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IN MANY PROBABILITY PROBLEMS, WE OFTEN ENCOUNTER SCENARIOS INVOLVING A SET OF OBJECTS WITH DIFFERENT
CHARACTERISTICS. ONE COMMON EXAMPLE INVOLVES COUNTERS OF VARIOUS COLORS DRAWN FROM A BOX. WHEN THE BOX
CONTAINS ONLY THREE SPECIFIC COLORS—BLUE, RED, AND GREEN—THE PROBABILITIES ASSOCIATED WITH DRAWING EACH
COLOR BECOME AN INTRIGUING TOPIC TO ANALYZE. UNDERSTANDING HOW TO DETERMINE THESE PROBABILITIES, ESPECIALLY WHEN
CONSIDERING MULTIPLE DRAWS, REPLACEMENT OR NON-REPLACEMENT, AND OTHER CONDITIONS, IS VITAL FOR GRASPING
FUNDAMENTAL CONCEPTS IN PROBARBILITY THEORY. THIS ARTICLE EXPLORES SUCH PROBLEMS IN DEPTH, PROVIDING CLARITY AND
DETAILED EXPLANATIONS TO HELP YOU MASTER THE TOPIC.

BAsic CoNCEPTS AND DEFINITIONS

WHAT ARE COUNTERS AND PROBABILITIES?

o COUNTERS: SMALL OBJECTS THAT CAN BE DISTINGUISHED BY THEIR FEATURES, SUCH AS COLOR. IN THIS CONTEXT, THEY
ARE USED AS A MODEL FOR PROBABILITY EXPERIMENTS.

® PROBABILITY: A MEASURE OF THE LIKELIHOOD THAT A PARTICULAR EVENT OCCURS, EXPRESSED AS A NUMBER BET WEEN 0
AND ], OR AS A PERCENTAGE.

Key TerMs

1. SAMPLE SPACE: THE SET OF ALL POSSIBLE OUTCOMES—IN THIS CASE, THE COLORS OF THE COUNTERS DRAWN.

2. EVENT: A SPECIFIC OUTCOME OR SET OF OUTCOMES, SUCH AS DRAWING A BLUE COUNTER OR DRAWING A GREEN
COUNTER.

3. PROBABILITY OF AN EVENT: THE RATIO OF THE NUMBER OF FAVORABLE OUTCOMES TO THE TOTAL NUMBER OF POSSIBLE
OUTCOMES.

DETERMINING PROBABILITIES WWHEN DRAWING COUNTERS



KNowN QUANTITIES: NUMBER OF COUNTERS OF EACH COLOR

SUPPOSE THE BOX CONTAINS:
e B BLUE COUNTERS
® R RED COUNTERS

o (3 GREEN COUNTERS

TOTAL NUMBER OF COUNTERS IN THE BOX:
\(N=B+R+G\)

ProBABILITY OF DRAWING A SPeCIFIC COLOR

THE PROBABILITY THAT A RANDOMLY SELECTED COUNTER IS OF A PARTICULAR COLOR, SAY BLUE, IS:

\(PO\TexT{BLUE}) = \rrAc{B}{N} )

SIMILARLY, FOR RED:

\(P(\texT{Ren}) = \rrAc{R}{N} )

AND FOR GREEN:

\(PO\TexT{Green}) = \FrrRAC{GHN} )

ASSUMPTION: DRAWING WITH OR W ITHOUT REPLACEMENT

- WITH REPLACEMENT: AFTER DRAWING A COUNTER, IT IS REPLACED BACK INTO THE BOX, KEEPING THE TOTAL NUMBER OF
COUNTERS CONSTANT FOR SUBSEQUENT DRAWS.

- WITHOUT REPLACEMENT: THE COUNTER IS NOT REPLACED, CHANGING THE TOTAL COUNT AND THE COMPOSITION OF COUNTERS
IN THE BOX FOR SUBSEQUENT DRAWS.

BOTH SITUATIONS INFLUENCE THE CALCULATION OF PROBABILITIES, ESPECIALLY WHEN CONSIDERING MULTIPLE DRAWS.

