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Suppose You Roll A Regular Fair Die Twice. Let Si Represent The Event That The Sum Of
The Two Rolls Is an interesting probability problem that combines basic principles of probability,
combinatorics, and event analysis. When dealing with dice, the symmetry and uniformity of outcomes
make it an ideal example to understand foundational concepts in probability theory. This article
explores the various aspects of rolling a fair six-sided die twice, focusing on the event that the sum of
the two outcomes equals a specific number, Si. We will examine the possible sums, calculate their
probabilities, and analyze related events such as the likelihood of rolling doubles or specific sums.

Understanding the Sample Space

The Basics of Rolling Two Fair Dice
When rolling a standard, fair six-sided die twice, each die has outcomes numbered from 1 to 6.
Because each roll is independent, the total number of possible outcomes, known as the sample space,
is:

Total outcomes = 6 (for the first die) × 6 (for the second die) = 36

Each outcome can be represented as an ordered pair (a, b), where 'a' is the result of the first die and
'b' is the result of the second die. For example, (3, 5) means the first die shows 3, and the second die
shows 5.

Possible Sums of Two Rolls

Range of Possible Sums
The sum Si of the two rolls can range from a minimum of 2 to a maximum of 12:

Minimum sum = 1 + 1 = 2

Maximum sum = 6 + 6 = 12

The set of all possible sums is: {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}.



Number of Outcomes for Each Sum
The number of outcomes corresponding to each sum can be determined by analyzing the pairs (a, b):

| Sum | Number of Outcomes | Explanation |
|-------|----------------------|-------------|
| 2 | 1 | (1,1) |
| 3 | 2 | (1,2), (2,1) |
| 4 | 3 | (1,3), (2,2), (3,1) |
| 5 | 4 | (1,4), (2,3), (3,2), (4,1) |
| 6 | 5 | (1,5), (2,4), (3,3), (4,2), (5,1) |
| 7 | 6 | (1,6), (2,5), (3,4), (4,3), (5,2), (6,1) |
| 8 | 5 | (2,6), (3,5), (4,4), (5,3), (6,2) |
| 9 | 4 | (3,6), (4,5), (5,4), (6,3) |
| 10 | 3 | (4,6), (5,5), (6,4) |
| 11 | 2 | (5,6), (6,5) |
| 12 | 1 | (6,6) |

This symmetry shows that the number of outcomes increases from sums 2 to 7 and then decreases
symmetrically.

Calculating Probabilities of the Sum Event Si

Probability Formula
The probability that the sum of two rolls equals a specific value, Si, is:

\[ P(S_i) = \frac{\text{Number of outcomes where sum = } S_i}{36} \]

Since each of the 36 outcomes is equally likely, the probability depends on the count of favorable
outcomes.

Examples of Probabilities for Specific Sums
- For Si = 7:

\[ P(S_7) = \frac{6}{36} = \frac{1}{6} \approx 16.67\% \]

- For Si = 2:

\[ P(S_2) = \frac{1}{36} \approx 2.78\% \]

- For Si = 12:

\[ P(S_{12}) = \frac{1}{36} \approx 2.78\% \]

The probabilities form a symmetric distribution, peaking at the sum of 7.



Event Analysis: Si and Related Events

Event Si: Sum Equals a Specific Number
The event Si represents the occurrence of the sum equaling a particular value. For example, S4
corresponds to the sum being 4, with outcomes (1,3), (2,2), and (3,1).

Complement of Si
The complement, denoted as Si', is the event that the sum does not equal Si. The probability of the
complement is:

\[ P(S_i') = 1 - P(S_i) \]

For example, if Si = 7:

\[ P(S_7') = 1 - \frac{6}{36} = \frac{30}{36} = \frac{5}{6} \]

Probability of Rolling Double
An interesting related event is rolling doubles, i.e., both dice show the same number:

\[
\text{Doubles} = \{(1,1), (2,2), (3,3), (4,4), (5,5), (6,6)\}
\]

- Number of outcomes: 6
- Probability:

\[
P(\text{Doubles}) = \frac{6}{36} = \frac{1}{6}
\]

This event is independent of the sum Si but is often studied in conjunction with sum events.

