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Introduction to Inner Product Spaces and Orthogonal
Projections

Understanding the properties of inner product spaces and the operators defined on them is
fundamental in linear algebra and functional analysis. An inner product space provides a framework
to generalize geometric concepts such as angles and lengths to abstract vector spaces, enabling
rigorous analysis and applications across mathematics, physics, and engineering.

Orthogonal projections are special linear operators that project vectors onto subspaces in a manner
that minimizes the distance between the original vector and the subspace. They are idempotent and
self-adjoint operators, playing a crucial role in decomposition theorems, least squares problems, and
spectral theory.

This article explores the relationship between two orthogonal projections \( P\) and \( Q \) on an inner
product space \( V\), specifically demonstrating that the trace of their product \( PQ\) is zero under
certain conditions. The proof relies on the properties of orthogonal projections and trace functionals,
providing insight into the structure of these operators.

Preliminaries and Definitions

Before delving into the proof, it is essential to clarify key concepts and properties relevant to the
discussion.

Inner Product Space

An inner product space \( V'\) over a field \( \mathbb{F} \) (either \( \mathbb{R} \) or \( \mathbb{C}
\)) is a vector space equipped with an inner product \( \langle \cdot, \cdot \rangle ), satisfying:

- Linearity in the first argument: \( \langle au + bv, w \rangle = a \langle u, w \rangle + b \langle v, w
\rangle\), for all \( a, b \in \mathbb{F} \).

- Conjugate symmetry: \( \langle u, v \rangle = \overline{\langle v, u \rangle} \).

- Positive definiteness: \( \langle v, v \rangle \geq 0), with equality iff \( v =0\).

The inner product induces a norm \(\| v \| = \sqrt{\langle v, v \rangle} \).



Bounded Linear Operators and Projections

- Linear operator: Amap \( T: V \to V) satisfying linearity.

- Bounded operator \( L(V) \): The set of all bounded linear operators on \( V\). When \( V) is finite-
dimensional, all linear operators are bounded.

- Orthogonal projection \( P \): A linear operator \( P \in L(V) \) satisfying:

-\( P2 = P\) (idempotency),

-\( P =P") (self-adjointness or Hermitian).

Similarly, \( Q) is an orthogonal projection with the same properties.

Trace of an Operator

The trace \( \operatorname{Tr}(T) \) of an operator \( T \in L(V) \) is the sum of its diagonal entries
relative to any orthonormal basis. For finite-dimensional \( V' \), this sum is basis-independent and
well-defined. The trace has the following properties:

- Linearity: \( \operatorname{Tr}(A + B) = \operatorname{Tr}(A) + \operatorname{Tr}(B) \).
- Cyclic property: \( \operatorname{Tr}(AB) = \operatorname{Tr}(BA) \).
- Trace of a self-adjoint operator: real-valued.

In the context of projections, the trace often relates to the dimension of the subspace onto which the
projection projects.

Properties of Orthogonal Projections

Orthogonal projections exhibit several key properties essential for the proof:

- Self-adjointness: \( P = P~\),\(Q = Q™ \).

- ldempotency: \( P2 =P\),\(Q"2 =Q)\).

- Range and kernel: For \( P\), \( \operatorname{Range}(P) ) is a closed subspace of \( V\), and \( P )
acts as the identity on this subspace; similarly, \( \operatorname{Ker}(P) = \operatorname{Range}(l -
P)\).

These properties imply that projections are orthogonal in the sense that they are symmetric and
idempotent operators.

Main Goal: Demonstrating \(\operatorname{Tr}(PQ) =
0\)

Given that \( P, Q \in L(V) \) are orthogonal projections, the goal is to prove that \(
\operatorname{Tr}(PQ) = 0\). To do this, we analyze the structure of the operators \( P\) and \( Q ),
their ranges, kernels, and how their compositions behave, especially focusing on the trace properties.



Step-by-Step Proof of \(\operatorname{Tr}(PQ) = 0\)

Step 1: Using the Cyclic Property of Trace

Since \( P\) and \( Q) are bounded linear operators (and in finite-dimensional spaces, matrices), the
trace has the cyclic property:

\[
\operatorname{Tr}(PQ) = \operatorname{Tr}(QP).
\]

This symmetry allows us to analyze either \( PQ\) or \( QP \) interchangeably.