SINGLE DRAW PROBABILITIES

CALCULATING THE ProOBABILITY OF DRAWING A PARTICULAR COLOR

GIVEN THE TOTAL NUMBER OF COUNTERS, CALCULATING THE PROBABILITY OF DRAWING A SPECIFIC COLOR IS
STRAIGHTFORW ARD:

o PROBABILITY OF DRAWING A BLUE COUNTER: \( P(\TexT{BLUE}) = \rrac{B}{N3} \)

e PrROBABILITY OF DRAWING A RED COUNTER: \( P(\TexT{ReD}) = \FrrRAC{R}{N} \)

o PROBABILITY OF DRAWING A GREEN COUNTER: \( P(\TexT{Green}) = \rrac{G}N}\)



EXAMPLE:

SUPPOSE THE BOX CONTAINS:
- 10 BLUE COUNTERS

- 15 RED COUNTERS

- 20 GREEN COUNTERS

ToTaL counters: \(N=10+ 15+ 20=45)

PROBABILITY OF DRAWING A BLUE COUNTER:

\[
PO\ TexT{BLUE}) = \rrac{103{45} = \rrac{2}{9}
\]

SIMILARLY, FOR RED AND GREEN:

\[

P(\TexT{Ren}) = \rrac{ 15X 45} = \rrac{13{3}
\]

\[

P(\TexT{Green}) = \rrac{20}{45} = \rrac{43}{%3
\]

MuLTIPLE DrRAWS AND CONDITIONAL PROBABILITIES

DRAWING MULTIPLE COUNTERS WITH REPLACEMENT

W/HEN COUNTERS ARE REPLACED AFTER EACH DRAW , THE PROBABILITIES FOR EACH DRAW REMAIN CONSTANT BECAUSE THE
COMPOSITION OF THE BOX DOES NOT CHANGE.

Key PoinTs:
- EACH DRAW IS INDEPENDENT.
- PROBABILITIES ARE THE SAME FOR EACH DRAW.

EXAMPLE:
CALCULATE THE PROBABILITY OF DRAWING TWO BLUE COUNTERS IN SUCCESSION:

\[
P(\TexT{BLUE, THen BLUE}) = P(\TexT{BLUE}) \TiMes P(\TexT{BLUE}) = \LerT( \rRAC{B}{N} \rIGHT)"2

\]

IN THE PREVIOUS EXAMPLE:

\[
\LErT( \FrAC{ 103{453 \ricHT)"2 = \LerT( \rRAC{2}{9} \rIGHT)"2 = \FrrAc{4}{8 13
\]

DrAWING MULTIPLE COUNTERS W ITHOUT REPLACEMENT

W/HEN COUNTERS ARE NOT REPLACED, THE PROBABILITIES CHANGE AFTER EACH DRAW BECAUSE THE TOTAL NUMBER OF
COUNTERS AND THE COUNTS OF EACH COLOR ARE REDUCED.

CALCULATING THE PROBABILITY OF DRAWING TWO BLUE COUNTERS CONSECUTIVELY:

\l



P(\TexT{BLUE THeN BLuge}) = P(\TexT{FirsT BLue}) \TiMes P(\TexT{Seconp BLUE | FirsT BLUE})

\]

\¥/HERE:

\[
PO\ TexT{FirsT BLUE}) = \rrac{B}{N}

\]

AND AFTER DRAWING A BLUE COUNTER:

\[
P(\TexT{Seconp BLut | FirsT BLUE}) = \rrac{B - 13}{N - 13

\]

THus:

\[
PO\ TexT{BLUE THEN BLUE}) = \rRAC{B}{N} \TiMes \rrac{B - 1}{N - 13

\]

USING THE EXAMPLE:

\[

\rrAac{103{453 \TiMes \rrac{93{44} = \rrac{ 10 \TiMes 93}{45 \TiMes 44} = \rrac{90} 1980} = \rrac{3}{66} =
\rrac{1}{22}

\]

THIS ILLUSTRATES HOW PROBABILITIES DECREASE WHEN MULTIPLE COUNTERS OF THE SAME COLOR ARE DRAWN WITHOUT
REPLACEMENT.