Conditional Probabilities and Independence

Conditional Probability of Si Given Another Event
Suppose we are interested in the probability that the sum equals Si, given that the first die shows a
particular number, say, 'a.' The conditional probability is:

\[
P(S_i | \text{first die} = a) = \frac{\text{Number of outcomes with first die = } a \text{ and sum = }
S_i}{\text{Number of outcomes with first die = } a}
\]



Since the first die being 'a' fixes its outcome, the second die must be 'S_i - a' (if in range 1 to 6):

- If \( 1 \leq S_i - a \leq 6 \), then:

\[
P(S_i | \text{first die} = a) = \frac{1}{6}
\]

- Otherwise:

\[
P(S_i | \text{first die} = a) = 0
\]

This shows the dependence of the sum on specific outcomes.

Independence of Events
In probability theory, two events A and B are independent if:

\[
P(A \cap B) = P(A) \times P(B)
\]

In our context, the event that the first die shows 'a' and the second die shows 'b' are independent, but
the sum Si depends on both outcomes, indicating that the sum event is not independent of individual
dice outcomes.

Practical Applications and Real-World Examples

Games of Chance and Gambling
Understanding the probability distribution of sums when rolling two dice is fundamental in casino
games like craps, where players bet on specific sums or outcomes. Knowing the likelihood of each
sum helps players make informed bets and strategies.

Probability in Decision-Making
In scenarios involving risk assessment, such as dice-based simulations or modeling chance events,
calculating probabilities of specific sums or outcomes enables better decision-making and risk
management.

Educational Tools for Teaching Probability
Rolling dice and analyzing sums is a classic teaching method for introducing students to probability
concepts, combinatorics, and statistical reasoning.



Conclusion
Rolling a fair six-sided die twice offers a rich environment to explore fundamental probability
principles. By analyzing the event Si, representing the sum of the two rolls, we understand how
outcomes are distributed, how to calculate individual and joint probabilities, and how related events
like doubles or specific sums interact. The symmetry of outcomes simplifies calculations and reveals
interesting patterns in probability distributions. Whether for educational purposes, gaming strategies,
or understanding randomness, grasping the probabilities associated with dice sums enhances our
comprehension of chance and uncertainty.

Remember, each of the 36 outcomes is equally likely, and the probabilities of specific sums are
derived from counting favorable outcomes. This foundational understanding supports more complex
probabilistic models and decision-making processes in various fields.

Frequently Asked Questions

What is the probability that the sum of two fair die rolls
equals 7?
There are 6 favorable outcomes (1-6, 2-5, 3-4, 4-3, 5-2, 6-1) out of 36 total possible outcomes. So, the
probability is 6/36 = 1/6.

How many total outcomes are possible when rolling a fair die
twice?
Since each die has 6 sides, the total outcomes are 6 × 6 = 36.

What are the possible sums when rolling two fair dice?
The possible sums range from 2 (1+1) to 12 (6+6).

What is the probability that the sum of two rolls is less than
5?
The outcomes with sums less than 5 are (1,1), (1,2), (2,1), (1,3), (3,1), (2,2). There are 6 such
outcomes, so probability is 6/36 = 1/6.

How can we find the probability that the sum is greater than
9?
Sum greater than 9 includes sums of 10, 11, and 12. Count the outcomes for each: 10 (3 outcomes),
11 (2 outcomes), 12 (1 outcome). Total is 3+2+1=6, so probability is 6/36=1/6.



Are the events of rolling a sum of 8 and rolling a sum of 10
mutually exclusive?
No, because you cannot have both sums occur at the same time in a single roll, so they are mutually
exclusive events.

