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Understanding the optimal management of depletable resources over multiple periods is
crucial for resource economists, policymakers, and business strategists alike. The scenario
of the N-period, constant-cost, no-substitute case provides a foundational framework for
analyzing how resources should be allocated when extraction costs remain unchanged over
time, and no alternatives or substitutes exist. This case, often regarded as a baseline
model, highlights core principles of intertemporal resource management and sets the stage
for more complex dynamic optimization problems.

In this comprehensive guide, we delve into the intricacies of the N-period, constant-cost,
no-substitute model, exploring its assumptions, mathematical formulation, solution
methods, and practical implications. By understanding this fundamental case, readers will
gain insights into the strategic considerations necessary for sustainable resource
exploitation across multiple periods.

---

Overview of the N-Period, Constant-Cost, No-
Substitute Model

The model revolves around the management of a finite, depletable resource—such as oil,
minerals, or fossil fuels—over a predetermined number of periods, N. The key assumptions
are:

Finite Resource Stock: The initial resource stock is known and limited.1.

Multiple Periods (N): The resource extraction and consumption are planned over N2.
discrete time periods.

Constant Cost of Extraction: The marginal cost of extracting the resource remains3.
the same in each period, unaffected by the quantity already extracted or
accumulated.

No Substitutes: The resource has no substitutes; thus, consumption in each period4.
is essential and non-replaceable.

Discounting: Future benefits or costs are discounted at a constant rate, reflecting5.
time preference and opportunity cost.



The primary goal is to determine the extraction path over the N periods that maximizes the
total discounted net benefits from resource use, subject to the resource depletion
constraint.

---

Mathematical Formulation

The problem can be formalized as follows:

Variables

\( x_t \): Quantity of resource extracted in period \( t \) (for \( t = 1, 2, ..., N \))

\( R_0 \): Initial resource stock

\( c \): Constant marginal cost of extraction per unit

\( p_t \): Price or benefit per unit in period \( t \)

\( \delta \): Discount factor per period (related to the discount rate \( r \) by \( \delta =
\frac{1}{1 + r} \))

Objective Function
Maximize total discounted net benefits:

\[
\max_{x_1, x_2, ..., x_N} \sum_{t=1}^{N} \delta^{t-1} \left[ p_t \cdot x_t - c \cdot x_t
\right]
\]

or equivalently,

\[
\max_{x_1, x_2, ..., x_N} \sum_{t=1}^{N} \delta^{t-1} \cdot (p_t - c) \cdot x_t
\]

Constraints
The total extraction over all periods cannot exceed the initial resource stock:



\[
\sum_{t=1}^{N} x_t \leq R_0
\]

and individual non-negativity constraints:

\[
x_t \geq 0, \quad \forall t
\]

---

Solution Methodology

The problem is a finite-horizon, linear optimization problem. Its solution hinges on the
properties of the benefit function and resource constraints.

Key Insights
- Since costs are constant and prices may vary over periods, the optimal extraction plan
depends on the relative values of \( p_t \) across periods.
- The problem simplifies to allocating the resource to periods with the highest net benefits,
considering discounting.

Optimal Allocation Strategy
- When prices are increasing over time: It is optimal to defer extraction to later periods if
the future prices outweigh current prices.
- When prices are decreasing: Extract as much as possible early on, given the current high
prices.
- When prices are constant: The solution involves evenly distributing the resource across
periods, respecting the resource constraint.

Mathematical Solution Approach
- Sorting by net benefit per period: Rank periods based on \( p_t - c \).
- Resource allocation: Allocate the entire resource to the periods with the highest net
benefits, starting from the most favorable period, until the resource is exhausted.
- Discounting consideration: When future periods have higher prices, it may be optimal to
postpone extraction, considering the discount rate.

---



Special Cases and Their Implications

Case 1: Constant Prices and Costs
- The solution involves evenly distributing the resource over all periods, since no period
offers a comparative advantage.
- The optimal extraction is:

\[
x_t^ = \frac{R_0}{N}
\]

for all \( t \), assuming no other constraints.

Case 2: Increasing Future Prices
- It is optimal to delay extraction to the later periods.
- The resource should be extracted last, maximizing discounted benefits.

