) | 9 |
| (4, 5) | 9 |

These four pairs partition the entire set into 4 disjoint pairs.

Step 2: Recognize the Remaining Numbers

In addition to these pairs, the set contains all numbers from 1 to 8, partitioned into these
pairs.

Step 3: Observe the Implication

Any subset of size 5 from the 8 numbers must include numbers from these pairs. Since
there are only 4 pairs, and choosing 5 numbers means selecting more than 4 elements, the
Pigeonhole Principle applies to these pairs.

---

Formal Proof Using the Pigeonhole Principle



The Core Idea

- Because the numbers are partitioned into 4 pairs, selecting 5 integers from the set implies
that at least one of these pairs is completely included—meaning both numbers of that pair
are selected—or at least one element from each pair, leading to a specific conclusion.

Step-by-step Proof

1. Partition the set into four pairs:

\[
P_1 = \{1, 8\} \\
P_2 = \{2, 7\} \\
P_3 = \{3, 6\} \\
P_4 = \{4, 5\}
\]

2. Suppose, for contradiction, that no pair sums to 9.

- This is equivalent to saying no pair is fully included in the selection.
- So, from each pair, at most one element can be chosen.

3. Maximum number of elements you can pick without completing any pair:

- Since each pair contributes at most one element, and there are 4 pairs, the maximum
number of elements you can select without forming a pair summing to 9 is 4.

4. Contradiction arises when selecting 5 elements:

- As soon as you select the 5th element, you are forced to include both elements of at least
one pair (by the Pigeonhole Principle), because:

\[
\text{Number of pairs} = 4 \\
\text{Maximum without completing a pair} = 4
\]

- Therefore, selecting 5 elements guarantees that at least one pair of numbers summing to
9 is included.

Conclusion:

Any selection of 5 numbers from the set {1, 2, 3, 4, 5, 6, 7, 8} must contain at least one
pair whose sum is 9.

---

Extending the Concept: Variations and Applications

Variations of the Problem



The logic extends beyond the initial problem to various combinatorial scenarios:

- Different sum targets: For example, "Show that among any 4 integers chosen from {1, 2,
..., 10}, there must be two whose sum exceeds 10."

- Different partitionings: For instance, dividing the set into triplets or larger groups and
analyzing the unavoidable pairings or groupings.

Real-world Applications

The Pigeonhole Principle and pairing strategies are employed in diverse fields:

- Computer science: Data hashing, collision detection, and memory allocation.
- Cryptography: Ensuring certain pairings or overlaps in key distributions.
- Problem-solving and puzzles: Designing and solving combinatorial puzzles and logic
games.
- Network theory: Ensuring redundancy or unavoidable connections in network topologies.

---

Visual Illustration

To better understand the pairing and the inevitability of certain pairs, consider the following
diagram:

```
+-----+ +-----+ +-----+ +-----+
| 1 | | 2 | | 3 | | 4 |
+-----+ +-----+ +-----+ +-----+
| | | |
| | | |
+-----+ +-----+ +-----+ +-----+
| 8 | | 7 | | 6 | | 5 |
+-----+ +-----+ +-----+ +-----+
```

Any selection of 5 nodes among these 8 nodes must include both members of at least one
of these pairs, demonstrating the principle visually.

---

Summary and Final Remarks

The problem of selecting five integers from the first eight positive integers highlights the
elegance of the Pigeonhole Principle. By partitioning the set into pairs that sum to 9, we see
that choosing more than four numbers necessarily results in selecting both members of at
least one pair, thus guaranteeing the existence of a pair summing to 9.

Key Takeaways:

- The Pigeonhole Principle is a simple yet powerful tool for establishing the inevitability of



certain outcomes in combinatorial settings.
- Proper partitioning of the set simplifies the analysis and provides a clear pathway to the
proof.
- Such reasoning extends to a wide variety of problems in mathematics and related
disciplines, emphasizing the importance of foundational principles in problem-solving.

Mastering the Pigeonhole Principle enhances one's ability to approach problems involving
constraints, distributions, and combinatorial inevitabilities—an essential skill in
mathematical reasoning and beyond.
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