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When tackling inequalities in algebra, it’s essential not only to find the solution set but
also to express it clearly in both a visual and symbolic manner. The ability to solve
inequalities accurately, then represent their solutions both on the number line and in
interval notation, provides a comprehensive understanding of the problem's scope. This
article will guide you through the process step-by-step, emphasizing precision, clarity, and
best practices for solving inequalities with exact solutions.

---

Understanding Inequalities

An inequality is a mathematical statement that compares two expressions using symbols
such as:

- < (less than)
- ≤ (less than or equal to)
- > (greater than)
- ≥ (greater than or equal to)

For example:
- \( 3x + 5 > 10 \)
- \( 2x - 4 \leq 8 \)

The solution to an inequality is the set of all real numbers that satisfy the given inequality.

---

Types of Inequalities and Their Solutions

Inequalities can be linear or nonlinear, but the most common are linear inequalities
involving a single variable. The solution process involves isolating the variable and then
analyzing the inequality.

Linear Inequalities

These are inequalities where the variable appears to the first power only, such as:



\[ ax + b < c \]
\[ dx + e \geq f \]

Nonlinear Inequalities

Include quadratic, polynomial, rational, or absolute value inequalities, e.g.,

\[ x^2 - 4x + 3 > 0 \]
\[ |x - 2| \leq 5 \]

While the focus here is on linear inequalities, the principles are similar for nonlinear
inequalities, with additional steps for solving.

---

Step-by-Step Process for Solving Linear
Inequalities

To solve inequalities precisely and express solutions in both forms, follow these steps:

Step 1: Write the Inequality Clearly

Ensure the inequality is in a standard form, such as:

\[ ax + b < c \]

or

\[ ax + b \geq c \]

---

Step 2: Isolate the Variable

- Subtract or add terms on both sides to get the variable term alone.
- Be cautious: when multiplying or dividing both sides by a negative number, reverse the
inequality sign.

Example:

Solve \( 2x - 3 > 7 \)

Add 3 to both sides:



\[ 2x > 10 \]

Divide both sides by 2:

\[ x > 5 \]

Note: Since dividing by a positive number, the inequality sign remains the same.

---

Step 3: Analyze the Solution Set

The solution to the inequality \( x > 5 \) includes all real numbers greater than 5, but not 5
itself.

---

Step 4: Express the Solution in Interval Notation

- For \( x > 5 \), the interval notation is:

\[ (5, \infty) \]

- If the inequality is \( x \geq 5 \), then:

\[ [5, \infty) \]

- For less than or equal, use brackets to include the boundary point.

---

Step 5: Graph the Solution on the Number Line

- Draw a horizontal number line.
- Mark the boundary point (e.g., 5).
- Use an open circle for strict inequalities (>, <).
- Use a closed circle for inclusive inequalities (≥, ≤).
- Shade the region that satisfies the inequality.

Example:
For \( x > 5 \):

- Draw an open circle at 5.
- Shade everything to the right of 5.



---

Practice Examples

Below are detailed examples illustrating the solution process, including both number line
representation and interval notation.

Example 1: Solve \( 4x + 7 \leq 19 \)

Solution:

1. Write the inequality:

\[ 4x + 7 \leq 19 \]

2. Subtract 7 from both sides:

\[ 4x \leq 12 \]

3. Divide both sides by 4:

\[ x \leq 3 \]

Note: Dividing by positive 4, inequality sign remains the same.

4. Interval notation:

\[ (-\infty, 3] \]

5. Number line representation:

- Draw a line.
- Mark point 3.
- Use a closed circle at 3.
- Shade all points to the left.

---

Example 2: Solve \( -2x + 5 > 1 \)

Solution:

1. Write the inequality:

\[ -2x + 5 > 1 \]



2. Subtract 5 from both sides:

\[ -2x > -4 \]

3. Divide both sides by -2:

\[ x < 2 \]

Important: When dividing by a negative, reverse the inequality sign.

