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The Problem Of Finding The Optimal Value Of A Linear Objective Function On A Feasible Region Is
Called Linear Programming. This fundamental concept in operations research and mathematical
optimization involves identifying the best possible outcome—either maximization or minimization—of a
linear objective function subject to a set of linear constraints. The goal of linear programming is to
determine the most efficient way to allocate limited resources to achieve a desired goal, whether it be
profit maximization, cost reduction, or resource allocation optimization. This article explores the core
principles of linear programming, its components, methods of solution, and practical applications, providing
a comprehensive understanding of this essential optimization technique.

---

Understanding Linear Programming

Definition of Linear Programming
Linear programming (LP) is a mathematical technique used to find the best outcome in a mathematical
model whose requirements are represented by linear relationships. Specifically, it involves:

- An objective function that is linear in decision variables.
- A set of constraints that delineate a feasible region, also linear in nature.
- Decision variables representing choices available to the decision-maker.

The typical form of a linear programming problem can be expressed as:

Maximize or Minimize:
\[ Z = c_1x_1 + c_2x_2 + \ldots + c_nx_n \]

Subject to constraints:
\[ a_{11}x_1 + a_{12}x_2 + \ldots + a_{1n}x_n \leq b_1 \]
\[ a_{21}x_1 + a_{22}x_2 + \ldots + a_{2n}x_n \leq b_2 \]
\[\vdots\]
\[ a_{m1}x_1 + a_{m2}x_2 + \ldots + a_{mn}x_n \leq b_m \]



where:
- \( x_j \) are decision variables.
- \( c_j \) are coefficients in the objective function.
- \( a_{ij} \) are coefficients in the constraints.
- \( b_i \) are constants representing resource limits.

---

Components of a Linear Programming Problem

1. Decision Variables
Decision variables represent the choices or decisions to be made. They are the unknowns that the LP aims
to solve for.

2. Objective Function
The objective function defines the goal of the optimization, such as maximizing profit or minimizing costs.
It is a linear combination of decision variables.

3. Constraints
Constraints are linear inequalities or equations that restrict the values decision variables can take. They
model resource limitations, technical requirements, or other restrictions.

4. Feasible Region
The feasible region is the set of all possible points that satisfy all the constraints simultaneously. It is a
convex polyhedron in the decision variable space.

5. Optimal Solution
The optimal solution is a point within the feasible region where the objective function reaches its
maximum or minimum value.

---



Geometric Interpretation of Linear Programming

The Feasible Region as a Convex Polyhedron
Graphically, in two or three variables, the feasible region appears as a convex polygon or polyhedron
formed by the intersection of the constraints. The vertices (corner points) of this region are critical because,
according to the fundamental theorem of linear programming, the optimal solution occurs at one of these
vertices.

Optimality at the Vertices
The maximum or minimum of a linear function over a convex polygon occurs at one or more of its
vertices. This property simplifies the search for optimal solutions, as it suffices to evaluate the objective
function at the vertices rather than across the entire feasible region.

---

Methods for Solving Linear Programming Problems

1. Graphical Method
Suitable for problems involving two decision variables, the graphical method involves plotting the
constraints, identifying the feasible region, and evaluating the objective function at the vertices to find the
optimal point.

2. Simplex Method
The simplex method is an iterative algorithm that moves along the edges of the feasible region from one
vertex to another with a better objective value, ultimately arriving at the optimal solution. It is widely
used due to its efficiency and ability to handle large problems.

3. Interior Point Methods
These are polynomial-time algorithms that traverse the interior of the feasible region, providing efficient
solutions especially for large-scale LP problems.



4. Cutting Plane Method
This method involves solving a relaxed problem and iteratively adding constraints (cuts) to exclude non-
optimal regions until the optimal solution is found.

---

Applications of Linear Programming

1. Manufacturing and Production
Optimizing product mix, minimizing costs, and maximizing profits by determining the best combination of
products to produce within resource constraints.

2. Transportation and Logistics
Solving problems like vehicle routing, fleet management, and supply chain optimization to minimize
transportation costs and delivery times.

3. Agriculture
Allocating land, water, and other resources to maximize crop yields or profits.

4. Finance and Investment
Portfolio optimization to maximize returns while managing risk and adhering to investment constraints.

