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Understanding fluid flow through packed beds is fundamental in chemical engineering,
petroleum engineering, environmental sciences, and many other disciplines. The Ergun
equation is widely recognized as a comprehensive model that describes pressure drop
across packed beds, encompassing various flow regimes. However, in certain limiting
cases—specifically at low and high flow velocities—the Ergun equation simplifies to more
specific forms known as the Burke-Plummer and Blake-Kozeny equations. This article
explores these equations, their derivations, applications, and significance in fluid mechanics
within packed beds.

Overview of the Ergun Equation

The Ergun equation provides a semi-empirical correlation that predicts the pressure drop
(\(\Delta P\)) across a packed bed as a function of fluid properties, bed characteristics, and
flow velocity. It combines the effects of both viscous and inertial forces, making it
applicable over a broad range of flow regimes.

The Ergun Equation:

\[

\frac{\Delta P} {L} = \frac{150 \mu (1 - \varepsilon)”~2}{d p~2 \varepsilon™3} v +
\frac{1.75 \rho (1 - \varepsilon)}{d_p \varepsilon™~3} v~2

\]

Where:
- \(\Delta P\) = pressure drop across the bed
- \(L\) = length of the packed bed
- \(\mu\) = dynamic viscosity of the fluid
-\(\rho\) = fluid density
- \(v\) = superficial velocity of the fluid
-\(d_p\) = characteristic particle diameter
- \(\varepsilon\) = bed porosity
Significance:
- Incorporates both laminar and turbulent flow effects
- Applicable across a wide velocity range
- Used for designing and analyzing packed bed reactors, filters, and other equipment



Limiting Forms of the Ergun Equation

While the Ergun equation is comprehensive, certain flow conditions allow it to simplify into
more specific, classical equations. These limiting forms are derived by examining the
dominant forces in the flow.

Low Velocity Regime: The Burke-Plummer Equation

At low superficial velocities, viscous forces dominate inertial effects. In this regime, the
quadratic term in the Ergun equation becomes negligible, simplifying the pressure drop
relation.

Derivation:
Starting from the Ergun equation:

\[
\frac{\Delta P} {L} \approx \frac{150 \mu (1 - \varepsilon)”~2}{d p~2 \varepsilon™~3} v
\]

This linear relation describes laminar flow where viscous forces govern.

The Burke-Plummer Equation:

\[

\boxed{

\frac{\Delta P}{L} = \frac{150 \mu (1 - \varepsilon)~2}{d_p~2 \varepsilon™~3} v
¥

\]

Application:

- Used in the design of low-flow filtration systems
- Appropriate when Reynolds number \(Re < 1\)

Reynolds Number in Packed Beds:

\[
Re = \frac{\rho v d_p}{\mu}

\]

In the laminar regime, \(Re < 1\), validating the use of Burke-Plummer.



High Velocity Regime: The Blake-Kozeny Equation

At high superficial velocities, inertial effects dominate, and viscous effects are relatively
negligible. The pressure drop becomes proportional to the square of the velocity, leading to
the Blake-Kozeny equation, which models turbulent flow in porous media.

Derivation:
Neglecting the viscous term:

\[
\frac{\Delta P} {L} \approx \frac{1.75 \rho (1 - \varepsilon)}{d_p \varepsilon™~3} v~2
\]

which simplifies the Ergun equation in the turbulent regime.
The Blake-Kozeny Equation:

\[

\boxed{

\frac{\Delta P} {L} = \frac{1.75 \rho (1 - \varepsilon)}{d_p \varepsilon™~3} v"~2
}

\]

Application:

- Suitable for high flow rates where inertial forces are significant

- Used in modeling turbulent flow in packed beds, such as in catalytic reactors under high
throughput

Understanding the Transition Between Regimes

The transition from viscous-dominated to inertial-dominated flow isn't abrupt but occurs
over a spectrum of velocities. The Reynolds number helps characterize this transition:

- Laminar regime: \(Re < 1\)
- Transition regime: \(1 < Re < 10\)
- Turbulent regime: \(Re > 10\)

The Ergun equation seamlessly spans these regimes, but the limiting forms (Burke-
Plummer and Blake-Kozeny) are most useful for approximate calculations and conceptual
understanding.



