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Introduction

In the fascinating world of electromagnetism, the interaction between
current-carrying conductors reveals a multitude of intriguing phenomena. One
particularly interesting case involves two concentric current loops located
in the same plane, with the outer loop having twice the diameter of the inner
loop. This configuration exemplifies fundamental principles of magnetic
fields, forces, and inductance, which are crucial for understanding
applications ranging from transformers to magnetic resonance imaging (MRI).

Understanding the behavior of such a system requires analyzing the magnetic
fields produced by each loop, their mutual interactions, and the resulting
forces and torques. These insights not only deepen our grasp of
electromagnetic theory but also pave the way for designing devices that
harness these principles efficiently.

This article delves into the detailed analysis of two concentric current
loops in the same plane, exploring their magnetic fields, interactions, and
the implications of the outer loop having twice the diameter of the inner. We
aim to provide a comprehensive, SEO-optimized overview suitable for students,
educators, and professionals interested in electromagnetism.

Geometric Configuration and Basic Parameters
Description of the System
The system consists of:

- Inner Loop: A circular loop of radius \( r \), carrying a steady current \(
I\).

- OQuter Loop: A concentric circular loop lying in the same plane, with radius
\( R\), where \( R =2r \).

The key features are:

- Both loops are in the same plane, sharing the same center point.

- The current directions can be the same (co-rotating) or opposite (counter-
rotating), which significantly affects the magnetic interaction.

- The system's symmetry simplifies the analysis of magnetic fields and



forces.
Parameters and Notation
| Parameter | Description | Typical Values / Relations |

| \( r\) | Radius of the inner loop | Variable; serves as a base for
calculations |

| \( R\) | Radius of the outer loop | \( R = 2r \) |

| \( I \) | Current flowing through the loops | Steady current; positive
direction defined |

| \( \mu 0 \) | Permeability of free space | \( 4\pi \times 107{-7} \,
\mathrm{H/m} \) |

| \( M \) | Mutual inductance between the loops | To be calculated |

Magnetic Field of a Single Circular Loop
Magnetic Field at the Center

The magnetic field at the center of a single current-carrying loop is given
by:

\ [

B {\text{center}} = \frac{\mu 0 I}{2r}
\1

for a loop of radius \( r \).

Magnetic Field Along the Axis

At a point along the axis of the loop, a distance \( x \) from the center,
the magnetic field is:

\ [
B(x) = \frac{\mu 0 I r*2}{2 (r*2 + x"2)"{3/2}}
\]

This formula is essential when analyzing the interaction between the two

loops, especially when considering the field generated by the outer loop at
the position of the inner loop, and vice versa.

Magnetic Interaction Between the Two Concentric Loops
Mutual Inductance

The mutual inductance \( M \) between two coaxial loops is a measure of their
magnetic coupling. It quantifies how a change in current in one loop induces



an emf in the other.

For two concentric circular loops with radii \( r \) and \( R \), the mutual
inductance is given by:

\ [

M = \mu 0 \sqrt{r R} \left[ \left( \frac{2}{k} - k \right) K(k) - \frac{2}{k}
E(k) \right]

\1]

where:
- \( K(k) \) and \( E(k) \) are the complete elliptic integrals of the first

and second kind, respectively.
- \( k \) is the modulus defined as:

\ [
k = \frac{2 \sqrt{r R}}{r + R}
\1

In the specific case where \( R = 2r \), the calculation simplifies because
the ratio is known, and the elliptic integrals can be evaluated numerically
or approximated using tables or software.

Mutual Inductance for \( R = 2r \)

When \( R = 2r \), the modulus becomes:

\ [

k = \frac{2 \sqrt{r \times 2r}}{r + 2r} = \frac{2 \sqrt{2} r}{3 r} = \frac{2
\sqrt{2}}{3}

\1]

Numerical evaluation yields:

\ [
k \approx 0.9428

\1]

Using this, the elliptic integrals \

( K(k) \) and \( E(k) \) can be computed,
leading to an explicit value for \( M\

).

Magnetic Force and Torque Between the Loops
Force Between the Loops

The force exerted by one loop on the other depends on the mutual inductance
and the currents:



\ [
F = \frac{\partial}{\partial r} \left( \frac{1}{2} M I”2 \right)
\1

- If currents are in the same direction, the loops attract or repel depending
on the sign of the interaction.

- For identical currents, the force tends to pull the loops together or push
them apart.