5. Workforce Scheduling
Optimizing employee shifts and schedules to meet operational demands efficiently.

---

Benefits and Limitations of Linear Programming



Benefits
- Provides optimal solutions in resource allocation.
- Offers clarity and quantitative rigor to decision-making.
- Can handle complex problems with multiple constraints.
- Widely applicable across various industries.

Limitations
- Assumes linearity in relationships, which may not always hold.
- Sensitive to inaccuracies in data.
- Cannot directly handle non-linear or integer constraints without modifications.
- May produce multiple optimal solutions or none if the feasible region is empty.

---

Conclusion
Understanding the problem of finding the optimal value of a linear objective function within a feasible
region—linear programming—is crucial for efficient decision-making in numerous fields. From
manufacturing to finance, the ability to model, analyze, and solve optimization problems ensures optimal
resource utilization and maximized outcomes. With various solution methods like the graphical approach
and the simplex algorithm, linear programming remains a powerful and versatile tool in the realm of
operational research and beyond. Proper application of these techniques can lead organizations to achieve
significant efficiencies, cost savings, and strategic advantages in a competitive environment.

Frequently Asked Questions

What is the common term for the problem of finding the optimal value of
a linear objective function over a feasible region?
It is called linear programming.

Which mathematical method is typically used to solve the problem of
optimizing a linear objective function over a feasible region?
The simplex method is commonly used to solve this problem.



What is the feasible region in the context of linear programming?
The feasible region is the set of all points that satisfy the given constraints of the problem.

Why is the problem of finding the optimal value of a linear objective
function on a feasible region important?
It is important because it helps in decision-making and resource allocation in various fields like economics,
engineering, and logistics.

What does the term 'bounded feasible region' imply in linear
programming?
It implies that the feasible region is finite and enclosed, which ensures the existence of a maximum or
minimum value of the objective function.

Can the optimal value of a linear objective function on a feasible region
always be found at a vertex or corner point?
Yes, in linear programming, the optimal solution typically occurs at a vertex (corner point) of the feasible
region.

What is the significance of the 'dual problem' in the context of this
optimization problem?
The dual problem provides an alternative formulation that can offer insights into the bounds and sensitivity
of the original (primal) problem.

How does the concept of convexity relate to the problem of optimizing a
linear objective function over a feasible region?
Linear programming problems involve convex feasible regions, which guarantee that local optima are also
global optima, simplifying the search for the optimal solution.

What role do constraints play in defining the feasible region for this
problem?
Constraints define the boundaries and shape of the feasible region, determining which solutions are
allowable and feasible for optimization.



Additional Resources
The Problem Of Finding The Optimal Value Of A Linear Objective Function On A Feasible Region Is
Called Linear Programming

---

When tackling complex decision-making scenarios involving multiple variables and constraints, the
question often arises: how can we find the best possible outcome given various limitations? This challenge
is precisely what the field of linear programming addresses. The problem of finding the optimal value of a
linear objective function on a feasible region is a foundational concept within this discipline. It refers to
identifying the maximum or minimum value of a linear function subject to a set of linear inequalities or
equations that define the feasible region. Understanding this problem in depth is essential for professionals
in operations research, economics, engineering, logistics, and beyond, as it provides a systematic way to
optimize resources and decisions efficiently.

---

What Is the Linear Programming Problem?

At its core, linear programming (LP) involves optimizing a linear objective function:

\[
Z = c_1x_1 + c_2x_2 + \dots + c_nx_n
\]

subject to a collection of constraints that are also linear:

\[
\begin{cases}
a_{11}x_1 + a_{12}x_2 + \dots + a_{1n}x_n \leq b_1 \\
a_{21}x_1 + a_{22}x_2 + \dots + a_{2n}x_n \leq b_2 \\
\vdots \\
a_{m1}x_1 + a_{m2}x_2 + \dots + a_{mn}x_n \leq b_m \\
x_1, x_2, \dots, x_n \geq 0
\end{cases}
\]

where:

- \( x_1, x_2, \dots, x_n \) are decision variables,
- \( c_1, c_2, \dots, c_n \) are coefficients defining the objective,
- \( a_{ij} \) are coefficients in the constraints,



- \( b_1, b_2, \dots, b_m \) are constants defining the limits of the constraints.

The feasible region is the set of all points \( (x_1, x_2, \dots, x_n) \) that satisfy all these constraints
simultaneously.

