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Understanding how to solve for the remaining sides and angles of a triangle
is a fundamental skill in trigonometry and geometry. Whether you're tackling
homework problems, preparing for exams, or working on real-world applications
such as engineering or architecture, mastering these methods is crucial. The
process involves applying various theorems and formulas, including the Law of
Sines, Law of Cosines, and basic properties of triangles. This comprehensive
guide will walk you through the key concepts, step-by-step procedures, and
common scenarios where solving for unknown sides and angles is possible or
impossible.

---

Understanding Triangle Types and Conditions

Before delving into solving methods, it’s essential to understand the types
of triangles and the information needed to determine their remaining parts.

Types of Triangles
- Acute Triangle: All angles less than 90°
- Right Triangle: One angle exactly 90°
- Obtuse Triangle: One angle greater than 90°

Known Data and Conditions
- Side-Side-Side (SSS): All three sides known
- Side-Angle-Side (SAS): Two sides and the included angle known
- Angle-Side-Angle (ASA): Two angles and the included side known
- Angle-Angle-Side (AAS): Two angles and a non-included side known
- Side-Side-Angle (SSA): Two sides and a non-included angle known (ambiguous
case)

---



Key Methods for Solving Triangles

The primary techniques used to find missing sides and angles depend on the
known information. Below are the most common methods.

Law of Sines
The Law of Sines states:

\[
\frac{a}{\sin A} = \frac{b}{\sin B} = \frac{c}{\sin C}
\]

Uses:
- When given ASA or AAS data.
- In SSA cases, with caution due to ambiguity.

Procedure:
1. Set up the proportion based on known sides and angles.
2. Solve for the unknown angles or sides.
3. Check for the ambiguous case where two solutions may exist.

Law of Cosines
The Law of Cosines states:

\[
c^2 = a^2 + b^2 - 2ab \cos C
\]

Uses:
- When given SSS or SAS data.
- To find an angle when all sides are known.

Procedure:
1. Rearrange the formula to solve for the unknown side or angle.
2. Use inverse cosine to find angles from side lengths.

---

Step-by-Step Approach to Solving Triangles

Depending on the known data, the process varies. Here, we outline general
steps for each case.



1. Solving SSS (All Sides Known)
- Use Law of Cosines to find an angle:

\[
\cos C = \frac{a^2 + b^2 - c^2}{2ab}
\]
- Calculate the angles using inverse cosine.
- Find remaining sides if needed via Law of Sines or Law of Cosines.

2. Solving SAS (Two Sides and Included Angle Known)
- Use Law of Cosines to find the third side:

\[
c^2 = a^2 + b^2 - 2ab \cos C
\]
- Use Law of Sines to find other angles:

\[
\sin A = \frac{a \sin C}{c}
\]
- Check for the ambiguous case if SSA data is involved.

3. Solving ASA or AAS (Two Angles and a Side Known)
- Use Law of Sines to find other sides:

\[
\frac{a}{\sin A} = \frac{b}{\sin B}
\]
- Calculate the remaining angle as:

\[
C = 180^\circ - A - B
\]
- Verify the triangle's validity (sum of angles equals 180°).

4. Handling SSA (Two Sides and an Angle Not
Included)
- Apply Law of Sines:

\[
\sin B = \frac{b \sin A}{a}
\]
- Be cautious as SSA can lead to:
- No solution (DNE)



- One solution
- Two solutions (ambiguous case)

---

Common Scenarios and Their Solutions

Understanding typical problem scenarios helps to identify whether solving is
possible or not.

Scenario 1: All Necessary Data Provided (SSS or SAS)
- If three sides or two sides with the included angle are given, solving is
always possible.
- Proceed with Law of Cosines to find missing angles or sides accordingly.

Scenario 2: Two Angles and a Side (ASA or AAS)
- Known two angles and a side allow straightforward use of Law of Sines.
- Sum of angles confirms the third angle.
- Once all angles are known, find remaining sides.

