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Understanding the relationship between a function and its inverse is
fundamental in mathematics, especially in the study of functions and their
properties. When a function is one-to-one (injective), it guarantees the
existence of an inverse function that reverses the mapping of the original
function. In this article, we will explore the implications of having a
function \( F \) with a domain of \([7, \infty)\), analyze its inverse \(
F^{-1} \), and determine the range of the inverse based on the given domain.
This comprehensive explanation will clarify how the domain of a function
influences the range of its inverse, providing insights valuable for
students, educators, and enthusiasts alike.

Understanding the Function and Its Domain

Before diving into the inverse function, it's crucial to understand the
foundational concepts surrounding the original function \( F \).

Definition of Domain
- The domain of a function is the set of all possible input values
(independent variables) for which the function is defined.
- In our case, the domain of \( F \) is \([7, \infty)\), meaning:
- The function is defined for all real numbers \( x \) such that \( x \geq 7
\).
- This includes 7 and all real numbers greater than 7.

Implications of the Domain \([7, \infty)\)
- The function \( F \) takes values starting from the input \( 7 \) and
extends infinitely to the right.
- The behavior of \( F \) on this domain will directly influence the range of
its inverse \( F^{-1} \).

Properties of a One-to-one Function and Its



Inverse

To understand the inverse, we need to consider the properties of \( F \).

One-to-one (Injective) Function
- A function \( F \) is one-to-one if, for every \( x_1 \neq x_2 \), \(
F(x_1) \neq F(x_2) \).
- This property ensures that each output corresponds to exactly one input.
- Injectivity is essential for the existence of an inverse function because
it guarantees that the inverse is well-defined and functions as a proper
mapping.

Inverse Function \( F^{-1} \)
- The inverse function \( F^{-1} \) reverses the mapping of \( F \).
- If \( y = F(x) \), then \( x = F^{-1}(y) \).
- The domain of \( F^{-1} \) is the range of \( F \), and vice versa.
- The inverse function exists only if \( F \) is bijective (both injective
and surjective over its range).

Determining the Range of \( F \) Based on Its
Domain

Given the domain, the next step is to analyze the possible range of \( F \).

Behavior of \( F \) on \([7, \infty)\)
- Since \( F \) is one-to-one, it can be either strictly increasing or
strictly decreasing over its domain.
- The nature of \( F \) (whether increasing or decreasing) affects how the
range is derived.

Possible scenarios
- Strictly Increasing \( F \):
- As \( x \) increases from 7 to infinity, \( F(x) \) increases
monotonically.
- The minimum value of \( F \) occurs at \( x = 7 \), say \( F(7) = a \).
- As \( x \to \infty \), \( F(x) \to \infty \) (assuming \( F \) is unbounded
above).
- Therefore, the range of \( F \) is \([a, \infty)\).

- Strictly Decreasing \( F \):



- As \( x \) increases from 7 to infinity, \( F(x) \) decreases
monotonically.
- The maximum value of \( F \) occurs at \( x = 7 \), again \( F(7) = a \).
- As \( x \to \infty \), \( F(x) \to -\infty \) (assuming unbounded below).
- Therefore, the range of \( F \) is \((-\infty, a]\).

Note: Without the explicit form of \( F \), we can only describe the range in
terms of \( F(7) \).

State the Range of \( F \) and \( F^{-1} \)

Since the domain of \( F \) is \([7, \infty)\), and \( F \) is one-to-one,
the range of \( F \) will be directly related to the behavior of \( F \) over
this domain.

Case 1: \( F \) is Increasing
- Range of \( F \): \([F(7), \infty)\)
- The starting point of the range is \( F(7) \), the value of \( F \) at the
lower domain endpoint.

Case 2: \( F \) is Decreasing
- Range of \( F \): \((-\infty, F(7)]\)
- The maximum value of \( F \) is at \( x = 7 \), which is \( F(7) \).

Range of the Inverse Function \( F^{-1} \)

Recall that the inverse function \( F^{-1} \) swaps the domain and range of
\( F \). Specifically:

- Domain of \( F^{-1} \): Range of \( F \).
- Range of \( F^{-1} \): Domain of \( F \), which is \([7, \infty)\).

