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Understanding the relationships between different events in probability theory is fundamental to
grasping how likelihoods interact within a given sample space. When analyzing two events, A and B,
with probabilities strictly between 0 and 1, questions often arise about their joint behavior,
especially when they are disjoint. In particular, a common inquiry is: If A and B are disjoint, can
their probabilities be simultaneously non-zero? This article delves into this question
comprehensively, exploring the definitions, properties, and implications of disjoint events with
probabilities within the open interval (0, 1).

---

Foundations of Probability and Events

Before addressing the main question, it’s crucial to understand some foundational concepts in
probability theory.

Events and Probabilities

- Event: A subset of the sample space in a probability experiment. For example, drawing a red card
from a deck or rolling an even number on a die.
- Probability of an event (P(A)): A measure between 0 and 1 indicating the likelihood of event A
occurring.

Given the problem statement:
- \( 0 < P(A) < 1 \)
- \( 0 < P(B) < 1 \)

This indicates that both events A and B are neither impossible nor certain; they have some positive
chance of occurring, but they are not guaranteed.

Disjoint Events

- Disjoint (Mutually Exclusive) Events: Two events A and B are disjoint if they cannot occur
simultaneously.



Mathematically:
\[ A \cap B = \emptyset \]
or equivalently,
\[ P(A \cap B) = 0 \]

This means that the occurrence of one event precludes the occurrence of the other.

---

Analyzing the Question: Can Disjoint Events Both Have
Probabilities Between 0 and 1?

The core question is:

> If A and B are disjoint events with \( 0 < P(A) < 1 \) and \( 0 < P(B) < 1 \), is this possible?

Let's analyze this systematically.

Implication of Disjointness on Probabilities

- Since A and B are disjoint, the probability of their union is additive:

\[ P(A \cup B) = P(A) + P(B) \]

- Due to the properties of probability measures:

\[ P(A \cup B) \leq 1 \]

- Given that \( P(A) \) and \( P(B) \) are both strictly between 0 and 1, their sum satisfies:

\[ P(A) + P(B) > 0 + 0 = 0 \]
\[ P(A) + P(B) < 1 + 1 = 2 \]

However, since the total probability cannot exceed 1, the critical point is that:

\[ P(A) + P(B) \leq 1 \]

But is it possible for both \( P(A) \) and \( P(B) \) to be strictly between 0 and 1 while their sum is less
than or equal to 1?

---

Examples and Counterexamples



Example 1:

Suppose:
- \( P(A) = 0.4 \)
- \( P(B) = 0.5 \)

Since A and B are disjoint:
\[ P(A \cup B) = 0.4 + 0.5 = 0.9 \]

- Both probabilities are within (0,1), and their sum is less than 1.
- The joint probability:

\[ P(A \cap B) = 0 \]

- Total probability is valid (less than 1), and both events are possible with positive probabilities.

Example 2 (edge case):

Suppose:
- \( P(A) = 0.7 \)
- \( P(B) = 0.4 \)

Sum:
\[ 0.7 + 0.4 = 1.1 \]
which exceeds 1.

In this case, since the sum exceeds 1, the total probability would be invalid because the union would
imply:

\[ P(A \cup B) = P(A) + P(B) = 1.1 \]
which cannot happen because probabilities cannot exceed 1.

Thus, for disjoint events with both probabilities strictly between 0 and 1, their sum must be less than
or equal to 1:

\[ P(A) + P(B) \leq 1 \]

---

Key Theoretical Insights

Based on the above discussion, several important points emerge:

1. Disjoint Events with Non-zero Probabilities Can Coexist

- It is entirely possible for two disjoint events A and B to both have probabilities strictly between 0
and 1.



- Their probabilities simply need to satisfy:

\[ P(A) + P(B) \leq 1 \]

- As long as the sum of their probabilities does not exceed 1, both events can occur with positive
chance, yet cannot occur simultaneously.

2. Probabilistic Constraints for Disjoint Events

- The sum of probabilities:

\[ P(A) + P(B) \leq 1 \]

- The joint probability:

\[ P(A \cap B) = 0 \]

- The probability of their union:

\[ P(A \cup B) = P(A) + P(B) \]

Therefore:

- When \( P(A) \) and \( P(B) \) are both in (0,1),
- And \( P(A) + P(B) \leq 1 \),
- Then A and B are disjoint, both have positive probabilities, and the overall probability space
remains valid.

---

Implications in Real-World Contexts

Understanding the relationship between disjoint events with non-zero probabilities has practical
applications across various fields:

1. Quality Control in Manufacturing

- Suppose two different defects (events A and B) are mutually exclusive—if a product has defect A, it
cannot have defect B.
- Both defects can occur with positive probabilities, provided the sum of their probabilities does not
exceed 1.
- This helps in designing inspection processes considering the likelihoods of different defects.



2. Medical Diagnoses

- Two mutually exclusive diagnoses (events A and B) can both have non-zero probabilities based on
prevalence.
- Ensuring their probabilities sum to less than or equal to 1 maintains a valid probability model.