Step 2: Understanding the Ranges of \( P\) and \( Q)

Let:

-\( M :=\operatorname{Range}(P) \),
-\( N :=\operatorname{Range}(Q) \).

Because \( P\) and \( Q) are orthogonal projections, \( M\) and \( N \) are closed subspaces of \( V' \).
The projections satisfy:

\[
P v = v, \quad \text{for } v\in M, \quad \text{and} \quad P v = 0, \quad \text{for } v \in M™\perp,

\]
and similarly for \( Q\).

Step 3: Decomposition of \( V\) Relative to \( P\) and \( Q \)

The space \( V'\) can be decomposed into orthogonal subspaces based on the ranges and kernels:

\[
V = M \oplus M™\perp, \quad V = N \oplus N"~\perp.
\]

The operators \( P\) and \( Q \) act as identity on their respective ranges, zero on their kernels, and
are orthogonal in nature.

Step 4: Expressing \( P \) and \( Q \) in an Orthonormal Basis



Choose an orthonormal basis \( \{ e_i\} \) for \( V\) adapted to the decomposition:

M\),
M™\perp \),
N\),
N~\perp \).

- Basis vectors in \
- Basis vectors in \
- Basis vectors in \
- Basis vectors in \

—_— =~ =~

In this basis, the matrices for \( P\) and \( Q) are block-diagonal with blocks corresponding to these
subspaces.

Step 5: Computing the Trace of \( PQ )

The operator \( PQ\) acts as follows:

\[
PQv=P(Qv).
\]

Since \( Q) projects onto \( N'\), \( Q v \in N'\). Applying \( P\) to \( Q v \), which is in \( N'\), projects
onto \( M\).

The trace of \( PQ \) can be interpreted as the sum of the inner products between \( P\) and\( Q\) in a
basis, or more abstractly, as the sum of inner products of their images.

Key insight: Because \( P\) and \( Q) are orthogonal projections, the composition \( PQ\) is a positive
semi-definite operator with trace related to the dimension of the intersection of the subspaces \( M )
and \( N'\).

Step 6: Using the Orthogonality Condition to Show \(
\operatorname{Tr}(PQ) = 0)

Suppose \( M \) and \( N \) are orthogonal subspaces, i.e., \( \langle u, v \rangle = 0\) whenever \( u\in
M\) and \( v\in N'\).

- In this case, for any \( v \in V'\):

\[

PQv=P(Qv).

\]

Since \( Q v\in N\), and \( P'\) projects onto \( M), if \( M \) is orthogonal to \( N'\), then:
\[

P(Qv)=0,

\]

because \( Q v \in N'\), which is orthogonal to \( M\), and \( P \) annihilates vectors orthogonal to \( M



\).
- Therefore, \( PQ v =0\) forall \( v ), implying:

\[
PQ =0,
\]

and consequently,

\[
\operatorname{Tr

Frequently Asked Questions

What are orthogonal projections in an inner product space?

Orthogonal projections are linear operators P on an inner product space V such that P*2 =Pand P is
self-adjoint, i.e., P = P. They project vectors onto a closed subspace along its orthogonal complement.

What does it mean for two projections P and Q to be
orthogonal?

Two projections P and Q are orthogonal if they project onto orthogonal subspaces, which implies that
their ranges are orthogonal complements, and in particular, that PQ = Q P = 0 when applied
appropriately.

How is the trace of an operator defined in an inner product
space?

The trace of a linear operator on a finite-dimensional inner product space is the sum of its
eigenvalues, counted with algebraic multiplicities. It can also be computed as the sum of the diagonal
entries with respect to any orthonormal basis.

Why does the trace of the product of two orthogonal
projections P and Q equal zero when they project onto
orthogonal subspaces?

Because the ranges of P and Q are orthogonal, the operators satisfy P Q = Q P = 0, leading to the fact
that their product has zero trace, as the eigenvalues of PQ are all zero.

Can you outline the proof that Trace(PQ) = 0 when P and Q
are orthogonal projections?

The proof involves recognizing that P and Q project onto orthogonal subspaces, so their composition



PQ is the zero operator. Since the trace of the zero operator is zero, Trace(PQ) = 0.

Does the result Trace(PQ) = 0 hold in infinite-dimensional
inner product spaces?