Torque on the Inner Loop

The torque \( \tau \) acting on the inner loop due to the outer loop's
magnetic field is:

\ [

\tau = I \times \text{magnetic moment} \times \text{magnetic field} \text{
(or via energy considerations)}

\1

More precisely:

\ [
\tau = \frac{d}{d\theta} \left( \text{magnetic energy} \right)
\1]

where the magnetic energy stored in the system is:

\ I

U = \frac{1}{2} L I"2

\1

with \( L \) being the self-inductance of the inner loop.

Effect of Current Direction

- Same direction (co-current): The magnetic fields reinforce each other,
resulting in an attractive force.

- Opposite direction (counter-current): Fields oppose each other, leading to

a repulsive force.

Understanding the current direction's impact is essential for applications
like electromagnetic relays and inductive coupling.

Calculating the Magnetic Fields at the Inner Loop
Magnetic Field Produced by the Quter Loop at the Center of the Inner Loop

Using the axial field formula:



\ [
B {\text{outer}}(x=0) = \frac{\mu 0 I R™2}{2 (R*2)"{3/2}} = \frac{\mu 0 I}{2
R}
\1]

since the field at the center of a loop is symmetric and depends only on the
radius and current.

Comparing Fields

The ratio of the magnetic fields at the inner loop's center due to the outer
and inner loops:

\ [
\frac{B_ {\text{outer}}}{B {\text{inner}}} = \frac{\frac{\mu 0 I}{2
R}{\frac{\mu 0 I}{2 r}} = \frac{r}{R} = \frac{r}{2r} = \frac{1}{2}
\1]

This indicates that the outer loop's magnetic field at the inner loop's

center is half of the magnetic field produced by the inner loop at its own
center, assuming equal currents.

Energy Considerations and Electromagnetic Induction
Magnetic Energy Stored in the System

The total magnetic energy stored in the two loops is:

\[

U= \frac{1}{2} L 1 I72 + \frac{1}{2} L 2 I72 + M I"2
\]

where:

-\N( L1I\)and\(L2)\) are the self-inductances of the inner and outer
loops, respectively.
- \( M\) is the mutual inductance.

The mutual inductance contributes positively or negatively depending on
current directions, affecting the total energy.

Inductive Coupling and Mutual Inductance
The strength of the coupling is crucial for applications such as:
- Wireless power transfer

- Inductive sensors
- Magnetic coupling in transformers



Calculating the mutual inductance accurately is essential for designing
systems with desired efficiency and safety.

Practical Applications and Implications
Magnetic Coupling in Electrical Devices

- Transformers: Concentric coils with specific ratios optimize energy
transfer.

- Inductive Sensors: Changes in mutual inductance detect proximity or
position.

- Wireless Charging: Coaxial loops facilitate efficient energy transfer over
short distances.

Magnetic Field Manipulation

Understanding the interaction between concentric loops enables precise
control of magnetic fields in:

- MRI machines
- Inductive heating systems
- Magnetic levitation devices

Engineering Design Considerations

- Loop dimensions and placement influence inductance and force.
- Current directionality affects attraction or repulsion.
- Material properties and environmental factors impact performance.

Conclusion

Analyzing two concentric current loops lying in the same plane, especially
when the outer loop has twice the diameter of the inner, offers rich insights
into electromagnetic principles. From calculating mutual inductance using
elliptic integrals to understanding forces and magnetic field interactions,
this configuration exemplifies fundamental concepts with practical relevance

Frequently Asked Questions

How does the magnetic field at the center of two
concentric current loops compare when the outer loop



has twice the diameter of the inner loop?

The magnetic field at the center is the sum of the individual fields. Since
the outer loop has twice the diameter (and thus four times the area), its
contribution to the magnetic field is proportionally larger if the currents
are equal. Specifically, the magnetic field from each loop at the center is
proportional to its current and inversely proportional to its radius, so the
inner loop produces a stronger field per unit current than the outer. The
total magnetic field depends on the magnitude and direction of the currents.

What is the effect of increasing the current in the
outer loop on the magnetic field in the plane of the
loops?

Increasing the current in the outer loop enhances its magnetic field
contribution in the plane of the loops. If both currents are in the same
direction, the fields add up, increasing the net magnetic field at the
center. Conversely, if the currents are in opposite directions, the fields
partially cancel, reducing the net magnetic field.

How do the mutual inductance and magnetic coupling
between these two loops depend on their sizes?

