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Introduction

Understanding the properties of matrices, especially their pivots, column
space, and null space, is fundamental in linear algebra. When analyzing a
matrix such as a 4 x 7 matrix \(A\), the configuration of its pivot columns
provides vital insights into its rank, the dimensions of its column space,
and the null space. In this article, we explore the implications of a 4 x 7
matrix having four pivot columns, specifically addressing whether the column
space of \(A\) equals \(\mathbb{R}"4\) and whether the null space equals

\ (\mathbb{R}"3\). We will delve into the concepts of rank, column space,
nullity, and their interrelations, providing a comprehensive explanation
tailored for students and practitioners seeking clarity in linear algebra.

Understanding the Matrix Dimensions and Pivot Columns

Before analyzing the specific questions, it is essential to understand the
context of a 4 x 7 matrix:

- Matrix \(A\): a matrix with 4 rows and 7 columns.

- Pivot Columns: columns that contain the leading entries (pivots) after row
reduction to reduced row echelon form (RREF).

Given that the matrix has four pivot columns, this indicates:

- The rank of \(A\) is 4, since the number of pivot columns equals the rank.

- The rank of a matrix is the dimension of its column space, i.e., the number
of linearly independent columns.

Is \(\text{Col } A = \mathbb{R}"4\)?
Analyzing the Column Space
- The column space of \(A\), denoted as \(\text{Col } A\), is the subspace of

\ (\mathbb{R}"4\) spanned by the columns of \(A\).
- The dimension of the column space is the rank of \(A\).



Since:

- \(A\) has 4 pivot columns, the rank of \(A\) is 4.
- The columns of \(A\) are vectors in \(\mathbb{R}"4\).

Question: Does \(\text{Col } A = \mathbb{R}"4\)?
Answer:

- Yes, because:

- The column space has dimension 4, which is the dimension of

\ (\mathbb{R}"4\).

- The presence of 4 pivot columns guarantees that the columns span all of
\ (\mathbb{R}"4\).

Conclusion:

\ [

\boxed{

\text{Col } A = \mathbb{R}"4
}

\1

The column space of \(A\) is indeed \(\mathbb{R}"4\).

Is \(\text{Nul } A = \mathbb{R}"3\)?
Analyzing the Null Space

- The null space of \(A\), denoted as \(\text{Nul } A\), is the set of all
solutions \(x \in \mathbb{R}"7\) to the homogeneous equation:

\ [
Ax =20
\1

- The dimension of the null space, called the nullity, is given by the
nullity theorem:

\ [

\text{nullity}(A) = n - \text{rank}(A)

\1]

where \(n\) is the number of columns of \(A\).

Since:

- \(A\) has 7 columns.
- \(\text{rank}(A) = 4\).



We find:

\ [
\text{nullity}(A) =7 - 4 = 3
\1

Question: Is \(\text{Nul } A = \mathbb{R}"3\)?
Answer:

- Not exactly. The null space is a subspace of \(\mathbb{R}"7\), not
\ (\mathbb{R}"3\).

- Its dimension is 3, meaning it is a 3-dimensional subspace within
\ (\mathbb{R}"7\).

Clarification:

- The null space itself is a subset of \(\mathbb{R}"7\), consisting of all
vectors that satisfy \(A x = 0\).

- It cannot be equal to \(\mathbb{R}”"3\), which is a 3-dimensional space in
\ (\mathbb{R}"3\).

- Instead, the null space is a 3-dimensional subspace of \(\mathbb{R}"7\).

Summary:

\ [

\boxed{

\text{Nul } A \subseteq \mathbb{R}"7, \quad \text{dim}(\text{Nul } A) =3
}

\1

Thus, the null space is a 3-dimensional subspace within \(\mathbb{R}"7\), not
\ (\mathbb{R}"3\).

Additional Concepts: Rank-Nullity Theorem

The rank-nullity theorem connects the dimensions of the column space and null
space:

\ [
\text{rank}(A) + \text{nullity}(A) =n
\1

where:
(n\) is the number of columns of \(A\),

-\
- \(\text{rank}(A)\) is the dimension of the column space,
- \(\text{nullity}(A)\) is the dimension of the null space.



In our case:

\[
4 +3 =17
\]

which aligns perfectly with our earlier calculations, confirming consistency.