Case 3: Decreasing Future Prices
- Early extraction is preferable, capitalizing on higher current prices.

Case 4: Price Fluctuations
- When prices fluctuate unpredictably, the optimal plan involves a dynamic strategy,
prioritizing periods with the highest net benefit after discounting.

---

Implications for Resource Management and Policy

Understanding the N-period, constant-cost, no-substitute case informs strategic decisions in
resource extraction and conservation.

Maximizing Net Benefits: Allocating extraction to periods with favorable prices1.
maximizes total benefits.

Importance of Discount Rate: Higher discount rates favor early extraction to2.
realize benefits sooner, whereas lower rates favor deferral.

Sustainable Management: Although the model assumes no substitutes and3.
constant costs, it highlights the importance of balancing current extraction with future



availability.

Policy Design: Policymakers can use these insights to regulate extraction rates, set4.
taxes, or implement incentives aligned with optimal resource utilization.

---

Limitations and Extensions of the Basic Model

While foundational, the basic N-period, constant-cost, no-substitute model has limitations:

Assumption of Constant Costs

In reality, extraction costs often vary with the amount extracted, technological
changes, or resource accessibility.

No Substitutes

Resources often have substitutes, influencing demand and pricing dynamics.

Static Price Assumptions

Prices may fluctuate unpredictably, requiring stochastic modeling approaches.

Fixed Time Horizon

In practice, the planning horizon may be indefinite or uncertain.

Extensions to address these limitations include models with variable costs, stochastic
prices, substitution effects, and indefinite planning horizons.

---

Conclusion

The N-period, constant-cost, no-substitute case provides a clear, analytically tractable
framework for understanding the principles of dynamic resource allocation. It emphasizes
the importance of timing in resource extraction, influenced by price trends, discount rates,
and resource constraints. Although simplified, this model forms the backbone of more
complex dynamic optimization theories and remains a vital tool for resource managers and
policymakers striving for sustainable and economically efficient resource utilization over
time.



By mastering this foundational case, stakeholders can better navigate the trade-offs
inherent in depletable resource management and develop strategies that optimize benefits
while ensuring resource longevity for future periods.

Frequently Asked Questions

What is the main focus of the N-Period, Constant-Cost,
No-Substitute case in dynamic allocation of depletable
resources?
It examines how to optimally allocate a finite resource over multiple periods when the cost
remains constant, and there are no substitutes for the resource, emphasizing intertemporal
decision-making.

Why is the assumption of no substitutes important in
the N-Period, Constant-Cost model?
Because it implies that the resource is irreplaceable, forcing decisions to balance current
consumption against future availability without alternative options, which influences the
optimal extraction path.

How does the constant cost assumption affect the
resource allocation strategy over multiple periods?
It simplifies the analysis by maintaining a fixed marginal cost, so the focus is on how to
distribute resource extraction over time to maximize benefits, considering discounting and
depletion rates.

What role does intertemporal discounting play in the N-
Period, Constant-Cost, No-Substitute model?
Intertemporal discounting determines the present value of future resource benefits,
influencing whether to extract more now or conserve for future periods based on
preferences and discount rates.

Can the model handle scenarios where resource prices
or costs change over time?
No, this specific model assumes constant costs; for variable costs or prices, a different or
extended model would be necessary to accurately capture dynamic allocation decisions.

What insights does the N-Period, Constant-Cost, No-



Substitute case provide for resource management
policies?
It highlights the importance of balancing current consumption with future availability,
showing that optimal extraction paths depend on discount rates and resource depletion
dynamics to ensure sustainable use.

How does the model inform sustainable resource use in
practical scenarios?
By illustrating the trade-offs between immediate benefits and future availability, it guides
policymakers to set extraction limits and timing that prevent premature depletion of
irreplaceable resources.

What are the limitations of the N-Period, Constant-Cost,
No-Substitute model?
Its main limitations include the assumptions of no substitutes, constant costs, and fixed
discount rates, which may not reflect real-world complexities like technological changes,
price fluctuations, or alternative resources.

