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Understanding the existence and construction of linear maps between finite-dimensional
vector spaces is a fundamental topic in linear algebra. Specifically, establishing conditions
under which an injective (one-to-one) linear map exists from one vector space to another
provides insights into their relative structure and dimension. This article explores the
proof that, given two finite-dimensional vector spaces \(V\) and \(W\), there always exists
an injective linear transformation from \(V\) to \(W\) under certain conditions, with
comprehensive explanations, formal proofs, and implications.

---

Preliminaries and Key Concepts in Finite-
Dimensional Vector Spaces

Before diving into the main proof, it is essential to review some core concepts and
definitions:

Vector Spaces and Linear Maps

- Vector Space: A set \(V\) over a field \(F\) equipped with vector addition and scalar
multiplication satisfying certain axioms.
- Linear Map: A function \(T: V \rightarrow W\) between vector spaces over the same field
such that for all \(u, v \in V\) and scalars \(\alpha \in F\):
\[
T(u + v) = T(u) + T(v) \quad \text{and} \quad T(\alpha v) = \alpha T(v).
\]

Finite-Dimensionality and Dimension

- Finite-Dimensional Vector Space: A vector space with a finite basis, i.e., a basis
consisting of finitely many vectors.
- Dimension: The number of vectors in any basis of the vector space; denoted as \(\dim V\).



Injective (One-to-One) Linear Maps

- A linear map \(T: V \rightarrow W\) is injective if \(T(v) = 0\) implies \(v = 0\).
Equivalently, the kernel of \(T\) is trivial:
\[
\ker T = \{v \in V \mid T(v) = 0\} = \{0\}.
\]

---

The Main Theorem and Its Significance

Theorem:
Suppose \(V\) and \(W\) are finite-dimensional vector spaces over a field \(F\). If \(\dim V
\leq \dim W\), then there exists an injective linear map \(T: V \rightarrow W\).

This theorem highlights an essential aspect of linear algebra: the relative sizes of vector
spaces (in terms of their dimensions) determine the possibility of embedding one into the
other via an injective linear map.

Significance:
- Demonstrates that smaller or equally-sized vector spaces can be embedded into larger
ones.
- Provides a foundational tool for constructing basis and coordinate transformations.
- Forms the basis for more advanced topics such as isomorphisms, subspace embeddings,
and module theory.

---

Proof of the Theorem: Construction of an
Injective Linear Map

The proof proceeds in several steps:

Step 1: Choosing Bases for V and W

Given that \(V\) is finite-dimensional, select a basis:
\[
\mathcal{B}_V = \{v_1, v_2, \dots, v_n\}
\]
where \(n = \dim V\).

Similarly, since \(W\) is finite-dimensional with \(\dim W \geq n\), select a basis:



\[
\mathcal{B}_W = \{w_1, w_2, \dots, w_m\}
\]
where \(m = \dim W \geq n\).

Key Point:
The existence of such bases is guaranteed by the finite-dimensionality assumption.

Step 2: Constructing the Map \(T\)

To define an injective linear map \(T: V \rightarrow W\), it suffices to specify images of
basis vectors of \(V\) such that they are linearly independent in \(W\).

- Since \(m \geq n\), select the first \(n\) basis vectors of \(W\):
\[
w_1, w_2, \dots, w_n
\]
which are linearly independent in \(W\).

- Define \(T\) on basis vectors of \(V\) as:
\[
T(v_i) = w_i, \quad \text{for } i = 1, 2, \dots, n.
\]

Extension to all of \(V\):
For any \(v \in V\), write \(v\) as a linear combination:
\[
v = \sum_{i=1}^n \alpha_i v_i
\]
and define:
\[
T(v) = \sum_{i=1}^n \alpha_i w_i.
\]

This defines a linear map \(T: V \rightarrow W\).