Mutual inductance increases with the size of the loops and their relative
positioning. Since the outer loop has twice the diameter of the inner, it has
a larger magnetic flux linkage with the inner loop, resulting in higher
mutual inductance. The coupling strength is proportional to both loops' areas
and their relative orientation, with larger loops generally exhibiting
stronger magnetic coupling.

Can the magnetic field produced by these two
concentric loops induce an emf in each other? If so,
under what conditions?

Yes, the changing current in one loop can induce an emf in the other via
mutual induction. This occurs if the currents vary with time. The emf induced
depends on the rate of change of current in the neighboring loop and their
mutual inductance. Steady currents do not induce emf, but time-varying
currents do.

What are the practical applications of two
concentric current loops with different diameters in
electromagnetic devices?

Such configurations are used in inductive sensors, wireless charging systems,
and magnetic field modulation devices. The different sizes allow for
controlled magnetic coupling and field distribution, enabling precise tuning



of electromagnetic responses in applications like transformers, inductors,
and MRI coils.

Additional Resources

Magnetic Fields in Concentric Current Loops: An In-Depth Exploration

When examining the fascinating interplay of magnetic fields generated by
electrical currents, the configuration of loops plays a pivotal role. Among
these, two concentric current loops lying in the same plane—where the outer
loop has twice the diameter of the inner—stand out as a classical yet
profoundly instructive system. This setup not only illuminates fundamental
electromagnetic principles but also underpins various practical applications,
from inductors and transformers to magnetic sensors. Let’s delve into the
intricate details of this configuration, exploring the magnetic field
distributions, flux interactions, and the rich physics that emerge.

Understanding the Configuration: Concentric
Loops in the Same Plane

What Are Concentric Loops?

Concentric loops are circular currents arranged so that their centers
coincide, lying flat within the same plane. Imagine a smaller circle nestled
within a larger one, both sharing the same center point. The key parameters
defining this system are:

- Inner loop diameter: \(

\)
- Outer loop diameter: \( =

D i
Do=2D1i\)

This particular ratio (outer loop being twice the diameter of the inner)
simplifies many calculations while highlighting interesting magnetic

interactions.

Why Choose This Specific Ratio?
The ratio \( D o = 2 D i \) is not arbitrary. It allows for analytical
solutions and clear physical insights:

- Symmetry simplifies the magnetic field calculations.

- The ratio ensures that the outer loop’s influence on the inner loop’s
magnetic environment can be distinctly analyzed.

- It provides a benchmark for understanding magnetic coupling, flux linkage,
and inductance in layered circular systems.



Magnetic Field Generation by a Single Circular
Loop

Before analyzing the combined system, it’'s essential to grasp the
fundamentals of a single current loop’s magnetic field.

Biot-Savart Law and Magnetic Field at the Center
The magnetic field at the center of a circular loop carrying current \( I \)
is given by:

\ [
B {center} = \frac{\mu 0 I}{2 R}
\1]

where:

- \( \mu 0 \) is the permeability of free space (\( 4\pi \times 10°{-7} \,
\text{T-m/A} \))
- \( R\) is the radius of the loop

This expression emphasizes that the magnetic field strength inversely
correlates with the radius: smaller loops produce stronger magnetic fields at
their centers.

Magnetic Field Along the Axis

At a point along the axis passing through the center, a distance \( x \) from
the loop's center, the magnetic field is:

\ [
B(x) = \frac{\mu 0 I R*2}{2 (R"2 + x"2)"{3/2}}
\1]

This formula demonstrates how the field diminishes with distance from the
loop and depends on the loop’s radius.

Superposition of Fields: The Concentric Loop
System

In the concentric configuration, the total magnetic field at any point in the
plane results from the superposition of the fields generated by each loop.



Key Considerations:

- Both loops are in the same plane and carry currents \( I i \) (inner) and
\( I_o\) (outer).

- Currents may flow in the same or opposite directions, significantly
affecting the resulting field.

- The primary regions of interest are at the centers and along the plane,
especially on the axis perpendicular to the plane.

Magnetic Field at the Center of the Loops

Since both loops share the same center, the magnetic field at this point is
straightforward:

\ [
B {total}

\1]

B {inner} + B {outer}

with

\ [

B {inner}
R o}

\1]

\frac{\mu 0 I i}{2 R i}, \quad B {outer} = \frac{\mu 0 I o}{2

where:

(
(

\frac{D i}{2} \),

\( R 1
\( Ro \frac{D o}{2} =D i \).