What is the probability of rolling doubles (both dice show the
same number)?
Doubles occur in 6 outcomes: (1,1), (2,2), (3,3), (4,4), (5,5), (6,6). Probability is 6/36 = 1/6.

If event Si is that the sum of two rolls is 9, what is P(Si)?
The outcomes that sum to 9 are (3,6), (4,5), (5,4), (6,3). There are 4 outcomes, so P(Si) = 4/36 = 1/9.

How would you calculate the probability that the sum of two
rolls is exactly 11?
The outcomes are (5,6) and (6,5), totaling 2 outcomes. So, probability is 2/36 = 1/18.

Additional Resources
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---

Introduction

Rolling dice is a timeless activity that combines chance, probability, and strategic thinking. Whether
it's for a game, a statistical experiment, or simply a curiosity about randomness, understanding the
underlying probabilities can enhance our appreciation of how chance operates in everyday scenarios.
One classic problem involves rolling a fair six-sided die twice and examining the sum of the two rolls.
This seemingly simple setup opens the door to a wealth of analytical insights, including probability
distributions, combinatorial reasoning, and real-world applications.

In this article, we focus on the event Si, which represents the scenario where the sum of the two rolls
equals a specific value i. We will explore this event from multiple angles—defining the sample space,
calculating probabilities, analyzing the distribution of sums, and discussing implications for decision-
making and game theory. Our goal is to provide a comprehensive, detailed, and accessible overview
that clarifies the mathematics behind this common probabilistic problem.

---

The Fundamentals of Rolling Two Fair Dice

Understanding the Sample Space



When two fair six-sided dice are rolled simultaneously, each die is independent of the other, and each
has outcomes 1 through 6. The combined outcome space, or the sample space S, consists of all
ordered pairs (a, b), where:

- a is the result of the first die (1, 2, 3, 4, 5, 6)
- b is the result of the second die (1, 2, 3, 4, 5, 6)

Since each die has 6 outcomes, the total number of possible outcomes is:

\[
|S| = 6 \times 6 = 36
\]

Each outcome is equally likely due to the fairness of the dice, with a probability of:

\[
P(a, b) = \frac{1}{36}
\]

Defining the Event Si

Let Si be the event that the sum of the two rolls equals i, where i can range from 2 to 12. The possible
sums and their occurrences are as follows:

| Sum (i) | Number of Outcomes (n_i) | Explanation |
|---------|--------------------------|--------------|
| 2 | 1 | (1,1) |
| 3 | 2 | (1,2), (2,1) |
| 4 | 3 | (1,3), (2,2), (3,1) |
| 5 | 4 | (1,4), (2,3), (3,2), (4,1) |
| 6 | 5 | (1,5), (2,4), (3,3), (4,2), (5,1) |
| 7 | 6 | (1,6), (2,5), (3,4), (4,3), (5,2), (6,1) |
| 8 | 5 | (2,6), (3,5), (4,4), (5,3), (6,2) |
| 9 | 4 | (3,6), (4,5), (5,4), (6,3) |
| 10 | 3 | (4,6), (5,5), (6,4) |
| 11 | 2 | (5,6), (6,5) |
| 12 | 1 | (6,6) |

The number of outcomes corresponding to each sum directly influences the probability of that event,
as each outcome is equally likely.

---

Calculating Probabilities for Si

Basic Probability Calculation

Given the total of 36 outcomes, the probability that the sum of two dice equals i is:

\[
P(S_i) = \frac{n_i}{36}



\]

Where n_i is the number of outcomes that sum to i.