EVENTS AND THEIR PROBABILITIES

ProBABILITY oF DRAWING AT LEAST ONE BLUE COUNTER IN MULTIPLE DRAWS

SUPPOSE WE DRAW \( K \) COUNTERS WITHOUT REPLACEMENT. T O FIND THE PROBARBILITY OF DRAWING AT LEAST ONE BLUE
COUNTER:

MeTHOD 1: DIRECT CALCULATION

CALCULATE THE COMPLEMENT—THE PROBABILITY OF DRAWING NO BLUE COUNTERS IN \( K \) DRAWS:

\[
P(\texT{No BLUE IN } k \TexT{ oraws}) = \rrac{R + G}{N3} \TiMes \rrac{R + G - 1}{N - 13 \TiMes \cpoTs \TiMes
\FrRAC{R + G- (k- DHN-(k- 1)}

\]

THEN, THE PROBABILITY OF AT LEAST ONE BLUE IS:

\[

P(\TexT{AT LeasT one BLUE}) = 1 - P(\TexT{No BLUE IN } k \TEXT{ DRAWS]})
\]

EXAMPLE:



SUPPOSE THE SAME COUNTS AS EARLIER, \( B=10\), \(R=15\),\( G=20\), ano \( N=45\). Draw \(k=3\)
COUNTERS WITHOUT REPLACEMENT:

\[

P(\TexT{No BLUE IN 3 brAWS)) = \FrRAac{ 15 + 203}{453 \1iMes \rrac{14 + 19X 44} \TimMes \rrac{13 + 183}{43} =
\rrac{353}{45} \1iMes \rrac{33}{ 44} \1iMes \rrac{31}{43}

\]

CALCULATE:

\[
\FrrAC{353}{45} = \rrac{73{9}
\]
\[
\rrAC{333}{443} = \rrac{33}{4}
\]
\[

\FrAC{313{43} \TexT{ REMAINS AS IS}

\]

So:

\[
P(\texT{No BLUE}) = \FrAac{73{93 \TiMes \Frrac{33}{4} \TiMes \Frrac{313{43} = \rrac{7 \TiMes 3 \TimMes 31}{9
\TiMes 4 \TiMes 433 = \rrac{6513{ 15483

SIMPLIFY NUMERATOR AND DENOMINATOR IF POSSIBLE.

THEN,

\[
P(\TexT{AT LeasT oneBLUE}) = 1 - \rrac{651} 15483} \arprox 1-0.42 =0.58

\]
INTERPRETATION:

THERE IS APPROXIMATELY A 580/0 CHANCE OF DRAWING AT LEAST ONE BLUE COUNTER IN THREE DRA\WS UNDER THESE
CONDITIONS.

ADVANCED Torics AND CONSIDERATIONS

PROBABILITY OF DRAWING SPECIFIC COMBINATIONS

CALCULATING PROBABILITIES FOR SPECIFIC SEQUENCES OR COMBINATIONS OF COLORS INVOLVES APPLYING THE MULTIPLICATION
RULE AND CONSIDERING THE ORDER OF DRAWS.

ExXAMPLES:

- PROBABILITY OF DRAWING A BLUE, THEN RED, THEN GREEN:

\[
P = P(\texT{BLue}) \TiMes P(\TexT{



FREQUENTLY AskeD QUESTIONS

\WHAT IS THE PROBABILITY OF RANDOMLY SELECTING A BLUE COUNTER FROM THE BOX?

THE PROBABILITY IS CALCULATED BY DIVIDING THE NUMBER OF BLUE COUNTERS BY THE TOTAL NUMBER OF COUNTERS IN THE
BOX.

IF THE BOX CONTAINS 10 BLUE, & RED, AND 15 GREEN COUNTERS, WHAT IS THE
PROBABILITY OF DRAWING A RED COUNTER?

THE PROBABILITY IS 5 DIVIDED BY THE TOTAL oF 10+ 5+ 15 =30, so0 5/30 or 1/6.

How DO YOU FIND THE PROBABILITY OF DRAWING A GREEN COUNTER GIVEN THE COUNTS
OF EACH COLOR?

DIVIDE THE NUMBER OF GREEN COUNTERS BY THE TOTAL NUMBER OF COUNTERS IN THE BOX.

IF YOU DRAW TWO COUNTERS WITHOUT REPLACEMENT, WHAT IS THE PROBABILITY
THAT BOTH ARE BLUE?