Step 3: Verifying Injectivity of \(T\)

- The vectors \(w_1, w_2, \dots, w_n\) are linearly independent in \(W\).
- If \(T(v) = 0\), then:
\[
\sum_{i=1}^n \alpha_i w_i = 0,
\]
which implies \(\alpha_i = 0\) for all \(i\).

- Thus, the only vector \(v \in V\) that maps to zero is the zero vector:
\[



v = 0,
\]
meaning \(\ker T = \{0\}\).

- Therefore, \(T\) is injective.

---

Summary of the Construction and Its Implications

The above proof explicitly constructs an injective linear map from \(V\) to \(W\) whenever
\(\dim V \leq \dim W\). The key points include:

- Choosing bases for both \(V\) and \(W\).
- Assigning images of basis vectors of \(V\) to linearly independent vectors in \(W\).
- Extending this assignment linearly to all vectors in \(V\).

Implications:

- Embedding of vector spaces: Any finite-dimensional vector space \(V\) with dimension
\(n\) can be embedded into any vector space \(W\) with dimension at least \(n\).
- Linear algebra applications: Facilitates the understanding of subspace relations, basis
extension, and linear transformations.
- Structural insight: Demonstrates that the dimension function determines the possibility
of injective mappings, aligning with the rank-nullity theorem.

---

Additional Considerations and Related Theorems

1. Isomorphisms Between Spaces of Equal Dimension

- When \(\dim V = \dim W\), the injective map constructed above is also surjective, leading
to an isomorphism.

2. Surjective Maps and Dimensions

- Conversely, if \(\dim V \geq \dim W\), a surjective linear map from \(V\) to \(W\) exists, but
the existence of an injective map from \(V\) to \(W\) depends on the dimension inequality
\(\dim V \leq \dim W\).

3. The Rank-Nullity Theorem

- The theorem states that for a linear map \(T: V \rightarrow W\):
\[
\dim V = \operatorname{rank}(T) + \operatorname{nullity}(T),



\]
which underpins the arguments about injectivity (nullity zero) and dimension constraints.

---

Conclusion: The Fundamental Nature of Finite-
Dimensional Vector Spaces

The proof that there exists an injective linear map from \(V\) to \(W\) whenever \(\dim V
\leq \dim W\) underscores the flexibility and richness of finite-dimensional vector spaces. It
highlights the importance of bases and linear independence in constructing linear
transformations and demonstrates how dimension serves as a critical measure of a vector
space's capacity to embed into others.

Understanding this foundational result equips students and mathematicians with essential
tools for advanced studies in linear algebra, functional analysis, and related fields.
Whether dealing with subspace embeddings, coordinate transformations, or structural
classifications, the ability to construct injective maps forms a cornerstone of linear algebra
theory and practice.

In summary:

- Existence: An injective linear map from \(V\) to \(W\) exists if and only if \(\dim V \leq \dim
W\).
- Construction: Explicitly constructed via basis correspondence.
- Implication: Demonstrates the fundamental relationship between dimension and linear
mappings in finite-dimensional spaces.

---
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Frequently Asked Questions

What is the main goal when proving the existence of an
injective linear map from a finite-dimensional vector
space V to another vector space W?
The main goal is to show that there exists a linear transformation T: V → W such that T is
one-to-one (injective), meaning ker(T) = {0}, often by comparing dimensions or
constructing an explicit map.



How does the dimension of V and W influence the
existence of an injective linear map from V to W?
If dim(V) ≤ dim(W), then there exists an injective linear map from V to W. Conversely, if
dim(V) > dim(W), such a map cannot be injective, as it would violate the rank-nullity
theorem.

Can you construct an explicit example of an injective
linear map from V to W when both are finite-
dimensional?
Yes. Choose a basis for V and W with dim(V) ≤ dim(W). Define the map by sending basis
vectors of V to linearly independent vectors in W, extending linearly. This guarantees
injectivity.