Scenario 3: Two Sides and a Non-Included Angle (SSA)
- The ambiguous case.
- Check if \(\sin B \leq 1\). If not, DNE.
- If valid, determine possible solutions:
- One solution if \(\sin B = 1\)
- Two solutions if \(\sin B < 1\)

Scenario 4: Insufficient Data
- If less than two parts of information are known, solving for remaining
sides and angles is impossible.
- Answer in all answer boxes: DNE

---

Determining Whether a Triangle Can Be Solved

The key to deciding if a problem can be solved is evaluating the given data:

- Complete data (SSS, SAS, ASA, AAS): Solvable.



- Partial data (SSA): May be solvable; check for the ambiguous case.
- Insufficient data: Not solvable; answer "DNE" in all answer boxes.

---

Examples and Practice Problems

Let's analyze some common examples to illustrate the solving process.

Example 1: SSS Case
Given sides \(a=7\), \(b=10\), \(c=5\):

Solution Steps:
1. Calculate angle \(C\):

\[
\cos C = \frac{a^2 + b^2 - c^2}{2ab} = \frac{7^2 + 10^2 - 5^2}{2 \times 7
\times 10} = \frac{49 + 100 - 25}{140} = \frac{124}{140} \approx 0.8857
\]

\[
C = \arccos(0.8857) \approx 27.2^\circ
\]

2. Use Law of Sines to find other angles:

\[
\sin A = \frac{a \sin C}{c} = \frac{7 \times \sin 27.2^\circ}{5} \approx
\frac{7 \times 0.456}{5} \approx \frac{3.192}{5} \approx 0.6384
\]

\[
A = \arcsin(0.6384) \approx 39.7^\circ
\]

3. Find \(B\):

\[
B = 180^\circ - A - C \approx 180^\circ - 39.7^\circ - 27.2^\circ =
113.1^\circ
\]

4. Use Law of Sines to find remaining side:

\[
b = \frac{a \sin B}{\sin A} \approx \frac{7 \times \sin 113.1^\circ}{0.6384}
\approx \frac{7 \times 0.896}{0.6384} \approx \frac{6.272}{0.6384} \approx



9.83
\]

Conclusion: All sides and angles are solvable with approximate values.

---

Example 2: SSA Case with No Solution
Given \(A=30^\circ\), \(a=8\), and \(b=5\):

Check for possible solutions:
\[
\sin B = \frac{b \sin A}{a} = \frac{5 \times \sin 30^\circ}{8} = \frac{5
\times 0.5}{8} = \frac{2.5}{8} = 0.3125
\]

Since \(\sin B = 0.3125 \leq 1\), there are solutions:

\[
B = \arcsin(0.3125) \approx 18.2^\circ
\]

Possible second solution:

\[
B' = 180^\circ - 18.2^\circ = 161.8^\circ
\]

Check if

Frequently Asked Questions

In a triangle, two angles measure 45° and 60°, and
the side opposite the 45° angle is 8 units. Find the
remaining side and angles if possible.
Using the Law of Sines, the remaining angles are 75° and 60°, and the side
opposite the 60° angle is approximately 10.67 units. The remaining side
length can be found accordingly.

A triangle has two sides measuring 7 units and 10
units, with an included angle of 30°. Can we



determine the remaining sides and angles?
Yes. Using the Law of Cosines, the third side is approximately 11.18 units,
and the remaining angles can be found using the Law of Sines. All sides and
angles are determinable.

Given two sides of a triangle are 5 and 9, and the
included angle between them is 150°, can the
remaining sides and angles be found?
Yes. Using the Law of Cosines, the third side is approximately 8.17 units,
and the remaining angles can be calculated accordingly.

In a triangle, two angles are 50° and 80°, and the
side opposite the 50° angle is 6 units. Is it
possible to find all remaining sides and angles?
Yes. First, find the third angle (50°). Then, use the Law of Sines to find
the remaining sides.

A triangle has one side measuring 12 units and two
angles measuring 40° and 60°. Can all sides and
angles be determined?
Yes. The remaining angle is 80°, and the other sides can be found using the
Law of Sines.

Given two sides of 3 and 4 units with an included
angle of 90°, can the other sides and angles be
solved?
Yes. Using the Law of Cosines, the third side is 5 units, and the remaining
angles are 90°, 53.13°, and 36.87°.

In a triangle, the sides are 8 and 15 units, with an
angle of 60° between them. Is it possible to find
all remaining sides and angles?
Yes. Use the Law of Cosines to find the third side (~17.94 units) and then
the remaining angles with the Law of Sines.