Practical Implications in Engineering

Understanding these limiting forms enhances the engineer's ability to select appropriate
models for specific applications. Here are some practical insights:

Designing for Low Flow Conditions

- Use the Burke-Plummer equation

- Focus on viscous effects

- Ensure system operates within laminar flow regime for predictable pressure drops

- Important in filtration, slow-flow reactors, and processes requiring gentle fluid handling

Designing for High Flow Conditions

- Apply the Blake-Kozeny equation

- Inertial effects dominate

- Turbulent flow considerations are critical for safety and efficiency

- Relevant in high-throughput catalytic processes, packed bed reactors, and fluidized
systems

Transition Zone Considerations

- Use the full Ergun equation

- Consider empirical data for precise modeling

- Adjust flow rates to avoid undesirable regimes that could cause pressure surges or
inefficiencies

Comparison of the Equations

| Aspect | Burke-Plummer Equation | Blake-Kozeny Equation | Ergun Equation |
R

| Flow regime | Laminar (low velocity) | Turbulent (high velocity) | All regimes
(comprehensive) |

| Dominant forces | Viscous | Inertial | Both viscous and inertial |

| Mathematical form | Linear in velocity | Quadratic in velocity | Combines both linear and
guadratic terms |

| Typical application | Low flow, filtration | High flow, turbulent systems | General packed
bed analysis |



Conclusion

The recognition that the Burke-Plummer and Blake-Kozeny equations are limiting forms of
the Ergun equation is vital for engineers and scientists working with packed beds. By
understanding which equation to apply based on flow conditions, one can optimize system
design, improve efficiency, and predict pressure drops more accurately.

- The Burke-Plummer equation applies in low Reynolds number, viscous-dominated
regimes.

- The Blake-Kozeny equation is suited for high Reynolds number, inertial-dominated
regimes.

- The Ergun equation bridges these extremes, providing a versatile tool for comprehensive
analysis.

Incorporating these equations into the design process ensures better control over pressure
losses, energy consumption, and operational stability in various industrial applications.
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In summary:

- The Ergun equation is a fundamental tool that models pressure drops across packed beds.
- Its limiting forms, the Burke-Plummer and Blake-Kozeny equations, simplify analysis in
specific flow regimes.

- Recognizing these forms enhances modeling accuracy and process optimization in various
engineering applications.

Frequently Asked Questions

What is the significance of the Burke-Plummer and
Blake-Kozeny equations in fluid flow through packed
beds?

They are simplified limiting forms of the Ergun equation that describe flow behavior in
packed beds at low and very low flow velocities, respectively.



How do the Burke-Plummer and Blake-Kozeny
equations relate to the Ergun equation?

They are derived as limiting cases of the Ergun equation, which models pressure drop
across packed beds; Burke-Plummer applies at low velocities, while Blake-Kozeny applies at
very low or creeping flow conditions.

In what flow regimes are the Burke-Plummer and Blake-
Kozeny equations most accurate?

The Burke-Plummer equation is accurate at low flow velocities where inertial effects are
minimal, and the Blake-Kozeny equation is suitable for very low or laminar flow regimes
with negligible inertial effects.

What assumptions underpin the derivation of these
limiting equations from the Ergun equation?

They assume laminar or near-laminar flow conditions, negligible inertial effects, and
constant packing porosity and particle size, simplifying the pressure drop relationships.

Why is it important to understand these limiting forms
when designing packed bed systems?

Because they provide simplified models for predicting pressure drops at specific flow
regimes, aiding in accurate system design and optimization without complex calculations.

How do the equations differ in their mathematical form
and application?

The Blake-Kozeny equation is linear with respect to flow velocity, suitable for very low flow
rates, while the Burke-Plummer equation includes additional terms to account for inertial
effects at low but higher flow rates, with the Ergun equation encompassing both regimes.