4. Interval notation:

\[ (-\infty, 2) \]

5. Number line:

- Draw a line.
- Mark 2.
- Use an open circle at 2.
- Shade to the left.

---

Handling Absolute Value Inequalities

Absolute value inequalities require splitting into two cases because:

\[ |x| < a \quad \Rightarrow \quad -a < x < a \]

\[ |x| > a \quad \Rightarrow \quad x < -a \quad \text{or} \quad x > a \]

Example: Solve \( |x - 3| \leq 4 \).

1. Rewrite as:

\[ -4 \leq x - 3 \leq 4 \]

2. Add 3 to all parts:

\[ -4 + 3 \leq x \leq 4 + 3 \]
\[ -1 \leq x \leq 7 \]

3. Interval notation:

\[ [-1, 7] \]

4. Number line:

- Closed circles at -1 and 7.



- Shade between -1 and 7.

---

Common Mistakes to Avoid

- Forgetting to reverse the inequality sign when dividing or multiplying by a negative
number.
- Misinterpreting the boundary points (open vs. closed circles).
- Neglecting to simplify expressions fully before solving.
- Confusing strict inequalities (<, >) with inclusive ones (≤, ≥).

---

Summary of Best Practices

- Always simplify the inequality first.
- When dividing by a negative, flip the inequality sign.
- Use interval notation for precise expression of the solution set.
- Graph solutions on a number line to visualize the solution set.
- Check your solutions by substituting values within and outside the solution set.

---

Conclusion

Solving inequalities accurately and expressing their solutions both on the number line and
in interval notation is fundamental in algebra. The key is to methodically isolate the
variable, handle the inequality signs carefully, and then represent the solution precisely.
Practicing with various types of inequalities, including linear, quadratic, and absolute
value, enhances understanding and confidence. Remember, clarity and exactness are
crucial for effective communication of your solutions, whether in educational settings or
real-world applications.

---

By mastering these techniques, you can confidently solve inequalities and communicate
their solutions with clarity and precision.

Frequently Asked Questions



How do I solve the inequality 3x - 5 > 7 and express the
solution on the number line?
First, add 5 to both sides: 3x > 12. Then, divide both sides by 3: x > 4. On the number line,
draw a number line, mark 4, and draw an open circle at 4, shading to the right. In interval
notation, the solution is (4, ∞).

What is the process to solve the inequality -2x + 3 ≤ 7
and represent the solution both graphically and in
interval notation?
Subtract 3 from both sides: -2x ≤ 4. Divide both sides by -2, remembering to flip the
inequality sign: x ≥ -2. On the number line, draw a closed circle at -2 and shade to the
right. In interval notation, the solution is [-2, ∞).

Solve the inequality 4x + 1 < 9 and show the solution on
a number line and as an interval.
Subtract 1 from both sides: 4x < 8. Divide both sides by 4: x < 2. On the number line,
draw an open circle at 2 and shade to the left. In interval notation, the solution is (-∞, 2).

How do I solve the compound inequality 2 ≤ 3x + 4 < 10
and express the solution visually and in interval
notation?
Subtract 4 from all parts: -2 ≤ 3x < 6. Divide all parts by 3: -2/3 ≤ x < 2. On the number
line, draw a closed circle at -2/3 and open circle at 2, shading between them. In interval
notation, the solution is [-2/3, 2).

Solve the inequality |x - 3| > 4 and represent the
solution both on the number line and in interval
notation.
Rewrite as two inequalities: x - 3 > 4 or x - 3 < -4. Solve both: x > 7 or x < -1. On the
number line, draw open circles at -1 and 7, shading left of -1 and right of 7. In interval
notation, the solution is (-∞, -1) ∪ (7, ∞).