What theorem or principle justifies the existence of an
injective linear map when dim(V) ≤ dim(W)?
The Rank-Nullity Theorem and the dimension theorem justify this, stating that for finite-
dimensional spaces, an injective linear map exists if and only if the dimension of the
domain does not exceed that of the codomain.

Why is the finiteness of the dimensions of V and W
important in this context?
Finiteness ensures that dimension arguments are valid and that bases can be chosen with
finite cardinality, which makes it possible to explicitly construct injective maps based on
basis extension and dimension comparison.

What is the significance of the statement 'there exists
an injective linear map from V to W' in linear algebra?
It demonstrates that V can be embedded into W without loss of information, which is
fundamental for understanding subspace relations, dimension theory, and the structure of
linear transformations between finite-dimensional vector spaces.

Additional Resources
Suppose V and W are both finite-dimensional. Prove that there exists an injective linear
map from V to W is a fundamental statement in linear algebra that explores the
relationships between vector spaces based on their dimensions. Understanding this
concept is crucial for grasping how structures within vector spaces relate to each other,
especially when considering mappings that preserve linearity but may or may not be
surjective or injective. This article provides a comprehensive guide to proving the
existence of an injective linear map from V to W when both are finite-dimensional,
highlighting core concepts, detailed steps, and illustrative examples.



---

Introduction

In linear algebra, the study of vector spaces involves examining the relationships between
their dimensions, bases, and linear transformations. When dealing with finite-dimensional
vector spaces V and W, a natural question arises: Under what conditions does there exist
an injective linear map from V to W? This question is fundamental because injective maps
(or monomorphisms) preserve the distinctness of vectors, embedding one space into
another without collapsing different vectors into the same image.

The key idea behind proving the existence of such a map hinges on the comparison of
dimensions. Intuitively, if the dimension of V is less than or equal to that of W, then V can
be "embedded" inside W via an injective linear map. Conversely, if the dimension of V
exceeds that of W, such an injective map cannot exist, because it would imply an injection
from a larger space into a smaller one, which violates the principles of linear algebra.

This article systematically explores the proof that if V and W are finite-dimensional vector
spaces over a field F, and dim(V) ≤ dim(W), then there exists an injective linear map from
V to W. We will analyze the proof step-by-step, discuss related theorems, and examine
implications and examples to solidify understanding.

---

Fundamental Concepts and Preliminaries

Before diving into the proof, it is essential to review some critical concepts:

1. Vector Spaces and Dimension

- Vector Space (V): A collection of vectors over a field F with operations of addition and
scalar multiplication satisfying certain axioms.

- Finite-Dimensional: A vector space V is finite-dimensional if it has a finite basis, i.e., a
finite set of vectors that spans V and is linearly independent.

- Dimension (dim V): The number of vectors in any basis of V, denoted as an integer n for
finite-dimensional spaces.

2. Linear Maps and Their Properties

- Linear Map (T: V → W): A function satisfying linearity:

- T(u + v) = T(u) + T(v)

- T(αv) = αT(v) for all α ∈ F, v ∈ V

- Injective (One-to-One): T is injective if T(v) = T(u) implies v = u, equivalently, ker T =
{0}.

- Surjective (Onto): T is surjective if for every w ∈ W, there exists v ∈ V such that T(v) = w.



3. Key Theorems

- Dimension Theorem for Linear Maps: For a linear map T: V → W,

dim V = dim ker T + dim im T

- Comparison of Dimensions: If V and W are finite-dimensional, any injective linear map
from V to W implies that dim V ≤ dim W.

---

The Main Theorem and Its Significance

Theorem:
Suppose V and W are finite-dimensional vector spaces over a field F with dim(V) = n and
dim(W) = m. If n ≤ m, then there exists an injective linear map from V to W.

This theorem confirms that the dimension comparison is both necessary and sufficient for
the existence of an injective linear map from V to W in finite-dimensional settings.