3. Risk Assessment

- Disjoint risk events, such as different types of failures, may both be possible with positive
likelihoods, provided their combined probabilities stay within the bounds of the total risk space.

---

Mathematical Formalization and Summary

To encapsulate the discussion:

- For events A and B with:

\[ 0 < P(A) < 1 \]
\[ 0 < P(B) < 1 \]

- If A and B are disjoint:

\[ P(A \cap B) = 0 \]

- The probability of their union:

\[ P(A \cup B) = P(A) + P(B) \leq 1 \]

- Both events can simultaneously have positive probabilities, as long as:

\[ P(A) + P(B) \leq 1 \]

---

Conclusion: Can A and B Be Disjoint with Both
Probabilities in (0,1)?

Answer: Yes.

It is entirely possible for two events A and B to be disjoint, both have probabilities strictly between 0
and 1, provided that the sum of their probabilities does not exceed 1. This condition ensures that the



combined likelihoods fit within the total probability space and that the events remain mutually
exclusive yet individually probable.

In summary:

- Disjointness does not preclude both events from having positive probabilities.
- The key restriction is the sum of their probabilities, which must be less than or equal to 1.
- This understanding is fundamental in probability modeling, risk assessment, and decision-making
processes where mutually exclusive events with significant likelihoods coexist.

---
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Frequently Asked Questions

Suppose A and B are disjoint events with probabilities 0 <
P(A) < 1 and 0 < P(B) < 1. Can A and B occur simultaneously?
No, since A and B are disjoint, they cannot occur at the same time.

If A and B are disjoint events, what is P(A ∩ B)?
P(A ∩ B) = 0 because disjoint events cannot occur together.

Given that A and B are disjoint, is P(A ∪ B) equal to P(A) +
P(B)?
Yes, for disjoint events, P(A ∪ B) = P(A) + P(B).

Can the probabilities of A and B be both greater than zero if
they are disjoint?
Yes, since 0 < P(A) < 1 and 0 < P(B) < 1, both can be positive even if they are disjoint.

If A and B are disjoint, does knowing P(A) and P(B) help
determine P(A ∪ B)?
Yes, P(A ∪ B) = P(A) + P(B) for disjoint events, so knowing both probabilities allows calculation of
the union's probability.



Are A and B mutually exclusive events?
Yes, disjoint events are mutually exclusive because they cannot occur together.

Can the events A and B be independent if they are disjoint
with positive probabilities?
No, if A and B are disjoint and both have positive probabilities, they cannot be independent, since
independence would require P(A ∩ B) = P(A) P(B), which is 0 for disjoint events but P(A) P(B) > 0.

Additional Resources
Understanding the Probabilistic Relationship Between Disjoint Events A and B

In the realm of probability theory, the relationship between events and their likelihoods forms the
cornerstone of statistical reasoning and decision-making. When examining two events, A and B, with
probabilities strictly between zero and one—meaning neither is impossible nor certain—their
interaction can reveal significant insights into the structure of randomness and dependence. A
particularly interesting case arises when these events are disjoint (mutually exclusive), and
understanding what implications this has for their joint probability, independence, and overall
behavior is both theoretically rich and practically relevant. This article delves into the question:
Suppose A and B are events with 0 < P(A) < 1 and 0 < P(B) < 1. If A and B are disjoint, can ...? We
will explore this in detail, analyzing the fundamental properties, the consequences of disjointness,
and the broader implications in probability theory.

---

Foundations of Probability and Event Relationships

To grasp the intricacies of the query, it is essential to establish a solid understanding of the key
concepts involved in probability theory: events, their probabilities, and how they relate to each
other.

Events and Probabilities

In probability theory, an event is a subset of a sample space, representing a specific outcome or a
set of outcomes. The probability of an event, denoted P(A), quantifies the likelihood that the event
occurs, with values ranging from 0 (impossibility) to 1 (certainty). The conditions 0 < P(A) < 1 and 0
< P(B) < 1 imply that both events are neither impossible nor certain, indicating they have some
genuine chance of occurring but are not guaranteed.



Disjoint (Mutually Exclusive) Events

Two events A and B are called disjoint or mutually exclusive if they cannot happen simultaneously,
i.e., their intersection is empty:

\[ P(A \cap B) = 0. \]

This means that if A occurs, B cannot occur at the same time, and vice versa. Disjointness is a
fundamental concept in probability, often used to model mutually exclusive outcomes—like rolling a
die and getting either a 2 or a 5, but not both.

Independence of Events

Another critical relationship is independence. Two events A and B are independent if the occurrence
of one does not influence the probability of the other:

\[ P(A \cap B) = P(A) \times P(B). \]

Independence implies a specific multiplicative relation between their joint probability and their
individual probabilities, which contrasts with the implication of disjointness.

---

Disjoint Events and Probabilities: Fundamental
Implications

Understanding the probability of the intersection of disjoint events is straightforward yet revealing.
Since disjoint events cannot occur at the same time:

\[ P(A \cap B) = 0. \]

Given that P(A) and P(B) are both strictly between zero and one, what does this mean for the joint
probability?