Therefore, based on the previous analysis:

In the increasing case:
- Range of \( F^{-1} \): \([F(7), \infty)\)

In the decreasing case:
- Range of \( F^{-1} \): \((-\infty, F(7)]\)



Since the question asks to state the range of \( F^{-1} \), the answer
depends on whether \( F \) is increasing or decreasing over its domain.

Summary:

| Behavior of \( F \) | Range of \( F \) | Range of \( F^{-1} \) |
|---------------------|------------------|----------------------|
| Strictly increasing | \([F(7), \infty)\) | \([F(7), \infty)\) |
| Strictly decreasing | \((-\infty, F(7)]\) | \((-\infty, F(7)]\) |

Note: Since the original problem specifies only the domain \([7, \infty)\),
and the function is one-to-one, the key to determining the exact range of \(
F^{-1} \) is knowing whether \( F \) is increasing or decreasing.

Examples to Illustrate the Concepts

To better understand these ideas, consider the following examples.

Example 1: \( F(x) = 2x + 3 \)
- Domain: \([7, \infty)\)
- \( F(7) = 2 \times 7 + 3 = 17 \)
- \( F \) is increasing (since derivative \( 2 > 0 \))
- Range of \( F \): \([17, \infty)\)
- Range of \( F^{-1} \): \([17, \infty)\)

Example 2: \( F(x) = -x + 10 \)
- Domain: \([7, \infty)\)
- \( F(7) = -7 + 10 = 3 \)
- \( F \) is decreasing (derivative \( -1 < 0 \))
- Range of \( F \): \((-\infty, 3]\)
- Range of \( F^{-1} \): \((-\infty, 3]\)

Conclusion

In summary, when given a one-to-one function \( F \) with a domain of \([7,
\infty)\), the range of its inverse \( F^{-1} \) mirrors the range of \( F
\), but with the roles of domain and range swapped. The key points are:

- The nature of \( F \) over its domain (whether increasing or decreasing)
determines the form of its range.
- The range of \( F^{-1} \) is exactly the same as the range of \( F \), but
expressed as the set of all outputs \( y \) such that \( y \in \) Range \( F
\).



- Without explicit information about \( F \)'s form, the most precise
statement is that the range of \( F^{-1} \) is either \([F(7), \infty)\) if
\( F \) is increasing or \((-\infty, F(7)]\) if \( F \) is decreasing

Frequently Asked Questions

What is the domain of the inverse function F^{-1} if
the original function F has a domain of [7, ∞)?
The domain of F^{-1} is the range of F, which is the same as the range of the
original function.

If the domain of F is [7, ∞), what is the range of
F^{-1}?
The range of F^{-1} is [7, ∞), the same as the domain of F.

Given that the domain of F is [7, ∞), how do you
find the range of F^{-1}?
The range of F^{-1} is equal to the domain of F, which is [7, ∞).

Why is the range of F^{-1} equal to the domain of F?
Because the inverse function swaps the roles of inputs and outputs, so the
range of F^{-1} is exactly the domain of F.

If a function F is one-to-one with domain [7, ∞),
what properties does its inverse F^{-1} have?
Its inverse F^{-1} is also one-to-one, with domain equal to the range of F,
and range equal to the domain of F.

Can the inverse of a function with domain [7, ∞) be
defined for all real numbers?
Only if the range of F covers all real numbers; otherwise, the domain of
F^{-1} is limited to the range of F.

What is the significance of knowing the domain of F
when determining the range of F^{-1}?
Since the range of F^{-1} is the same as the domain of F, knowing the domain
directly gives the range of its inverse.



Additional Resources
The Domain of a one-to-one function F is [7, ∞). State the range of its
inverse F-1. The range is a fundamental concept in function analysis,
especially when dealing with inverse functions. Understanding how the domain
of a function influences the range of its inverse is crucial for mastering
concepts in algebra and calculus. In this guide, we will explore the
relationship between a function's domain and the range of its inverse,
focusing on the specific case where the domain of the one-to-one function F
is [7, ∞).

---

Understanding the Basics: Functions, Domain, and Range

Before diving into the specific problem, let’s clarify some foundational
concepts:

What Is a Function?

A function F assigns each input from its domain to exactly one output in its
range. For example, if F(x) = 2x + 3, then for each x, there is a unique
F(x).