Implications:

- If the dimension of V is less than or equal to W, we can embed V into W without losing
any information (injectivity).
- Conversely, if dim(V) > dim(W), such an embedding cannot exist, as it would violate the
dimension inequality.

---

Step-by-Step Proof

1. Establishing the Basis for V

Let {v₁, v₂, ..., vₙ} be an arbitrary basis for V. Since V is finite-dimensional, such a basis
exists.

2. Extending the Basis to W

Because dim(W) = m ≥ n, W has at least as many vectors in its basis as V. Choose a basis
{w₁, w₂, ..., wₘ} for W.

3. Constructing the Injective Map

The goal is to define a linear map T: V → W such that T is injective.

Method:

- Map the basis vectors of V to linearly independent vectors in W.

- Since W has dimension m ≥ n, we can select n linearly independent vectors in W to
assign to the basis vectors of V.



Procedure:

- Select vectors {w₁, w₂, ..., wₙ} in W that are linearly independent.

- Define T on basis vectors:

T(vᵢ) = wᵢ for i = 1, 2, ..., n.

- Extend T linearly to all of V: for any v ∈ V, expressed as v = a₁v₁ + a₂v₂ + ... + aₙvₙ,

T(v) = a₁w₁ + a₂w₂ + ... + aₙwₙ.

Result:

- T is well-defined, linear, and because {w₁, ..., wₙ} are linearly independent, T is injective.

4. Verifying Injectivity

- The kernel of T is {0} because:

If T(v) = 0, then

a₁w₁ + a₂w₂ + ... + aₙwₙ = 0.

- Since {w₁, ..., wₙ} are linearly independent, the only solution is a₁ = a₂ = ... = aₙ = 0,
implying v = 0.

- Therefore, ker T = {0}, confirming injectivity.

---

Summary of the Proof

- Select a basis for V.

- Use the dimension inequality (dim V ≤ dim W) to find linearly independent vectors in W
to correspond with V's basis.

- Define the linear map T that sends basis vectors of V to these linearly independent
vectors in W.

- Extend this map linearly to all of V.

- Verify that the kernel of T is trivial, ensuring T is injective.

---

Additional Considerations and Examples

1. When dim V = dim W



- The above construction yields an invertible linear map if the map is also surjective.

- If basis vectors are assigned to basis vectors in W, the map is an isomorphism.

2. When dim V < dim W

- Embedding V into W is straightforward via the above method.

- The image of V under T is a subspace of W with dimension equal to dim V.

3. Example

Suppose V = ℝ³ and W = ℝ⁵.

- Basis for V: {v₁, v₂, v₃}

- Choose linearly independent vectors in W: {w₁, w₂, w₃}

- Define T by T(vᵢ) = wᵢ for i=1,2,3

- T is injective, mapping ℝ³ into a 3-dimensional subspace of ℝ⁵.

---

Broader Context and Related Results

1. Embedding and Isomorphism

- When dim V = dim W, the existence of an injective linear map implies an isomorphism.

2. Non-Existence When Dim V > Dim W

- If dim V > dim W, no injective linear map from V to W exists, since it would violate the
dimension inequality.

3. Infinite-Dimensional Spaces

- The proof relies heavily on finite-dimensionality; in infinite-dimensional spaces, the
situation is more nuanced, and such straightforward dimension comparisons do not
suffice.

---

Conclusion

The key takeaway from this analysis is that the existence of an injective linear map from V
to W in finite-dimensional vector spaces is guaranteed precisely when the dimension of V
is less than or equal to that of W. The constructive proof outlined above not only
demonstrates the existence but also provides a method for explicitly constructing such a
map, which is a powerful tool in linear algebra applications ranging from functional
analysis to engineering.



By understanding the relationship between dimensions and linear transformations,
mathematicians and scientists can better model, analyze, and embed vector spaces within
each other, unlocking deeper insights into the structure of linear systems.

---
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