The Key Relationship: Disjointness and Joint Probability

Because A and B are disjoint:

\[ P(A \cap B) = 0. \]

However, the probabilities of A and B individually are positive:

\[ 0 < P(A) < 1, \quad 0 < P(B) < 1. \]



This leads to an important conclusion:

- If two events are disjoint, their joint probability is zero, regardless of their individual probabilities,
as long as both are greater than zero.

This is an elementary but powerful fact, emphasizing that disjoint events cannot "co-occur."

Can Disjoint Events Be Independent? A Contradiction

Independence requires:

\[ P(A \cap B) = P(A) \times P(B). \]

But for disjoint events:

\[ P(A \cap B) = 0. \]

Therefore:

\[ 0 = P(A) \times P(B). \]

Since both P(A) and P(B) are strictly positive, their product must also be positive:

\[ P(A) \times P(B) > 0. \]

Contradiction arises here, which leads to the fundamental conclusion:

> Disjoint events with probabilities strictly between zero and one cannot be independent.

This logical inconsistency underscores a key principle: Disjointness and independence are mutually
exclusive unless at least one event has zero probability.

---

Exploring the Question: "Suppose A and B are events
with 0 < P(A) < 1 and 0 < P(B) < 1. If A and B are
disjoint, can ...?"

With the groundwork laid, we now interpret and analyze the core question: Given two events with
probabilities strictly between zero and one, can they be disjoint?

---



Can Events A and B Be Disjoint Under These Conditions?

Given the properties discussed:

- P(A) > 0
- P(B) > 0
- P(A) < 1
- P(B) < 1
- A and B are disjoint: P(A ∩ B) = 0

This scenario is possible because the only restriction is on the intersection: the intersection is zero,
which aligns with the definition of disjoint events.

Conclusion:

> Yes, it is entirely possible for two events with probabilities strictly between zero and one to be
disjoint.

For example, consider a standard deck of 52 playing cards:

- Event A: Drawing a heart (13 cards), so P(A) = 13/52 = 1/4.
- Event B: Drawing a spade (13 cards), so P(B) = 1/4.

These two events are disjoint because a single card cannot be both a heart and a spade. Both
probabilities are between 0 and 1, and their intersection is zero.

Thus, disjointness under the specified probability constraints is straightforward and compatible with
the definitions.

---

Can Disjoint Events Be Independent?

As established earlier, the answer is a resounding no—disjoint events with positive probabilities
cannot be independent.

Why?

Because independence requires:

\[ P(A \cap B) = P(A) \times P(B). \]

But for disjoint events:

\[ P(A \cap B) = 0. \]

Since P(A) and P(B) are both greater than zero, their product is positive, leading to:



\[ 0 = P(A) \times P(B) > 0, \]

which is impossible.

Implication:

- Disjoint events with probabilities between zero and one are necessarily dependent.

In practical terms, knowing that A has occurred entirely eliminates the possibility of B occurring
simultaneously, establishing a dependence.

---

Implications in Real-World Contexts

Understanding the theoretical constraints has practical significance across various domains, from
statistics to engineering, finance, and beyond.

Scenario 1: Medical Testing

Suppose:

- Event A: A patient tests positive for disease X.
- Event B: The same patient tests positive for disease Y.

If these tests are designed so that the diseases are mutually exclusive (disjoint), then:

- Both P(A) and P(B) are strictly between zero and one (say, both positive).
- The events are disjoint, as a patient cannot simultaneously have both diseases in this model.

This setup suggests:

- The probability that a patient has only disease X or only disease Y is positive.
- The probability that a patient has both diseases simultaneously is zero.

Because the events are disjoint, they are not independent: knowing that a patient has disease X
reduces the likelihood of also having disease Y to zero, confirming dependence.

Scenario 2: Manufacturing Quality Control

In a factory, consider:

- Event A: A product is defective due to a specific fault type.
- Event B: A product is defective due to another fault type.



If the defects are mutually exclusive:

- The occurrence of one defect excludes the other.
- Both events can have positive probabilities.

But because defects are mutually exclusive, their occurrence is dependent: if a product has defect A,
it cannot have defect B simultaneously.

---

Mathematical Formalization and Theoretical Insights

Beyond illustrative examples, the relationship between disjointness and probabilistic independence
can be formalized as follows:

Theorem:

> For any two events A and B in a probability space, if P(A) > 0, P(B) > 0, and A and B are disjoint,
then A and B are not independent.

Proof:

- Since A and B are disjoint:

\[ P(A \cap B) = 0. \]

- Independence requires:

\[ P(A \cap B) = P(A) \times P(B). \]

- Given P(A) > 0 and P(B) > 0, their product is > 0:

\[ P(A) \times P(B) > 0. \]

- Contradiction:

\[ 0 \neq P(A) \times P(B). \]

Thus, the events cannot be independent.

Corollary:

- The only case where disjoint events can be independent is when at least one has
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