Applying this, we obtain:

| Sum (i) | n_i | P(S_i) = n_i/36 |
|---------|-------|----------------|
| 2 | 1 | 1/36 ≈ 0.0278 |
| 3 | 2 | 2/36 = 1/18 ≈ 0.0556 |
| 4 | 3 | 1/12 ≈ 0.0833 |
| 5 | 4 | 1/9 ≈ 0.1111 |
| 6 | 5 | 5/36 ≈ 0.1389 |
| 7 | 6 | 1/6 ≈ 0.1667 |
| 8 | 5 | 5/36 ≈ 0.1389 |
| 9 | 4 | 1/9 ≈ 0.1111 |
| 10 | 3 | 1/12 ≈ 0.0833 |
| 11 | 2 | 1/18 ≈ 0.0556 |
| 12 | 1 | 1/36 ≈ 0.0278 |

Visualizing the Distribution

Plotting the probabilities P(S_i) for each sum i yields a symmetric distribution centered at 7. This
symmetry reflects the inherent fairness and independence of the dice, with the most probable sum
being 7, and the least probable sums being 2 and 12.

This distribution is known as the discrete probability distribution of the sum of two fair dice, often
called the dice sum distribution, and it exhibits a characteristic bell-shaped pattern when visualized.

---

Deeper Analysis of the Distribution

Symmetry and Its Significance

The probabilities are symmetric about the central value, 7, because:

\[
P(S_i) = P(S_{18 - i})
\]

for i between 2 and 12. For example, the probability of rolling a sum of 3 (2 outcomes) mirrors that of
rolling a sum of 17 (which is impossible with two 6-sided dice, but in extended contexts). In the case
of the standard six-sided dice, the symmetry simplifies to:

\[
P(S_i) = P(S_{14 - i})
\]

since the maximum sum is 12, and the minimum is 2.



This symmetry is an essential property in probability theory because it indicates that the distribution
is balanced around its mean, which can be calculated as:

\[
E(S) = \sum_{i=2}^{12} i \times P(S_i)
\]

Calculating this gives:

\[
E(S) = 2 \times \frac{1}{36} + 3 \times \frac{2}{36} + 4 \times \frac{3}{36} + 5 \times
\frac{4}{36} + 6 \times \frac{5}{36} + 7 \times \frac{6}{36} + 8 \times \frac{5}{36} + 9 \times
\frac{4}{36} + 10 \times \frac{3}{36} + 11 \times \frac{2}{36} + 12 \times \frac{1}{36}
\]

which simplifies to:

\[
E(S) = \frac{2 + 6 + 12 + 20 + 30 + 42 + 40 + 36 + 30 + 22 + 12}{36} = \frac{252}{36} = 7
\]

This confirms that the expected sum is 7, the most probable outcome.

Variance and Standard Deviation

The variance provides insight into the spread or dispersion of the distribution:

\[
Var(S) = E(S^2) - [E(S)]^2
\]

where:

\[
E(S^2) = \sum_{i=2}^{12} i^2 \times P(S_i)
\]

Calculating:

\[
E(S^2) = \frac{4 + 18 + 48 + 100 + 180 + 252 + 320 + 324 + 300 + 242 + 144}{36} =
\frac{2032}{36} \approx 56.44
\]

Thus,

\[
Var(S) = 56.44 - 7^2 = 56.44 - 49 = 7.44
\]

and the standard deviation:



\[
\sigma = \sqrt{7.44} \approx 2.73
\]

These measures indicate that while the average sum is 7, typical deviations are around 2.73,
reflecting the spread of possible sums.

---

Practical Applications and Implications

Games of Chance and Gambling

Understanding the probability distribution of dice sums is critical in designing and analyzing gambling
games such as craps, where the likelihood of various sums directly impacts betting strategies and
house edge calculations. For instance, knowing that 7 is the most probable sum can influence betting
choices, as "pass line" bets are favored by the house due to the distribution.

Statistical Modeling and Simulations

Rolling two dice and analyzing the sum is often used as a pedagogical tool for teaching probability
concepts, including independence, uniformity, expectation, and variance. Simulations, such as
computer-generated dice rolls, rely on this foundational understanding to produce realistic models of
randomness.
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