Domain and Range

- Domain: The set of all possible inputs for the function.
- Range: The set of all possible outputs that the function can produce.

One-to-One (Injective) Functions

A function is one-to-one if each output corresponds to exactly one input.
Formally, if F(a) = F(b), then a = b.

This property is essential for the existence of an inverse function because,
for an inverse to be well-defined, the original function must be injective.

---

The Inverse Function and Its Relationship to the Original Function

What Is an Inverse Function?

The inverse of a function F, denoted F-1, reverses the original mapping:

- If F(x) = y, then F-1(y) = x.

Domain and Range of the Inverse

- The domain of F-1 is the range of F.
- The range of F-1 is the domain of F.



This interchange is key: understanding the original function's domain and
range allows us to determine the inverse's range and domain, respectively.

---

The Specifics: Domain of F is [7, ∞)

Given that the domain of the function F is [7, ∞), and F is one-to-one, we
want to find the range of F-1.

Step 1: Recognize the Relationship

Since:

- Domain of F = [7, ∞)
- The range of F-1 = domain of F, because the inverse swaps domain and range.

Therefore:

Range of F-1 = [7, ∞)

This is the straightforward conclusion: the range of the inverse function F-1
is exactly the domain of F.

---

Visualizing the Relationship: Graphical Intuition

A helpful way to understand this relationship is through the graph of F and
F-1:

- The graph of F-1 is the reflection of F across the line y = x.
- The domain of F becomes the range of F-1.
- The range of F becomes the domain of F-1.

Since F is defined on [7, ∞), its graph starts at x = 7 and extends
infinitely to the right. Reflecting across y = x, the inverse's graph begins
at y = 7 (which is the original domain) and extends infinitely upward,
matching the original range.

---

Examples to Clarify the Concept

Let’s consider some concrete examples to see this relationship in action:

Example 1: Linear function

Suppose F(x) = 2x - 3 with domain [7, ∞).

- When x = 7, F(7) = 27 - 3 = 14 - 3 = 11.



- As x approaches infinity, F(x) approaches infinity.

Range of F: [11, ∞)

Inverse function:

- Swap variables: x = 2y - 3
- Solve for y:

y = (x + 3)/2

- Domain of F-1:

- The range of F is [11, ∞).
- So, domain of F-1 = [11, ∞).

- Range of F-1:

- The original domain of F is [7, ∞).
- So, range of F-1 = [7, ∞).

Example 2: Quadratic function (restricted to be one-to-one)

Suppose F(x) = x3, with domain [7, ∞).

- When x = 7, F(7) = 73 = 343.
- As x approaches infinity, F(x) approaches infinity.

Range of F: [343, ∞)

Inverse function:

- Swap variables: x = y3
- Solve for y:

y = x1/3

- Domain of F-1:

- The range of F is [343, ∞).
- So, domain of F-1 = [343, ∞).

- Range of F-1:

- The original domain of F is [7, ∞).
- So, range of F-1 = [7, ∞).

---

Summary of the Key Takeaways



Main conclusions:

- The domain of F is [7, ∞).
- Since F is one-to-one, F-1 exists.
- The range of F-1 is the domain of F, which is [7, ∞).
- The domain of F-1 is the range of F (not directly asked in this problem).

Final statement:

The range of the inverse function F-1 is [7, ∞).

This straightforward relationship highlights the importance of understanding
the interplay between a function and its inverse, especially how the domains
and ranges swap roles.

---

Additional Tips for Working with Inverse Functions

- Always verify whether a function is one-to-one before attempting to find
its inverse.
- Remember that the inverse swaps the roles of inputs and outputs.
- When given a domain, determine the range, then use that to find the domain
of the inverse.
- Graphical intuition can often help visualize the relationship.

---

Closing Remarks

Grasping the relationship between a function's domain and its inverse's range
is fundamental in advanced mathematics, including calculus, algebra, and
analysis. In the specific case where the domain of F is [7, ∞), the inverse
F-1 will have a range of [7, ∞). This knowledge not only aids in solving
inverse problems but also deepens understanding of how functions behave and
interact.

Whether you're tackling homework problems or preparing for exams, mastering
these concepts will strengthen your mathematical foundation and enhance your
analytical skills.
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