Additional Resources
Dynamic Allocation Of Depletable Resources: The N-Period, Constant-Cost, No-Substitute
Case

Introduction: Understanding the Fundamentals of
Resource Allocation

Dynamic allocation of depletable resources is a central theme in economics, environmental
management, and resource planning. It involves determining how to optimally extract or
utilize finite resources over multiple periods, considering the constraints and economic
trade-offs involved. In particular, when resources are depletable—meaning their quantity
diminishes as they are exploited—the challenge becomes balancing current consumption
against future availability and value.

This article explores a specific scenario within this broader domain: the N-period, constant-
cost, no-substitute case. This model simplifies many complexities inherent in real-world
resource management, allowing us to focus on fundamental principles and optimal
strategies. By dissecting this case, we can better understand how firms or nations might
approach the extraction of non-renewable resources over a defined horizon, with constant
costs and no technological substitutes.



Defining the N-Period, Constant-Cost, No-
Substitute Model

What is the model?
The N-period, constant-cost, no-substitute framework assumes the following:

- Finite Time Horizon (N periods): The resource extraction or consumption occurs over a
predetermined number of periods, from period 1 to period N.

- Constant Cost per Unit: The cost of extracting or utilizing the resource remains constant
across all periods, regardless of the amount already depleted or the remaining stock.

- No Substitutes: The resource in question has no alternative or substitute, emphasizing its
critical importance and the irreversible nature of its depletion.

- Depletable Resource: The total available quantity is finite, diminishing as extraction
proceeds.

This simplified model provides a clear lens through which to analyze the optimal extraction
path without the confounding effects of changing costs, technological innovation, or
substitutes.

Historical and Theoretical Context

Classical Foundations

The problem traces back to the pioneering work of economist Harold Hotelling (1931), who
formalized the concept of resource depletion under economic considerations. Hotelling’s
rule posits that, in an efficient market with no substitutes, the price of a non-renewable
resource should grow at the rate of interest over time, reflecting the increasing scarcity and
opportunity cost of extraction.

Extension to Multiple Periods

While Hotelling’s model primarily considers indefinite or infinite horizons, the N-period
framework introduces a finite horizon, which significantly alters the optimal extraction path.
The finite horizon imposes a "use-it-or-lose-it" dynamic near the end, compelling resource
owners to consider the terminal period’s implications in their current decisions.

Relevance and Limitations

This model is relevant in cases where resource extraction is planned over a fixed
timeframe—such as a finite license period, a planned phase-out schedule, or a scenario
where technological or economic factors restrict the horizon. However, real-world
complexities like technological change, price fluctuations, and alternative resources are
abstracted away, making the model primarily a theoretical benchmark.



Key Assumptions and Their Implications

Understanding the assumptions is critical in analyzing the model's outcomes:

- Constant Cost: The uniform extraction cost simplifies economic calculations but overlooks
factors such as increasing costs due to harder-to-reach deposits or technological
improvements reducing costs over time.

- No Substitutes: The resource’s indispensability means demand remains constant or grows,
unaffected by alternative options, which can be unrealistic but useful for modeling critical
resources like rare minerals or specific energy sources.

- Perfect Knowledge: The model assumes perfect information about remaining resources
and future prices, facilitating the derivation of optimal strategies.

- Rational Behavior: Resource owners are assumed to maximize the present value of their
extraction profits, considering discounting.

These assumptions create a scenario where the primary variables influencing optimal
extraction are the resource stock, the discount rate, and the fixed extraction cost.

Mathematical Framework and Optimal Extraction
Strategy

Setup of the Model

Suppose:

- \( Q_t \) = remaining resource at the beginning of period \( t \)

- \( q_t \) = quantity extracted during period \( t \)

- \( c \) = constant marginal cost per unit

- \( p_t \) = price per unit in period \( t \), which can be assumed constant or follow a
specified trend

- \( r \) = discount rate

The resource depletion constraint:

\[
Q_{t+1} = Q_t - q_t
\]

with \( Q_1 \) as the initial resource stock, and \( Q_{N+1} = 0 \).