CALCULATE THE PROBABILITY OF DRAWING A BLUE COUNTER ON THE FIRST DRAW , THEN MULTIPLY BY THE PROBABILITY OF
DRAWING ANOTHER BLUE COUNTER ON THE SECOND DRAW , CONSIDERING THE FIRST WAS REMOVED.

WHAT IS THE PROBABILITY OF DRAWING A RED OR GREEN COUNTER FROM THE BOX?

ADD THE PROBABILITIES OF DRAWING A RED AND A GREEN COUNTER SEPARATELY, L.E., (NUMBER OF RED / TOTAL) + (NUMBER OF
GREEN / TOTAL).

How DOES THE PROBABILITY CHANGE IF THE COUNTERS ARE REPLACED AFTER EACH
DRAW?

THE PROBABILITY REMAINS THE SAME FOR EACH DRAW BECAUSE THE TOTAL NUMBER OF COUNTERS AND THEIR COUNTS DO NOT
CHANGE WHEN REPLACED.

\WHAT IS THE PROBABILITY THAT A COUNTER IS NEITHER BLUE NOR RED?

THIS IS THE PROBABILITY THAT THE COUNTER IS GREEN, CALCULATED AS THE NUMBER OF GREEN COUNTERS DIVIDED BY THE
TOTAL NUMBER OF COUNTERS.

IF THE TOTAL NUMBER OF COUNTERS INCREASES BUT THE RATIO OF COLORS STAYS THE
SAME, HOW DOES THIS AFFECT THE PROBABILITY OF DRAWING A GREEN COUNTER?

THE PROBABILITY REMAINS UNCHANGED BECAUSE THE RATIO OF GREEN COUNTERS TO THE TOTAL REMAINS CONSTANT.

CAN THE PROBABILITY OF DRAWING A BLUE COUNTER BE GREATER THAN 1P WHY OR
WHY NOT?

NO, PROBABILITIES CANNOT BE GREATER THAN 1 BECAUSE THEY REPRESENT THE LIKELIHOOD OF AN EVENT OCCURRING, WHICH IS
AT MosT 100%,.



\WHAT ASSUMPTIONS ARE MADE WHEN CALCULATING THE PROBABILITY OF DRAWING A
SPECIFIC COLOR COUNTER?

[T IS ASSUMED THAT EACH COUNTER IS EQUALLY LIKELY TO BE DRAWN AND THAT THE COUNTERS ARE RANDOMLY SELECTED
WITHOUT BIAS.

ADDITIONAL RESOURCES

THere ARE ONLY BLUE CounTEerS, RED COUNTERS AND GREEN COUNTERS IN A Box. THe PRoBABILITY THAT A COUNTER —
THIS STATEMENT NOT ONLY INTRODUCES A CLASSIC PROBLEM IN PROBABILITY THEORY BUT ALSO OPENS THE DOOR TO A RICH
EXPLORATION OF HOW WE QUANTIFY UNCERTAINTY, ANALYZE OUTCOMES, AND INTERPRET DATA IN EVERYDAY SCENARIOS. IN
THIS COMPREHENSIVE REVIEW, WE WILL DELVE INTO THE INTRICACIES OF PROBABILITY AS IT RELATES TO A SIMPLE YET
PROFOUND QUESTION: GIVEN A BOX CONTAINING ONLY BLUE, RED, AND GREEN COUNTERS, WHAT IS THE PROBABILITY OF
DRAWING A COUNTER OF A PARTICULAR COLOR?

THIS ARTICLE AIMS TO PROVIDE A DETAILED, STRUCTURED, AND ANALYTICAL EXAMINATION OF THE PROBLEM, TOUCHING UPON
THEORETICAL FOUNDATIONS, PRACTICAL APPLICATIONS, AND POTENTIAL EXTENSIONS. \WHETHER YOU'RE A STUDENT MASTERING
BASIC PROBABILITY CONCEPTS OR A CURIOUS READER INTERESTED IN REAL-WORLD APPLICATIONS, THIS EXPLORATION WILL
ENHANCE YOUR UNDERSTANDING OF HOW PROBABILITY OPERATES IN SIMPLE SYSTEMS WITH MULTIPLE OUTCOMES.