Summary of Key Points

| Aspect | Explanation | Result |

EEREREEEE EEREEREEELEREE IR |

| Number of pivot columns | Indicates the rank of \(A\) | 4 |

| Column space \(\text{Col } A\) | Subspace spanned by columns in

\ (\mathbb{R}"4\) | \(\mathbb{R}"4\) |

| Null space \(\text{Nul } A\) | Set of solutions in \(\mathbb{R}"7\) | 3-
dimensional subspace of \(\mathbb{R}"7\) |

| Is \(\text{Col } A = \mathbb{R}"4\)? | Because rank is 4, columns span
entire \(\mathbb{R}"4\) | Yes |

| Is \(\text{Nul } A = \mathbb{R}"3\)? | Null space has dimension 3, but
resides in \(\mathbb{R}~7\) | No, null space is 3D subspace in

\ (\mathbb{R}"7\) |

Practical Implications
Understanding the structure of \(A\) has real-world applications:

- Full Column Rank: Since \(A\) has four pivot columns, it has full row rank,
implying the system of equations \(A x = b\) has solutions for every \(b \in
\mathbb{R}"4\) .

- Solving Systems: The null space's dimension indicates the number of free
variables when solving homogeneous systems, which is 3 in this case.

- Span and Linear Independence: The four pivot columns form a basis for

\ (\mathbb{R}"4\), ensuring maximum linear independence among columns.

Conclusion

In analyzing a 4 x 7 matrix \(A\) with four pivot columns:

- The column space of \(A\) is \(\mathbb{R}"4\) because the rank equals 4,
and the columns span the entire 4-dimensional space.

- The null space of \(A\) is a 3-dimensional subspace within

\ (\mathbb{R}"7\), with no possibility of being equal to \(\mathbb{R}"3\).

Understanding these properties allows mathematicians and engineers to



determine the solvability of systems, the independence of columns, and the
behavior of linear transformations represented by \(A\). Mastery of these
concepts is essential for advanced studies in linear algebra, optimization,
and applied mathematics.
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Frequently Asked Questions

If a 4 x 7 matrix A has four pivot columns, is Col A
equal to R™4? Why or why not?

Yes, because having four pivot columns in a 4-row matrix means the pivot
columns are linearly independent and span R™4, so Col A = R™4.

Does a 4 x 7 matrix with four pivot columns have a
trivial or non-trivial null space?

It has a non-trivial null space because there are free variables (since 7
columns minus 4 pivots equals 3 free variables), so Nul A # {0}.

Is the null space of A equal to R*3 for the given
matrix? Why?

No, Nul A is a subset of R"7, specifically a subspace with dimension 3, but
it is not equal to R™3. The null space is a subspace of R™7, not R"3.



What is the rank of matrix A, and how does it relate
to the number of pivot columns?

The rank of A is 4, as the number of pivot columns is 4, which equals the
rank of the matrix.

Based on the given information, what is the
dimension of Nul A?

The dimension of Nul A is 3, calculated as the total columns (7) minus the
rank (4).

Can the column space of A be equal to R"4? Why or
why not?

Yes, because the column space spans R™4 due to the four pivot columns, making
Col A = R™4.

Is the null space of A a subspace of R"3? Explain.

No, the null space of A is a subspace of R*7 (the domain of A), not R"3. The
dimension of the null space is 3, but it resides within R"7.

What do the number of pivot columns tell us about
the linear independence of columns in A?

Having four pivot columns indicates that these columns are linearly
independent, forming a basis for the column space.

Additional Resources
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Understanding the nature of matrices, their columns, and null spaces is
fundamental in linear algebra, particularly when analyzing the structural
properties of linear transformations and systems of equations. In this
article, we will explore a specific scenario involving a 4-by-7 matrix A with
four pivot columns. We aim to determine whether the column space of A equals
R™4 and whether the null space of A equals R™"3, providing detailed
explanations rooted in the principles of linear algebra.

Setting the Stage: Matrix Dimensions and Pivot



Columns

Before delving into the specific questions, it’s crucial to clarify what the
given matrix’'s dimensions and pivot columns imply.

Matrix Dimensions and Their Significance

The matrix A is described as a 4 x 7 matrix, which means:

- It has 4 rows, representing equations or linear functionals.
- It has 7 columns, representing variables or vectors.

This configuration is common in scenarios where an underdetermined system is
considered—-more variables than equations—potentially leading to infinite
solutions.

Pivot Columns and Their Role

A pivot column in a matrix, derived from row reduction, indicates the
presence of a leading 1 in that column. The number of pivot columns
corresponds to the rank of the matrix, which signifies the maximum number of
linearly independent columns.

In our case, the matrix has four pivot columns, which directly implies:
- The rank of A is 4, since the rank equals the number of pivot columns.
- The rank is at most the minimum of the number of rows and columns, and here

it equals the number of rows, 4, indicating full row rank.

With this foundational understanding, we can analyze the questions about the
column space and null space.

Is Col A Equal to R™4?