The objective is to maximize the present value (PV) of profits:

\[
\max_{q_1, q_2, ..., q_N} \sum_{t=1}^{N} \frac{(p_t - c) q_t}{(1 + r)^{t-1}}
\]

subject to resource constraints.

Deriving the Optimal Path

In the no-substitute, constant-cost case with a fixed price, the problem simplifies
considerably:

- If \( p_t > c \), extracting the resource yields positive profit.

- The key question becomes: how much to extract each period?

Bang-Bang Solution

The classical solution indicates that, under these assumptions, the optimal strategy is:

- Extract all remaining resources immediately if the resource is expected to be more
valuable now than in the future, considering discounting.

- Or, if prices are expected to decline or remain constant, extract aggressively in early
periods to maximize profit.

In a scenario where prices are constant and the cost is fixed, the optimal extraction
schedule is typically to deplete the resource as quickly as possible—the so-called "current-
value maximization"—since delaying extraction diminishes the present value of profits due
to discounting.

Implications of the Finite Horizon

Unlike the infinite horizon case, the finite N-period setup introduces a "terminal period"
effect:

- Near the end, there’s a "use-it-or-lose-it" incentive—if resources aren’t used up, they will
be lost, which motivates accelerated extraction as the horizon approaches.

- The optimal extraction path tends to be decreasing over time if prices are constant, as the
resource is exploited rapidly to maximize present value.

Mathematical Characterization

The exact solution involves solving a dynamic programming problem using Bellman
equations, but under the simplified assumptions, the solution reduces to:

\[
q_t = Q_t
\]



if the resource is valuable enough, meaning full depletion occurs early.

Economic and Environmental Implications

Economic Insights

- The model illustrates the trade-off between current and future profits. With a finite horizon
and no substitute, the incentive is to maximize immediate gains, especially when costs are
constant and no technological or market changes are expected.

- Discounting plays a crucial role: higher discount rates intensify the tendency to extract
quickly, prioritizing present profits over future benefits.

- If resource owners are risk-neutral and price expectations are stable, the model suggests
a rapid depletion strategy.

Environmental and Sustainability Considerations

- While purely theoretical, the model underscores the risk of overexploitation in real
scenarios where future benefits are undervalued or uncertain.

- The assumption of no substitutes ignores potential technological innovations that could
extend the resource's utility or replace it altogether—factors that, in reality, influence
extraction strategies.

- The model’s emphasis on rapid depletion raises concerns about sustainability, especially
for critical resources with no substitutes, highlighting the importance of policy interventions
and strategic reserves.

Extensions and Limitations of the Model

Possible Extensions

- Variable costs: Incorporate increasing or decreasing extraction costs over time.

- Price dynamics: Model fluctuating prices based on supply and demand or external shocks.

- Substitutes and technological change: Allow for the emergence of substitutes or
improvements reducing the need for extraction.

- Uncertainty: Introduce stochastic elements to account for market, technological, or
resource availability uncertainties.

Limitations

- The model’s simplicity makes it less applicable to complex real-world scenarios with



multiple interacting factors.

- It assumes perfect foresight and rationality, which rarely hold in practice.

- The focus on a fixed horizon may not reflect the ongoing nature of resource management
in many industries.

Conclusion: Lessons from the N-Period, Constant-
Cost, No-Substitute Model

The N-period, constant-cost, no-substitute case serves as a fundamental benchmark in the
study of dynamic resource allocation. It illustrates the inherent tension between current
exploitation and future scarcity, emphasizing that in a finite horizon with fixed costs and
irreplaceable resources, the optimal strategy tends to be rapid depletion to maximize
present value.

While the model's assumptions are idealized, the insights gained inform broader
discussions on resource management, policy design, and sustainability. It underscores the
importance of considering horizon effects, discounting, and market expectations in planning
resource extraction and highlights the need for careful policy interventions to prevent
premature depletion, especially when no substitutes are available.

Ultimately, this model provides a clear theoretical foundation that, despite its limitations,
helps frame more complex and realistic analyses of depletable resource management. It
reminds us that economic incentives, when unmoderated by environmental or social
considerations, can lead to aggressive exploitation—an insight that remains critically
relevant today as societies grapple with finite resources and sustainable development
challenges.
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