UNDERSTANDING THE BASIC SCENARIO

THe COMPOSITION OF THE Box

AT THE HEART OF THIS PROBLEM LIES A STRAIGHTFORWARD SETUP: A BOX CONTAINING A CERTAIN NUMBER OF COUNTERS, EACH
COLORED EITHER BLUE, RED, OR GREEN. TO ANALYZE THE PROBABILITY THOROUGHLY, IT'S ESSENTIAL FIRST TO UNDERSTAND THE
COMPOSITION OF THE BOX:

- LET THE TOTAL NUMBER OF COUNTERS BE \( N \).

- DENOTE THE NUMBER OF BLUE COUNTERS AS \( B \).
- DENOTE THE NUMBER OF RED COUNTERS AS \( R \).

- DENOTE THE NUMBER OF GREEN COUNTERS AS \( G \).

By DEFINITION, THESE QUANTITIES SATISFY THE RELATION:

\[
N=B+R+G
\]

THE PRECISE COUNTS OF EACH COLOR DETERMINE THE PROBABILITIES FOR VARIOUS DRAWING OUTCOMES. FOR EXAMPLE, IF THE
COUNTERS ARE EQUALLY DISTRIBUTED, THEN:

\[
B =R =G = \rrac{N}{3}
\]

ASSUMING \( N \) IS DIVISIBLE BY 3. HO\X/EVER, IN MOST PRACTICAL SCENARIOS, THE DISTRIBUTION IS UNEVEN, REQUIRING A
MORE NUANCED ANALYSIS.



ProBABILITY BASICS

PROBABILITY, IN THIS CONTEXT, MEASURES THE LIKELIHOOD OF DRAWING A COUNTER OF A PARTICULAR COLOR FROM THE BOX
AT RANDOM. THE FUNDAMENTAL ASSUMPTION HERE IS THAT EACH COUNTER HAS AN EQUAL CHANCE OF BEING SELECTED (I.E., THE
SELECTION IS RANDOM AND UNBIASED).

THe PROBABILITY \( P \) OF DRAWING A SPECIFIC COLOR, SAY BLUE, IS GIVEN BY:

\l

P(\TexT{BLUE}) = \rrac{\TexT{NUMBER oF BLUE COUNTERS} }{\TEXT{TOTAL NUMBER OF coUNTERS}} = \FRAC{B}{N}

\]

SIMILARLY, FOR RED AND GREEN COUNTERS:

\[
P(\TexT{Ren}) = \rRAC{R}{N}, \QuaD P(\TexT{Green}) = \rrAc{G}{N}
\]

THESE BASIC PROBABILITIES FORM THE FOUNDATION FOR MORE ADVANCED CONCEPTS SUCH AS CONDITIONAL PROBABILITY,
EXPECTED VALUE, AND VARIANCE, WHICH ARE CRUCIAL WHEN CONSIDERING MULTIPLE DRAWS OR COMPLEX SCENARIOS.

DeTAILED ANALYSIS OF PROBABILITIES IN DIFFERENT CONTEXTS

1. SINGLE DRAW PROBABILITIES

THE MOST STRAIGHTFORWARD CASE IS DRAWING A SINGLE COUNTER FROM THE BOX WITHOUT REPLACEMENT. THE PROBARBILITIES
ARE DIRECTLY PROPORTIONAL TO THE COUNTS OF EACH COLOR:

- PROBABILITY OF DRAWING A BLUE COUNTER:

\[

P(\texT{BLUE}) = \rrac{BXN}

\]

- PROBABILITY OF DRAWING A RED COUNTER:
\[

P(\TtexT{Rep}) = \rrAC{R3}{N}

\]

- PROBABILITY OF DRAWING A GREEN COUNTER:
\[

P(\TexT{Green}) = \rrac{G3}{N}

\]

THESE PROBABILITIES ARE INTUITIVE, THE MORE COUNTERS OF A PARTICULAR COLOR, THE HIGHER THE CHANCE OF SELECTING
THAT COLOR IN A SINGLE RANDOM DRAW.