What are the steps to solve the inequality x/2 ≤ 3 and
express the solution on the number line and in interval
notation?
Multiply both sides by 2: x ≤ 6. On the number line, draw a closed circle at 6 and shade to
the left. In interval notation, the solution is (-∞, 6].



How do I solve the inequality 5 - 2x ≥ 1 and show the
solution graphically and in interval notation?
Subtract 1 from both sides: 4 - 2x ≥ 0. Subtract 4: -2x ≥ -4. Divide both sides by -2 (flip
inequality): x ≤ 2. On the number line, draw a closed circle at 2 and shade to the left. In
interval notation, the solution is (-∞, 2].

Additional Resources
Understanding and Solving Inequalities: A Comprehensive Guide

When dealing with mathematical problems, inequalities are fundamental tools that
describe relationships between quantities. Unlike equations, which assert equality,
inequalities specify a range of possible values. Mastering the process of solving
inequalities is essential for a variety of fields, from basic algebra to advanced calculus,
physics, economics, and beyond. In this comprehensive guide, we’ll explore how to solve
inequalities, express their solutions both on the number line and in interval notation, and
understand the nuances involved in working with exact solutions.

---

What Is an Inequality?

An inequality is a mathematical statement that compares two expressions, indicating that
one is greater than, less than, or possibly equal to the other. The most common types of
inequalities include:

- Strict inequalities:
- \( < \) (less than)
- \( > \) (greater than)

- Non-strict inequalities:
- \( \leq \) (less than or equal to)
- \( \geq \) (greater than or equal to)

For example:
- \( x + 3 > 5 \)
- \( 2x - 4 \leq 10 \)
- \( -x \geq 2 \)

These inequalities describe ranges of values that satisfy the relationship, which we aim to
find and represent precisely.

---

The Importance of Exact Solutions

In mathematical problem-solving, exact solutions refer to the precise set of values
satisfying the inequality, as opposed to approximate decimal representations. Using exact



solutions ensures accuracy and clarity, especially when the solutions involve fractions,
radicals, or irrational numbers.

For example, solving \( x^2 - 2x - 3 \leq 0 \) exactly involves factoring the quadratic and
expressing the solution as an interval or a set involving radicals if necessary, rather than
approximating the roots as decimals.

---

Step-by-Step Approach to Solving Inequalities

1. Simplify the Inequality

Before solving, simplify both sides if necessary:
- Combine like terms.
- Clear fractions by multiplying both sides by common denominators.
- Expand expressions if they are factored or factorizable.

2. Isolate the Variable

Rearrange the inequality to get all terms involving the variable on one side and constants
on the other.

3. Solve the Corresponding Equation

Solve the associated equation (by replacing the inequality symbol with "=") to find critical
points:
- These are potential boundary points where the inequality might change its truth value.
- For example, solving \( 2x + 1 = 0 \) gives \( x = -\tfrac{1}{2} \).

4. Analyze the Sign of the Expression

Determine the intervals where the original inequality holds:
- Use the critical points to partition the real number line.
- Test points within each interval to see whether the inequality is satisfied.

5. Express the Solution

Depending on the inequality type:
- Use interval notation to describe the solution set.
- Plot the solution on a number line for visual interpretation.

---

Solving Linear Inequalities

Linear inequalities are the simplest to solve. Let's examine the general approach with an
example:

Example 1: \( 3x - 7 > 2 \)



Step 1: Simplify (already simplified).

Step 2: Isolate \( x \):

\[
3x > 2 + 7 \implies 3x > 9
\]

Step 3: Divide both sides by 3 (positive number, so inequality sign remains the same):

\[
x > 3
\]

Step 4: Solution:

- In interval notation: \( (3, \infty) \)
- On the number line: open circle at 3, shading to the right.

Remarks:
- When dividing by a negative number, reverse the inequality symbol:

For example, solving \( -2x \leq 4 \):

\[
x \geq -2
\]

because dividing both sides by -2 reverses the inequality.