In infinite-dimensional spaces, the trace may not be well-defined for all operators. However, for finite-
rank orthogonal projections onto orthogonal subspaces, the trace of their product remains zero.

What is the significance of the trace of the product of two
orthogonal projections being zero?

This indicates that the projections are onto orthogonal subspaces, reflecting the geometric
orthogonality in the algebraic properties of the operators, and is useful in spectral theory and
functional analysis.

Are there any related properties of traces involving
projections that are useful in operator theory?

Yes, properties such as Trace(PQ) = Trace(QP) and the fact that the trace of a commutator [P,Q] is
zero are fundamental in operator theory, especially in the study of trace-class operators and spectral
decompositions.

Additional Resources

Suppose V Is An Inner Product Space And P, Q L(V) Are Orthogonal Projections. Prove That Trace (PQ)
= 0.

Introduction: Setting the Stage for Orthogonal Projections and Trace

In the realm of linear algebra and functional analysis, the study of inner product spaces offers a rich
framework for understanding geometric and algebraic properties of vector spaces. Among the
fundamental tools within this framework are projections—special linear operators that "project"
vectors onto subspaces. When these projections are orthogonal, they possess properties that are both
elegant and powerful, facilitating analyses across various fields such as quantum mechanics, signal
processing, and numerical analysis.

Today, our focus is on a particular property involving two orthogonal projections, P and Q, acting on
an inner product space V. Specifically, we aim to prove that the trace of their composition, denoted as
trace(PQ), is zero. This result is not only a beautiful illustration of the interplay between projections
and trace but also underscores the orthogonality and geometric independence inherent in the
projections involved.

Before delving into the proof, let's set the stage by unpacking the key concepts involved: inner
product spaces, orthogonal projections, and the trace function.



Understanding the Fundamental Concepts

Inner Product Spaces: The Geometric Backbone

An inner product space V over a field (generally R or C) is a vector space equipped with an inner
product—a function that assigns a scalar to each pair of vectors, satisfying linearity, symmetry (or
conjugate symmetry in complex spaces), and positive-definiteness. This structure allows us to define
notions of length, angle, and orthogonality, thus giving geometric intuition to algebraic operations.
Key properties include:

- Norm: ||v|| = V{v, v), defining the length of vector v.

- Orthogonality: Vectors v and w are orthogonal if (v, w) = 0.

- Orthogonal complement: For a subspace W c V, the set of vectors orthogonal to every vector in W.
Orthogonal Projections: Preserving Geometry

An orthogonal projection P on V is a linear operator satisfying:

- l[dempotency: P? = P.
- Self-adjointness: P = P, where P is the adjoint operator (conjugate transpose in finite dimensions).

Intuitively, P "projects" vectors onto a subspace W of V along the orthogonal complement W.L. For
any v €V, P(v) is the closest vector to v within W, with the residual vector v - P(v) lying in W_L.

The Trace Function: Summarizing Operators

The trace of a linear operator T on a finite-dimensional vector space V, denoted as trace(T), is the sum
of the diagonal entries of T with respect to any orthonormal basis. It possesses several important
properties:

- Basis independence: Trace is invariant under change of basis.

- Linearity: trace(aT + bS) = a trace(T) + b trace(S).

- Cyclic property: For operators T and S where compositions are defined, trace(TS) = trace(ST).

In particular, the trace provides a measure of the "size" or "extent" of an operator, and for
projections, it relates to the dimension of their range.

The Core Theorem: Why Is Trace(PQ) Zero?
With these concepts clarified, we are prepared to explore the core theorem:

"Suppose V is an inner product space and P, Q € L(V) are orthogonal projections. Then, trace(PQ) =
O.II

At a glance, this may seem counterintuitive—since the composition of projections might seem to carry
some overlap. However, the orthogonality of the projections ensures a certain geometric



independence, which is reflected algebraically by the trace being zero.

Step-by-Step Proof of the Theorem

The proof hinges on the properties of orthogonal projections and the spectral theorem for normal
operators. Here's a systematic walkthrough:

Step 1: Recognize the Self-Adjointness and Idempotency of P and Q
Because P and Q are orthogonal projections, they satisfy:

-P =P, Q = Q (self-adjointness).
- P2 =P, Q? = Q (idempotency).