EXAMPLE:
SUPPOSE THE BOX CONTAINS 10 COUNTERS: 4 BLUE, 3 RED, AND 3 GREEN.



\[
P(\TexT{BLUE}) = \rrac{4}{ 10} = 0.4, \Quap P(\TexT{Rep}) = 0.3, \Quabp P(\TexT{Green}) = 0.3

\]

THIS SIMPLE SCENARIO DEMONSTRATES HOW THE COMPOSITION DIRECTLY INFLUENCES THE LIKELIHOOD OF EACH OUTCOME.

2. MULTIPLE DRAWS AND SEQUENTIAL PROBABILITIES

W/HEN DRAWING MORE THAN ONCE, ESPECIALLY WITHOUT REPLACEMENT, PROBABILITIES BECOME INTERCONNECTED, REQUIRING
THE USE OF CONDITIONAL PROBABILITY PRINCIPLES.

W/ ITHOUT REPLACEMENT:

- THE PROBABILITY OF DRAWING A BLUE COUNTER FIRST:

\[
P(\texT{BLue} 1) = \rrac{B}N}
\]

- IF A BLUE COUNTER WAS DRAWN FIRST, THEN THE REMAINING COUNTS ARE \( B-1\), \(R\), ano \( G \), wiTH ToTAL \(
N-1\). THE PROBABILITY THAT THE SECOND DRAW IS A RED COUNTER:

\[
P(\TexT{Ren} 2| \7exT{BLue} 1) = \rrAc{R}N-1}
\]

- ToO FIND THE PROBABILITY OF DRAWING A BLUE FIRST, THEN A RED:

\[

PO\text{BLue} 1 \7exT{ THen } \TexT{Rep} 2) =P(\texT{BLue} 1) \TiMes P(\TexT{Reo} 2 |\TexT{BLue} 1) =
\FRAC{BHN3} \TiMes \rRAc{R}{N-1}

\]

SIMILARLY, PROBABILITIES FOR OTHER SEQUENCES CAN BE CALCULATED, AND THE TOTAL PROBABILITY OF DRAWING CERTAIN
COMBINATIONS CAN BE SUMMED OVER ALL RELEVANT SEQUENCES.

\W1TH REPLACEMENT:
- THE PROBABILITIES REMAIN CONSTANT BECAUSE THE COUNTERS ARE REPLACED AFTER EACH DRAW.

- For EXAMPLE, THE PROBABILITY OF DRAWING BLUE TWICE IN SUCCESSION:

\[

PO\TexT{BLue} 1 \TexT{ THen } \TexT{BLuE} 2)=P(\71exT{BLue} 1) \TimMes P(\TexT{BLUE} 2) =
\LerT(\FRAC{B}{N}\RIGHT)"2

\]

THIS SIMPLIFIES CALCULATIONS BUT ASSUMES THE COUNTERS ARE REPLACED, MAINTAINING THE ORIGINAL COMPOSITION.
IMPLICATIONS:

UNDERSTANDING WHETHER THE DRAWING IS WITH OR WITHOUT REPLACEMENT DRASTICALLY AFFECTS THE PROBABILITY
CALCULATIONS, IMPACTING PREDICTIONS, EXPECTED OUTCOMES, AND STRATEGY DEVELOPMENT.

3. PROBABILITIES OF MULTIPLE OUTCOMES AND V ARIATIONS



BeYOND SIMPLE PROBABILITIES, MORE COMPLEX QUESTIONS ARISE:

- WHAT IS THE PROBABILITY OF DRAWING AT LEAST ONE GREEN COUNTER IN TWO DRAWS?

- WHAT IS THE PROBABILITY OF DRAWING EXACTLY TWO BLUE COUNTERS IN THREE ATTEMPTS?
- WHAT IS THE EXPECTED NUMBER OF GREEN COUNTERS IN A FIXED NUMBER OF DRAWS?

THESE QUESTIONS INVOLVE COMBINATORIAL REASONING AND PROBABILITY DISTRIBUTIONS SUCH AS THE HYPERGEOMETRIC AND
BINOMIAL DISTRIBUTIONS.

MATHEMATICAL FOUNDATIONS AND DISTRIBUTIONS

THe HYPERGEOMETRIC DISTRIBUTION

THE HYPERGEOMETRIC DISTRIBUTION MODELS PROBABILITIES WHEN SAMPLING WITHOUT REPLACEMENT FROM A FINITE
POPULATION. |T IS ESPECIALLY RELEVANT WHEN CONSIDERING THE PROBABILITY OF DRAWING A SPECIFIC NUMBER OF COUNTERS
OF A CERTAIN COLOR.