Can the Burke-Plummer or Blake-Kozeny equations be
used outside their limiting flow regimes?

They are not accurate outside their respective regimes; for intermediate or high flow
velocities, the full Ergun equation should be used to account for inertial effects and non-
linear pressure drops.

Additional Resources
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For Low And

Understanding fluid flow through porous media is fundamental in various engineering and



scientific disciplines, including chemical engineering, petroleum engineering, hydrology,
and environmental science. Among the many models developed to describe such flow, the
Ergun equation stands out as a comprehensive and widely accepted correlation that relates
pressure drop to flow parameters in packed beds. However, under specific
conditions—particularly at low and high flow velocities—the Ergun equation simplifies to
other classical equations, namely the Burke-Plummer and Blake-Kozeny equations. This
review delves into the mathematical foundations, physical interpretations, and practical
implications of these limiting forms, providing a comprehensive understanding of their
relevance and applications.

Introduction to Flow in Porous Media and the
Ergun Equation

Before exploring the limiting forms, it is essential to understand the context and
significance of the Ergun equation itself.

The Ergun Equation: An Overview

- Origin and Purpose: Formulated by Ergun in 1952, the Ergun equation provides an
empirical relation to predict the pressure drop (AP) across a packed bed of particles as a
function of fluid velocity, fluid properties, particle size, and bed characteristics.

- Mathematical Form:

\[

\frac{\Delta P}{L} = \frac{150 \mu (1 - \varepsilon)~2}{d _p~2 \varepsilon™3} v +
\frac{1.75 \rho (1 - \varepsilon)}{d p \varepsilon™~3} v~2

\]

where:

- \(\Delta P\) = pressure drop,
-\(L\) = length of the bed,
-\(\mu\) = fluid viscosity,
-\(\rho\) = fluid density,

- \(v\) = superficial velocity,
-\(d_p\) = particle diameter,

- \(\varepsilon\) = bed porosity.

- Physical Significance: The equation combines viscous (Darcy-type) and inertial
(Forchheimer-type) effects, capturing both laminar and turbulent flow regimes in packed
beds.



Flow Regimes and the Need for Limiting
Equations

Flow through porous media exhibits distinct behaviors depending on velocity:

- Low Velocity (Laminar or Darcy flow): Viscous forces dominate, and inertial effects are
negligible.

- High Velocity (Turbulent or inertial flow): Inertial effects become significant, and flow may
transition to turbulent regimes.

The Ergun equation seamlessly integrates these regimes but can be simplified under
certain conditions to facilitate easier analysis and design.

The Burke-Plummer Equation: A Limiting Form at
Low Velocities

Mathematical Derivation and Physical Context

- Origin: Developed in the context of laminar flow through porous media, the Burke-
Plummer equation simplifies the Ergun equation by neglecting inertial effects, focusing
solely on viscous drag.

- Formulation:

\[
\Delta P = \frac{150 \mu (1 - \varepsilon)~2}{d_p~2 \varepsilon™~3} L v

\]

or, in terms of the pressure gradient:

\[
\frac{\Delta P}{L} = \frac{150 \mu (1 - \varepsilon)~2}{d _p~2 \varepsilon™~3} v

\]
- Assumptions:
- Reynolds number \(Re < 1\), indicating laminar flow.

- Inertial effects are negligible compared to viscous forces.
- The flow is steady, incompressible, and fully developed.



Physical Interpretation

- The equation models the viscous pressure losses in a packed bed, akin to flow in a porous
medium with negligible inertial contributions.

- It reflects Darcy's law, with a proportionality between pressure drop and velocity,
emphasizing the dominance of viscous forces.

Applications and Limitations

- Applications:

- Design of slow flow systems in packed beds, such as catalytic reactors or filtration units
operating at low velocities.
- Estimation of permeability or hydraulic conductivity of porous materials.

- Limitations:
- Not suitable for high-velocity flows where inertial effects become significant.