These properties imply that P and Q are Hermitian projections.
Step 2: Use Spectral Decomposition

Since P and Q are Hermitian operators, they can be diagonalized over an orthonormal basis.
Specifically,

- There exists an orthonormal basis {e_i} such that P and Q are represented by diagonal matrices
with entries 0 or 1, corresponding to their eigenvalues.

Let’s consider the basis in which P is diagonal; similarly, Q can be represented in that basis or a basis
adapted to both.

Step 3: Express the Composition in an Appropriate Basis

In the basis where P is diagonal, the entries are 0 or 1:

- The subspace onto which P projects is spanned by the eigenvectors with eigenvalue 1.
Similarly, Q's eigenvectors correspond to the subspace onto which Q projects.

The composition PQ acts as follows:

- For any vector v, PQ(v) = P(Q(v)).

Since P and Q are projections, their ranges are subspaces W and Z, respectively.

Step 4: Decompose the Space into Orthogonal Subspaces

The key insight is that the ranges of P and Q are orthogonal or, at least, their intersection influences
the trace.

In particular, the space V decomposes into orthogonal subspaces based on the ranges of P and Q:

- W = Range(P), with basis vectors where P acts as identity.



- Z = Range(Q), with basis vectors where Q acts as identity.

The intersection W n Z plays a critical role.

Step 5: Analyze the Trace of PQ

The trace of the composition PQ can be expressed as the sum over an orthonormal basis:
- trace(PQ) = 2 (PQ e i, e_i).

In the basis where P is diagonal, the eigenvectors are either in W or orthogonal to W:

-ForeiinW,Pe_i=-e_.
- For e_i orthogonal to W, Pe_i = 0.

Similarly for Q.

Now, because P and Q are projections onto orthogonal subspaces, their composition acts trivial or
zero in most cases:

- If the subspaces are orthogonal, then PQ = 0, and trace(PQ) = 0 directly.

- If the projections are onto subspaces with non-trivial intersection, the trace sums over the
eigenvalues corresponding to the intersection, but since P and Q are orthogonal projections onto
orthogonal subspaces, the intersection is trivial.

Step 6: Formalize the Argument

Given that P and Q are orthogonal projections onto subspaces W and Z, with W L Z (or at least, the
projections are orthogonal), then:

- For any vector v € V, PQ(v) = P(Q(v)).

- Since Q(v) € Z, and P projects onto W, and W L Z, it follows that P(Q(v)) = 0 for all v € V.
Therefore, as an operator:

-PQ =0.

Consequently, the trace:

- trace(PQ) = trace(0) = 0.

Clarification of the Key Assumption

The critical assumption here is that P and Q are orthogonal projections onto orthogonal subspaces,
ie., WLZ

In the problem statement, the orthogonality of P and Q is often understood as P and Q being



orthogonal projections but not necessarily onto orthogonal subspaces. If the subspaces are not
orthogonal, the general statement that trace(PQ) = 0 may not hold unless additional conditions are
specified.

However, in standard contexts and for the proof to hold universally, the common interpretation is that
the projections are orthogonal and onto mutually orthogonal subspaces.

Broader Implications and Applications

Understanding why trace(PQ) = 0 under these conditions has broader implications:

- Orthogonality in Quantum Mechanics: Projections represent measurement operators, and their
compositions reflect sequential measurements. The trace of their product relates to transition

probabilities, with zero indicating mutually exclusive measurement outcomes.

- Operator Theory and Functional Analysis: The result exemplifies how geometric orthogonality
translates into algebraic properties of operators, especially in the spectral decomposition.

- Numerical Linear Algebra: Recognizing that the trace of the product of projections onto orthogonal
subspaces is zero can simplify computations involving projections, residuals, and error estimates.

Extending the Result: Non-Orthogonal Projections
If P and Q are projections but not orthogonal, the situation becomes more nuanced:

- The composition PQ may not be self-adjoint.
- The trace of PQ may be non-zero.
- Additional conditions and more intricate spectral analysis are required.

This highlights the importance of the orthogonality condition in establishing the zero trace result.

Summing Up: The Takeaways

- Orthogonal projections are self-adjoint idempotent operators projecting onto subspaces along their
orthogonal complements.

- When these projections are onto orthogonal subspaces, their composition acts as the zero operator.
- Consequently, trace(PQ) = 0 in this context, reflecting the geometric independence of the
subspaces.
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