Thus,

\ [
B {total} = \frac{\mu 0}{2} \left( \frac{I i}{R i} + \frac{I o}{R o} \right)
\1]

Given \( R o =2 R i \), the expression simplifies to:

\ [

B {total} = \frac{\mu 0}{2} \left( \frac{I i}{R i} + \frac{I o}{2 R i}
\right) = \frac{\mu 0}{2 R i} \left( I i + \frac{I o}{2} \right)

\1

This fundamental relation shows how the combined magnetic field depends on
the currents and the dimensions.



Magnetic Flux and Mutual Induction

Understanding how flux links between the loops is vital, especially when
currents vary or are induced.

Flux Through the Inner Loop
The magnetic flux \( \Phi i \) through the inner loop is:

\ [
\Phi i = \int \mathbf{B} \cdot d\mathbf{A}

\1]

Considering the symmetry and the magnetic field primarily along the axis, the
flux simplifies to:

\ [
\Phi_i = B_{avg} \times A_i
\]

where:

- \(Ai=\piR 1”2 \) is the area of the inner loop,
- \( B_{avg} \) is the average magnetic field over the loop’s area.

Since the magnetic field varies with position, a detailed integral
considering the field distribution across the loop’s surface can be
performed, but for simplicity and qualitative understanding, the axial field
approximation suffices.

Flux Linkage and Mutual Inductance

The flux linking the inner loop due to the outer loop’s current is
characterized by the mutual inductance \( M \):

\ [
\Phi {i,mutual} =M I o
\]

Similarly, the flux through the outer loop due to the inner loop’s current
is:

\ [
\Phi {o,mutual} =MTI i
\1

The mutual inductance \( M \) depends on the geometry:



\ [

M = \frac{\mu 0}{2} \sqrt{R i R o} \left[ \left(\frac{2}{k} - k \right) K(k)
- \frac{2}{k} E(k) \right]

\1

where:

- \( K(k) \) and \( E(k) \) are the complete elliptic integrals of the first
and second kind,
- \( k\) is the modulus related to the geometry:

\ [
k = \frac{2 \sqrt{R i R 0}}{R i + R o}
\1

For the specific ratio \( R o =2 R i \), \( k\) simplifies further,
enabling analytical or numerical evaluation of \( M \).

Electrical and Magnetic Interactions: Practical
Implications

The interplay of currents and fields in this concentric loop system has
several practical and experimental implications:

1. Inductive Coupling and Energy Transfer

- The mutual inductance allows energy transfer between the loops.

- If one loop is driven with an AC current, the other experiences an induced
emf proportional to \( M \) and the rate of change of current.

- This principle underpins transformers and inductive sensors.

2. Magnetic Field Shaping and Control

- By adjusting the currents’ directions, the magnetic field can be enhanced
or canceled at specific points.

- For example, currents flowing in opposite directions produce a null
magnetic field at the center, useful in magnetic shielding or field
cancellation applications.

3. Magnetic Field Distribution and Field Lines

- The combined fields generate characteristic magnetic flux lines that can be
visualized using simulation tools or experimental methods such as magnetic
field mapping.

- These patterns are critical for designing devices like magnetic resonance
imaging (MRI) coils or inductive charging systems.



Analytical and Numerical Modeling

Given the complexity introduced by elliptic integrals and spatial variation,
advanced modeling often employs computational techniques:

- Finite Element Analysis (FEA): Simulates magnetic field distributions with
high accuracy, accounting for real-world factors like coil thickness and
nearby materials.

- Analytical Approximations: Use simplified models assuming uniform fields or
axial symmetry to estimate mutual inductance and flux linkage.

Such models help optimize coil dimensions, current directions, and operating
frequencies for desired magnetic field profiles.

Applications and Experimental Considerations

The two concentric loop system, especially with the specified ratio, finds
applications in diverse fields:

- Inductive Sensors: Detect magnetic field changes or the presence of
ferromagnetic objects.

- Wireless Power Transfer: Coil arrangements mimic the concentric loop setup
for efficient energy transfer.

- Magnetic Field Studies: Educational demonstrations and research into field
superposition and mutual coupling.

- Magnetic Resonance: Precisely controlled coil arrangements generate uniform
or gradient fields.

In practical setups, factors such as coil resistance, skin effect at high
frequencies, and environmental magnetic noise must be considered. Proper
shielding, material choices, and current control improve system performance.

Conclusion: The Elegance of Concentric Loops in
Electromagnetism

The configuration of two concentric current loops lying in the same plane,
with
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