The question of whether the column space of A equals R™4 is pivotal in
understanding the span of A’s columns and the linear transformations it can
produce.

Defining the Column Space

The column space, denoted as Col A, is the set of all linear combinations of
the columns of A. It represents all vectors that can be obtained by



multiplying A by some vector in R"7.

Mathematically:
- Col A= {AXx | x € R"7}

Implications of Having Four Pivot Columns

Since A has a rank of 4 (due to four pivot columns), the column space is a 4-
dimensional subspace of R™4. But the critical question 1is:

- Does this mean Col A equals R™47?
The answer hinges on whether the columns span the entire R™4.
Key points:

- The rank of A is 4.
- R*4 is a 4-dimensional vector space.

Thus, any subspace of R™"4 with dimension 4 must be R"4 itself because a 4-
dimensional subspace in R™4 is the entire space.

Conclusion:
- Yes, Col A = R™4.

This is because the four pivot columns, being linearly independent, span the
entire R™4 space.

Summary

- The four pivot columns form a basis for R™4.
- The column space of A is exactly R™4.

Therefore, the matrix A's columns span the entire 4-dimensional space,
confirming that Col A = R™4.

Is Nul A Equal to R"3?

Next, we analyze the null space of A, denoted as Nul A, which consists of all
solutions to the homogeneous system:

Ax =20



where x is in R"7.

Understanding the Null Space

- The null space captures all vectors in R"7 that A maps to the zero vector.
- Its dimension is called the nullity of A.

From the Rank-Nullity Theorem:
- Rank(A) + Nullity(A) = Number of columns of A

Given:

- Rank(A) = 4 (from the four pivot columns)
- Number of columns = 7

We deduce:

Nullity(A) =7 - 4 = 3

Is Nul A Equal to R"3?

The question is whether the null space is R™3. But note:

- Nul A is a subspace of R*7, not R"3.

- The nullity (dimension of Nul A) is 3, indicating Nul A is a 3-dimensional
subspace of R"7.

Key clarification:

- Nul A is not equal to R™3 because they are spaces of different dimensions
and reside in different ambient spaces.

To clarify:

- Nul A is a subspace of R"7 with dimension 3.

- R*3 is a 3-dimensional space, but embedded in R™7 as a subspace, not
identical to Nul A.

Conclusion:

- No, Nul A # R"3.

Rather, Nul A is a 3-dimensional subspace of R"7, which is not the same as
R*3 itself.



Summary

- The null space of A has dimension 3.

- It is a subspace of R™7, not R"3.

- It cannot be equal to R™3 because they are spaces of different dimensions
and in different ambient spaces.

Therefore, Nul A # R"3.

Putting It All Together: Final Insights and
Broader Implications

Having established that the column space of A spans R™4 and the null space is
a 3-dimensional subspace of R"7, let's interpret these findings and their
implications for understanding the structure of the matrix and the associated
linear transformations.

Impact on Solutions to Equations

- Full row rank (rank 4): The system A x = b has solutions for every b in
R™~4, making the system consistent for all right-hand sides in R"4.

- Nullity (dimension 3): The homogeneous system has infinitely many
solutions, forming a 3-dimensional subspace of R"7.

Implications for Invertibility and Transformations

Since A is a 4 x 7 matrix with rank 4:

- It cannot be invertible because it is not a square matrix.

- It maps R*7 into R™4, but not onto R"7.

- The transformation represented by A is injective on a 3-dimensional
subspace (the null space) but not surjective onto R"7.

Visualizing the Spaces

- The columns of A span the entire R™4 space, meaning A can produce any
vector in R™4 via linear combinations.

- The null space (Nul A) being 3-dimensional indicates the existence of a
large set of vectors in R™7 that are mapped to zero, reflecting the degree of
redundancy or dependence among the columns.



Final Remarks and Applications

Understanding the properties of matrices with specified pivot columns is
vital in numerous applications, including data science, engineering, and
computer science. For instance:

- In least squares problems, knowing the column space helps in understanding
the range of possible solutions.

- In system design, the null space informs about redundancies and
dependencies among variables.

- In dimensionality reduction, recognizing the rank and nullity guides the
process of simplifying high-dimensional data.

In summary, for the 4 x 7 matrix A with four pivot columns:

- The column space is exactly R™4 because the columns are linearly
independent and span the entire 4-dimensional space.

- The null space is a 3-dimensional subspace of R™7, not R"3, indicating the
presence of dependencies among the variables.

This analysis encapsulates core principles of linear algebra, emphasizing the
importance of the rank-nullity theorem and the geometric interpretation of
subspaces, providing a comprehensive understanding of the matrix's structure
and behavior.
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