Two sides of a triangle are 9 and 14 units, with an



included angle of 20°. Can the remaining sides and
angles be calculated?
Yes. The third side can be found via Law of Cosines (~11.50 units), and the
remaining angles using Law of Sines.

A triangle has sides 10 and 13 units, with an angle
of 130° between them. Is it possible to determine
all remaining sides and angles?
Yes. Use Law of Cosines to find the third side (~18.89 units), then compute
the remaining angles accordingly.

In a triangle, two angles are 35° and 65°, and the
side opposite the 35° angle is 7 units. Can all
remaining sides and angles be found?
Yes. The third angle is 80°, and the remaining sides can be calculated using
Law of Sines.

Additional Resources
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Understanding how to determine the remaining sides and angles of a triangle
is a fundamental skill in trigonometry and geometry. Whether dealing with
right triangles or oblique triangles (those without a right angle), the
process involves applying various theorems, formulas, and reasoning
techniques. This comprehensive exploration aims to demystify the
methodologies, conditions, and limitations involved in solving for missing
parts of a triangle, providing clarity for students, educators, and
enthusiasts alike.

---

Foundations of Triangle Solving

The Significance of Triangle Types

Before delving into solving methods, it’s essential to identify the type of
triangle involved:



- Right Triangle: Contains a 90-degree angle. Solutions often utilize the
Pythagorean theorem, sine, cosine, and tangent ratios.
- Acute Triangle: All angles are less than 90 degrees. Solving may involve
Law of Sines or Law of Cosines.
- Obtuse Triangle: Contains an angle greater than 90 degrees. Similar to
acute triangles, but with special considerations for angle sizes.

The triangle type influences which formulas and strategies are applicable,
and understanding the given data is crucial for choosing the correct
approach.

The Data Given

Typically, problems provide a combination of the following:

- Sides: Lengths of one or more sides (commonly labeled as \(a, b, c\))
- Angles: Measures of one or more angles (commonly labeled as \(\alpha,
\beta, \gamma\))
- Additional Information: Sometimes the problem involves special conditions
such as right angles, parallel lines, or known ratios.

The initial data determines whether the problem can be solved directly,
requires iterative methods, or is impossible to resolve with the provided
information.

---

Methods of Solving Triangles

Depending on the known data, different trigonometric laws and formulas are
employed:

1. The Law of Sines

Formula:

\[
\frac{a}{\sin \alpha} = \frac{b}{\sin \beta} = \frac{c}{\sin \gamma}
\]

Application:

- When two angles and one side (AAS or ASA) are known.
- When two sides and a non-included angle (SSA) are known, but with caution
due to the ambiguous case.



Limitations:

- The SSA configuration can yield zero, one, or two solutions, leading to
potential ambiguity.

---

2. The Law of Cosines

Formula:

\[
c^2 = a^2 + b^2 - 2ab \cos \gamma
\]

Similarly for other sides:

\[
a^2 = b^2 + c^2 - 2bc \cos \alpha
\]
\[
b^2 = a^2 + c^2 - 2ac \cos \beta
\]

Application:

- When two sides and the included angle (SAS) are known.
- When all three sides (SSS) are known, to find all angles.

Advantages:

- Handles cases where Law of Sines is ambiguous or not applicable.

---

3. Special Cases and Additional Techniques

- Right Triangle Trigonometry: Use of Pythagorean theorem, sine, cosine,
tangent ratios.
- Ambiguous Case (SSA): Requires careful analysis to determine if solutions
exist and how many.
- Coordinate Geometry: When points are given, distances and angles can be
computed via coordinate formulas.

---



Step-by-Step Approach to Solving

To systematically solve for remaining sides and angles, follow these steps:

Step 1: Identify Known Data and Triangle Type

- Confirm which sides and angles are known.
- Determine whether the triangle is right-angled, acute, or obtuse.
- Recognize potential ambiguities, especially in SSA cases.

Step 2: Choose Appropriate Law or Formula

- Use Law of Sines if two angles and one side are known or if two sides and a
non-included angle are known.
- Use Law of Cosines if:

- Two sides and the included angle are known, or
- All three sides are known.