The Core Challenge

The core challenge in linear programming is to identify the point(s) within this feasible region where the
objective function reaches its optimum — either a maximum or a minimum value, depending on the
problem's goal.

---

The Feasible Region: Geometric Perspective

Understanding the feasible region is crucial because the optimal solution must lie within this space.

What Is The Feasible Region?

- It is a convex polyhedron formed by the intersection of all the half-spaces defined by the linear
inequalities.
- Geometrically, in two dimensions, this forms a polygon; in three dimensions, a polyhedron; in higher
dimensions, a convex polytope.

Properties of the Feasible Region

- Convexity: The feasible region is convex, meaning any weighted average of two feasible points is also
feasible.
- Boundedness: It can be bounded (forming a polytope) or unbounded, depending on the constraints.
- Vertices (Extreme Points): The potential optimal solutions always occur at the vertices (corner points) of
the feasible region.

---

The Fundamental Theorem of Linear Programming

One of the most important concepts in linear programming is the fundamental theorem, which states:

> _If the linear programming problem has an optimal solution, then at least one optimal solution occurs at a
vertex (corner point) of the feasible region._

This theorem simplifies the search for the optimal value because instead of examining infinitely many
points within the feasible region, the focus can be narrowed to its vertices.



---

Methods for Solving the Problem

Graphical Method (Limited to 2-3 Variables)

- Suitable for problems with two or three variables.
- Involves plotting constraints, identifying the feasible region, and evaluating the objective function at each
vertex to find the optimum.

The Simplex Method

- Developed by George Dantzig in 1947.
- An iterative procedure moving along the vertices of the feasible region to find the optimal solution.
- Efficient and widely used for large-scale problems.

Interior Point Methods

- Alternative to the simplex method.
- Moves through the interior of the feasible region toward the optimum.
- Useful for very large or sparse problems.

---

Step-by-Step Guide to Solving Linear Programming Problems

1. Define the Objective Function

- Clearly state whether the goal is to maximize or minimize.

2. Identify Constraints

- Write all the inequalities/equations that define the feasible region.
- Include non-negativity restrictions if variables cannot be negative.

3. Graph the Constraints (if applicable)

- Plot the constraints to visualize the feasible region.
- Find the intersection points of the boundary lines to locate vertices.

4. Determine the Feasible Region

- Identify the common area satisfying all constraints.



5. Find the Vertices

- Calculate the coordinates of all corner points of the feasible region.

6. Evaluate the Objective Function

- Substitute the coordinates of each vertex into the objective function.

7. Select the Optimal Solution

- For maximization, choose the vertex with the highest value.
- For minimization, choose the vertex with the lowest value.

8. Verify and Interpret

- Check whether the solution satisfies all constraints.
- Interpret the results in the context of the problem.

---

Practical Applications of the Problem of Finding the Optimal Value

Linear programming is utilized across diverse fields:

- Manufacturing: Optimize production schedules to maximize profit or minimize costs.
- Transportation: Find the most efficient routes and allocate resources effectively.
- Finance: Portfolio optimization to maximize returns within risk constraints.
- Supply Chain Management: Minimize inventory costs while meeting demand.
- Diet Planning: Optimize nutritional intake at minimal cost.

---

Challenges and Limitations

While linear programming provides powerful tools, several challenges may arise:

- Model Accuracy: Real-world problems might have nonlinear relationships not suited for LP.
- Multiple Optima: Sometimes, more than one solution yields the same optimal value.
- Unbounded Solutions: In some cases, the feasible region is unbounded, leading to no finite optimal solution.

Understanding these limitations helps in formulating realistic models and choosing appropriate solution
methods.



---

Conclusion

The problem of finding the optimal value of a linear objective function on a feasible region encapsulates the
essence of linear programming. It involves identifying the best possible outcome within a set of linear
constraints, leveraging geometric insights, mathematical techniques, and algorithms like the simplex
method. By focusing on the vertices of the feasible region, practitioners can efficiently determine optimal
solutions that drive effective decision-making in various industries. As the backbone of optimization theory,
mastering this problem equips professionals with a critical tool to enhance efficiency, profitability, and
resource utilization across numerous applications.

---

In summary, linear programming transforms complex decision problems into manageable mathematical
models, enabling organizations to optimize outcomes systematically. Recognizing the significance of the
problem of finding the optimal value of a linear objective function on a feasible region is essential for
anyone involved in operations research, data analysis, or strategic planning.
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