- Assumes uniform particle size and bed homogeneity.
- Cannot accurately predict pressure drops in turbulent regimes.

The Blake-Kozeny Equation: A Limiting Form at
Very Low Velocities

Mathematical Foundations and Derivation

- Background: The Blake-Kozeny equation originates from the empirical and semi-
theoretical work aimed at relating permeability to microstructure parameters such as
porosity and particle size.

- Formulation:

\[

k = \frac{\varepsilon™~3 d p~2}{180 (1 - \varepsilon)™~2}
\]

where \(k\) is the permeability of the porous medium.
- Flow Equation:

\[
\frac{\Delta P} {L} = \frac{\mu}{k} v



\]

Substituting \(k\):

\[
\frac{\Delta P} {L} = \frac{150 \mu (1 - \varepsilon)”~2}{\varepsilon~3d p~2} v
\]

- Relation to the Ergun Equation: The Blake-Kozeny equation effectively simplifies the Ergun

equation by neglecting inertial effects, similar to the Burke-Plummer, but with a focus on
permeability derivation.

Physical Interpretation and Significance

- The equation quantifies the permeability \(k\) based on the microstructure of the porous
medium.

- It indicates that permeability is highly sensitive to porosity and particle size, with higher
porosity leading to increased permeability.

- It encapsulates the dominant viscous flow behavior in porous media at very low velocities.

Applications and Limitations

- Applications:

- Estimating permeability in porous rock or granular materials.

- Initial design calculations for slow-flow filtration systems.

- Assessing microstructural properties from flow measurements.
- Limitations:

- Assumes uniform, spherical particles.

- Valid primarily at very low flow velocities where inertial effects are negligible.
- Less accurate in packed beds with irregular particle shapes or broad size distributions.

Connecting the Equations: From Ergun to Limiting
Forms

Mathematical Transition

- The Ergun equation combines two terms:



\[
\frac{\Delta P}{L} = Av +Bv"™2
\]

where:

- \(A = \frac{150 \mu (1 - \varepsilon)~2}{d_p~2 \varepsilon™~3}\),
-\(B = \frac{1.75 \rho (1 - \varepsilon)}{d_p \varepsilon™3}\).

- At Low Velocities:

- \(v \to 0\), so the inertial term \(B v~ 2\) becomes negligible.
- The pressure drop simplifies to:

\[
\frac{\Delta P} {L} \approx A v
\]

- This is precisely the Burke-Plummer equation, emphasizing viscous dominance.
- At Very Low Velocities / Microstructural Level:

- The inertial effects are entirely negligible, and the flow can be described purely by
permeability considerations.

- The flow reduces further to the Blake-Kozeny form, which relates permeability to
microstructure parameters.

Physical Implications of the Transition

- The transition from the full Ergun equation to its limiting forms highlights the importance
of flow regimes:

- Laminar (Darcy) Regime: Dominated by viscous effects; pressure drop proportional to
velocity.

- Transitional Regime: Both viscous and inertial effects are significant; the full Ergun
equation applies.

- Turbulent/Inertial Regime: Inertial effects dominate; pressure drop scales with the square
of velocity.

- Recognizing these limits aids engineers in choosing appropriate models based on
operating conditions, simplifying calculations, and improving accuracy.

Practical Implications and Engineering



Applications

Design and Optimization

- Low-Velocity Systems:

- Use the Burke-Plummer equation to estimate pressure drops in slow-flow scenarios.
- Critical in designing filtration systems, slow catalytic reactors, and permeability studies.

- Microstructural Characterization:

- Use Blake-Kozeny equation to infer permeability from microstructure or to estimate
microstructure from permeability measurements.

- High-Velocity and Turbulent Flows:

- Rely on the full Ergun equation for accurate pressure drop predictions.
- Important in packed bed reactors, fluidized beds, and other high-flow systems.

Limitations and Considerations

- Particle Shape and Distribution:

- Real systems often involve irregular particles; empirical coefficients may need adjustment.
- Porosity Variations:

- Non-uniform porosity affects permeability and flow behavior
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