Step 3: Calculate Missing Angles or Sides

- Apply the chosen law to find unknown angles or sides.
- Use inverse functions (e.g., \(\sin^{-1}\), \(\cos^{-1}\)) as needed.
- Be cautious of multiple solutions, especially in SSA scenarios.

Step 4: Verify the Results

- Check that the sum of angles equals 180 degrees.
- Confirm that side lengths satisfy triangle inequalities:

\[
a + b > c,\quad a + c > b,\quad b + c > a
\]

- Validate solutions within the context of the problem.

Step 5: Repeat if Necessary

- For ambiguous cases, evaluate all possible solutions.
- If no solutions satisfy the triangle inequalities or conditions, conclude
"DNE".



---

The Ambiguous Case (SSA): A Closer Look

One of the most intriguing aspects of solving triangles arises in the SSA
configuration, often leading to ambiguity:

- Scenario: Given two sides and a non-included angle.
- Possible Outcomes:

1. No solution: The given data cannot form a triangle.
2. One solution: Unique triangle.
3. Two solutions: Two different triangles satisfy the given data.

Example:

Suppose we know:

- \(b = 7\) units
- \(\alpha = 30^\circ\)
- \(a = 10\) units

Using Law of Sines:

\[
\frac{a}{\sin \alpha} = \frac{b}{\sin \beta}
\]

Calculate \(\sin \beta\):

\[
\sin \beta = \frac{b \sin \alpha}{a} = \frac{7 \times \sin 30^\circ}{10} =
\frac{7 \times 0.5}{10} = 0.35
\]

Since \(\sin \beta = 0.35\), then:

\[
\beta = \sin^{-1}(0.35) \approx 20.5^\circ
\]

But \(\sin \beta\) also equals \(\sin(180^\circ - \beta)\), which yields:

\[
\beta' = 180^\circ - 20.5^\circ = 159.5^\circ
\]

Now, check if the sum of angles is less than 180°:



\[
\alpha + \beta \approx 30^\circ + 20.5^\circ = 50.5^\circ
\]
\[
\text{Remaining angle } \gamma = 180^\circ - 50.5^\circ = 129.5^\circ
\]

In the first case, the triangle is valid. In the second case, sum of \(\alpha
+ \beta' \approx 30^\circ + 159.5^\circ = 189.5^\circ\), exceeding 180°,
which is impossible. Therefore, only the first solution is valid.

This example demonstrates the importance of verifying the feasibility after
obtaining potential solutions.

---

When Solutions Are Not Possible: DNE

Despite the power of mathematical laws, certain sets of data simply cannot
form a triangle:

- When the sum of two sides is less than or equal to the third side.
- When the calculations lead to invalid angle measures (e.g., angles
exceeding 180°).
- When the ambiguous case yields no solutions satisfying triangle
inequalities.

In such scenarios, the answer is "DNE" (Does Not Exist), indicating that no
triangle can be formed with the given data.

---

Practical Applications and Implications

Understanding how to solve for remaining sides and angles has wide-ranging
applications:

- Engineering: Structural design, ensuring elements fit together precisely.
- Navigation: Determining locations and courses based on partial data.
- Astronomy: Calculating celestial distances and angles.
- Computer Graphics: Rendering objects based on geometric parameters.
- Robotics: Kinematics and movement planning involving joint angles and link
lengths.

In each case, recognizing the limitations and conditions under which
solutions exist is critical for accurate modeling and decision-making.



---

Conclusion: Navigating the Complexities of
Triangle Solving

The process of solving for remaining sides and angles is both elegant and
nuanced. While the foundational laws of sines and cosines provide robust
tools, their application depends heavily on the initial data and the specific
configuration of the triangle. Recognizing ambiguous cases, verifying
solutions, and understanding the limitations inherent in certain data sets
are vital skills for any mathematician, engineer, or scientist working with
geometric problems.

Ultimately, the phrase "Solve For The Remaining Sides And Angles If Possible
(if Not, Answer 'DNE' in All Answer Boxes)" encapsulates the importance of
critical analysis. Not all problems yield solutions, and sometimes the only
correct response is acknowledging the impossibility of forming such a
triangle
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