---

Solving Quadratic Inequalities

Quadratic inequalities involve expressions of the form \( ax^2 + bx + c \leq 0 \), \( \geq 0
\), \( < 0 \), or \( > 0 \).

Example 2: \( x^2 - 4x + 3 \leq 0 \)

Step 1: Factor the quadratic:

\[
x^2 - 4x + 3 = (x - 1)(x - 3)
\]

Step 2: Find critical points:

\[
x - 1 = 0 \implies x = 1
\]
\[



x - 3 = 0 \implies x = 3
\]

Step 3: Sign analysis:

- The quadratic factors into two linear factors, so the roots divide the real line into three
intervals:

- \( (-\infty, 1) \)
- \( (1, 3) \)
- \( (3, \infty) \)

- Test a point in each interval:

- \( x = 0 \): \( (0 - 1)(0 - 3) = (-1)(-3) = 3 > 0 \), so the quadratic is positive here.
- \( x = 2 \): \( (2 - 1)(2 - 3) = (1)(-1) = -1 < 0 \), quadratic negative.
- \( x = 4 \): \( (4 - 1)(4 - 3) = (3)(1) = 3 > 0 \), quadratic positive.

Step 4: Determine where the quadratic is less than or equal to zero:

- Since the inequality is \( \leq 0 \), include the points where the quadratic equals zero:

\[
x = 1, 3
\]

- The solution set:

\[
[1, 3]
\]

- Expressed on the number line: closed interval between 1 and 3, including endpoints.

---

Inequalities with Absolute Values

Absolute value inequalities require considering the definition of absolute value:

\[
|x| < a \implies -a < x < a
\]
\[
|x| > a \implies x < -a \quad \text{or} \quad x > a
\]

where \( a > 0 \).

Example 3: \( |2x - 5| \leq 3 \)



Step 1: Rewrite as a double inequality:

\[
-3 \leq 2x - 5 \leq 3
\]

Step 2: Solve for \( x \):

\[
-3 + 5 \leq 2x \leq 3 + 5
\]
\[
2 \leq 2x \leq 8
\]
\[
1 \leq x \leq 4
\]

Solution:

- Interval notation: \( [1, 4] \)
- Number line: closed interval between 1 and 4.

---

Expressing Solutions Both on the Number Line and in Interval Notation

Number Line Representation

- Open circle: indicates that the endpoint is not included (strict inequality).
- Closed circle: indicates that the endpoint is included (inequality with \( \leq \) or \( \geq
\)).
- Shading: shows the range of solutions.

Interval Notation

- Use parentheses \( () \) for strict inequalities (not including endpoints).
- Use brackets \( [ ] \) for inclusive inequalities (including endpoints).

Examples:

| Inequality | Solution on Number Line | Interval Notation |
|--------------|-------------------------|-------------------|
| \( x > 2 \) | Open circle at 2, shade right | \( (2, \infty) \) |
| \( x \geq -1 \) | Closed circle at -1, shade right | \( [-1, \infty) \) |
| \( x < 5 \) | Open circle at 5, shade left | \( (-\infty, 5) \) |
| \( x \leq 0 \) | Closed circle at 0, shade left | \( (-\infty, 0] \) |
| \( 1 \leq x \leq 4 \) | Closed circles at 1 and 4, shade between | \( [1, 4] \) |

---



Handling Compound Inequalities

Some inequalities involve multiple parts, such as conjunctions ("and") and disjunctions
("or").

"And" Inequalities

Require the solution to satisfy both conditions simultaneously.

- Example: \( 2x - 3 > 1 \quad \text{and} \quad x < 4 \)

Step 1: Solve each:

\[
2x - 3 > 1 \implies 2x > 4 \implies x > 2
\]

\[
x < 4
\]

Step 2: Find the intersection:

\[
x > 2 \quad \text{and} \quad x < 4
\]

- Solution: \( (2, 4) \)

"Or"
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