DEFINITION:

GIVEN:

- PopuLaTion size \( N \)

- Numeer oF “success” 1mems \(K \) (E.G., BLUE COUNTERS)

- Numger of brAWS \( N \)

- NUMBER OF SUCCESSES IN THE SAMPLE \( Kk \)

THE PROBABILITY IS:

\[
P(X =) = \rrac{\einoM{K }{k} \BiNOM{N - K}N - k}}{\BINOM{N3}{N}}
\]

WHERE:
- \(\einom{a}{B3}\) IS THE BINOMIAL COEFFICIENT “A CHOOSE B.”
APPLICATION:

IF THE QUESTION IS, “\WHAT IS THE PROBABILITY OF DRAWING EXACTLY 2 BLUE COUNTERS IN 5 DRAWS WITHOUT
/
REPLACEMENT?”, THEN:

\[
P(X=2) = \rrac{\sinom{B}{ 2} \einom{N - B}{3}}{\sinoM{N3}{5}}
\]

THIS FORMULA PROVIDES A PRECISE CALCULATION BASED ON THE COUNTS WITHIN THE BOX.



THe BINOMIAL DISTRIBUTION

\W/HEN DRAWING WITH REPLACEMENT, OR WHEN EACH DRAW IS INDEPENDENT, THE BINOMIAL DISTRIBUTION APPLIES. [T MODELS THE
PROBABILITY OF A CERTAIN NUMBER OF SUCCESSES (E.G., DRAWING BLUE) OVER MULTIPLE INDEPENDENT TRIALS.

FORMULA:

\[

P(X =k) = \einom{N}{K3} Pk (1 - P){N -k}

\]

WHERE:

-\(N\) IS THE NUMBER OF TRIALS

-\(k \) IS THE NUMBER OF SUCCESSES

-\(P\) Is THE PROBABILITY OF sUCCESS IN EACH TRIAL (E.G., \( P = \FRAC{B}{N} \) For BLUE)

EXAMPLE:

THE PROBABILITY OF DRAWING EXACTLY 3 BLUE COUNTERS IN 5 INDEPENDENT DRAWS WITH REPLACEMENT:

\[
P(X=3) = \einom{53}{3} \LerT(\FrRAC{BXN}\rIGHT)"3 \LeErT(1 - \FRAC{BHN}\RIGHT)"2
\]

EXTENSIONS AND REAL-\W/ ORLD APPLICATIONS

1. VARIATIONS IN THE COMPOSITION OF THE Box

IN MANY PRACTICAL SITUATIONS, THE COUNTS OF COUNTERS ARE NOT FIXED BUT ARE UNCERTAIN OR SUBJECT TO CHANGE.
PROBABILISTIC MODELS CAN INCORPORATE THIS UNCERTAINTY, LEADING TO BAYESIAN APPROACHES WHERE PRIOR
DISTRIBUTIONS ARE ASSIGNED TO THE CoUNTS \( B, R, G \).

EXAMPLE:
SUPPOSE YOU ONLY KNOW THAT THE NUMBER OF BLUE COUNTERS IS LIKELY AROUND 4 BUT WITH SOME UNCERTAINTY.

BAYESIAN INFERENCE ALLOWS UPDATING BELIEFS BASED ON OBSERVED DATA, LEADING TO POSTERIOR DISTRIBUTIONS THAT
REFINE PROBABILITY ESTIMATES.

2. DRAWING MULTIPLE COUNTERS AND REPLACEMENT STRATEGIES

DIFFERENT STRATEGIES IN DRAWING—SUCH AS SAMPLING WITH REPLACEMENT, WITHOUT REPLACEMENT, OR A MIXTURE—AFFECT
PROBABILITIES AND EXPECTED OUTCOMES. THESE STRATEGIES ARE CRUCIAL IN APPLICATIONS LIKE QUALITY CONTROL, WHERE
SAMPLING METHODS INFLUENCE DECISION-MAKING.

APPLICATIONS INCLUDE:

- QUALITY ASSURANCE IN MANUFACTURING (E.G.,
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